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Abstract
Full Text

MATHEMATICS

N. V. GOVOROV

ON THE RIEMANN BOUNDARY-VALUE
PROBLEM WITH INFINITE INDEX

(Presented by Academician P. Ya. Kochina on 10 X 1963)

As is known, the principal characteristic determining the number of linearly
independent solutions of the Riemann boundary-value problem is the index of
its coefficient. In the present article a solution of this problem is given for one
of the cases in which the index tends to infinity.

§ 1. Definition 1. If on the half-interval a < t < b, —00 < a < b < 0, a
continuous function G(t) # 0 is given and lim, ,, jarg G(t) = 400 (or —o0),
then we shall say that Ind G(¢) = 400 (or —o0), and that ¢t = b is a point of
positive (negative) left-hand winding of the function G(¢). A point of right-hand
winding is defined analogously. In the present article only the case of positive
winding is considered.

Definition 2. Let inside the angle o < argz < 3 there be given an analytic
function, continuous in a < argz < S (for z # o0), and suppose that for some
> 0 the estimate

[f(2)| <exp([2]*) for |z[ > R. (1)

holds. Then the exact lower bound p of all numbers v > 0 for which

1 6
hmwzo fora<9</87 (2)

r—00 r

is called the order of the function f(z), and the function

n rew
hf<9) — m 1 ‘f( )l (3)

r—00 rP

is called its indicator.

If inf {v} = inf{p} (as, for example, for an entire function considered in the
whole plane), then this definition of order is equivalent to the generally accepted
one ((%, p. 69). It is introduced mainly for characterizing the decrease of a
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function bounded inside an angle. For example, if f(z) = e *, —m/2 < argz <
7/2, then p =1, h;(#) = — cos 0. The validity of the definition just made follows
from the fact that:

1. If f(z) satisfies estimate (1), then (2) is certainly fulfilled for

vV > ma { il }
X —_— 0.
M’,B—a

2. For any py > 0, a < 3, one can construct an example of a function
f(2), analytic in the angle a@ < argz < 3, for which inf{v} = p,, but,
nevertheless, (1) is not fulfilled for any u > 0.

3. The indicator (3) has the same properties as in the generally accepted
case ((2, pp. 72-85), since from (1) and (2) it can be inferred that | f(z)| <
exp(|z|PTe) for |z| > R(e), € > 0.

Definition 3. If on the half-interval [a,c0), a > 0, a function f(t) is given,
then we shall say that it satisfies the Holder condition: f(t) € H(p), if

“w
, 0<pu<l, A u=const.

§ 2. Denote by D the domain with boundary L = [1,00]. Consider in the
domain D the homogeneous Riemann boundary-value problem

Or(t) = G(H)2 (1) (4)

under the following assumptions:

LoargG(t) = p(t)t*, 0 < p < 3, ¢(t) € H(n), 0 < p <1, p(o0) = X >
0, —2m < argG(1) < 0.

2. In|G(t)] € H(p).

Obviously, Ind G(t) = +o0, and t = oo is a point of twisting. The number
p will be called the order of twisting, and A its coefficient. The point of
twisting has been transferred to infinity for the convenience of introducing into
the subsequent investigation the apparatus of entire functions.

We shall solve problem (4) in the class of bounded functions analytic in D,
continuous up to L= (1,00), and satisfying on L the boundary condition (4).
We shall call a canonical function of the boundary-value problem (4)
such a bounded solution X (z) of it which has no zeros in D + f/, is normalized
by the condition X(0) = 1, and in a neighborhood of the point z = 1 satisfies
the estimate

| X (2)] > Clz— 1], where 0 < a <1, C >0; C,a = const.
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It can be proved that the canonical function is expressed by the formula
z (% InG(z)
X(z) = — ———dx|. 5
(2) = exp |:271”L"Z x(x — 2) x} 5)

Theorem 1. The canonical function has in the domain D order p with indicator

InlX 0
ho(6) = tim XD

S c
r—00 TP 2sin pm

os p(6 — 7), 0<6<2m,

and the convergence to the limit is uniform in 0 on the interval [0, 27].

Theorem 2. The homogeneous boundary-value problem (4) with infinite index
under assumptions 1 and 2 has an infinite set of linearly independent bounded
solutions, whose general formula has the form

B(2) = F(:)X(2) = ez T] (1 - ;) exp [sz /1 h m] L ny < oo,
(6)

where F(z) is an entire function whose order pp (or the exponent of convergence
vr of the sequence of its zeros {z,}) does not exceed p, and, moreover, for
sufficiently large t > 0 the inequality holds

A t [T p(z)— A
In |F(t)] < §ctgp7r~t”— ——————dx + Cp, Cr = const. (7)
1

27 =P (x —1t)

Remark. The integral in (7), for ¢ > t,(¢), admits the estimate

t/oo o(r) — A i
1

— < gpmtE for any £ > 0.
27 xl=P(x —1t) Y

If the class of solutions is narrowed, then a simpler result is obtained:

Theorem 3. The general form of the solutions of problem (4) in the class of
functions of order p with everywhere negative indicator hg(0) < hg < 0 (0 <
0 < 2m) is given by equality (6), where: 1) either pp < p (vp < p); 2) or
pr=p (YF=p),

A
and in this case hp(0) < 5 ctg pmr. The indicator of any solution is expressed

by the formula

- os p(6 — 7), 0<6<2m,
2sin pr
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where hgf>(9) =0 for pp < p; hgf) (0) = hg(0) for pp = p.

§ 3. Let us now consider, in the domain D, the nonhomogeneous Riemann
boundary-value problem with infinite index

Dt (t) = G)P (t) + g(t), 1<t< oo, (8)

under the following assumptions:

L oargG(t) = p(t)?, 0<p<'fy 9lt)€ Hlug) p<po<l,
p(o0) = A > 0.

2 |G, g(t) € Hiw), 0<p<L.
3. Either argG(1) = 0 and ¢(1) =0, or —27 < arg G(1) < 0.

We shall solve this problem in the class of bounded functions. Clearly, it suffices
to find one particular solution ®((z).

Let ¥, (2z) be some solution of the corresponding homogeneous problem having

no zeros on L. Then, applying the method of F. D. Gakhov ([1], p. 117), we
arrive at the formula

_Yy(2) [T g@)da
o(2) = 271 _[ Uh(z)(x—2)

It remains to determine how to choose ¥,(z) so that the resulting integral
converges and ®(z) is bounded. According to (6), ¥,(z) = X (z)Fy(z), and the
problem reduces to finding the appropriate entire function F,(z). Investigating
the properties of the latter, it is easy to establish that

A
pr,=p,  hp(0) < osp(@—m),  hp(0)= 7 ctgpm.

= 2sinpw

This function is not unique. Using certain auxiliary propositions, we find it in
the class of functions with zeros on the ray argz = m in the form

Fyl(2) = zﬁ (1 + ;) . Ta= [W]w. )

Hence, taking Theorem 2 into account, we obtain

Theorem 4. The nonhomogeneous Riemann boundary-value problem (8) with
infinite indexr under assumptions 1, 2, 3 has an innumerable set of bounded
linearly independent solutions, whose general formula has the form
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e [B® [T ) )
lz) = X ){ 2 / X @h@E—2 L]

where Fy(x) is defined by (9), and F(z) is an arbitrary entire function of order
pr < p, for which, for sufficiently large t > 0, the estimate holds:

A
In|F(t)] < §ctgp7r-tp+C’F, Cp = const.
It is easy to show that problem (8), generally speaking, has no solutions of order
p with indicator he(0) < hg <0 (0 < 6 < 27).

In conclusion, the author expresses deep gratitude to Prof. F. D. Gakhov, who
supervised the present work.
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