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Abstract
Full Text

MATHEMATICS
M. A. RUTMAN

ON THE BOUNDEDNESS OF SOLUTIONS
OF SOME LINEAR PARTIAL DIFFERENCE
EQUATIONS

(Presented by Academician I. G. Petrovskii on 15 V 1964)

We consider functions (¢, ty, ..., t,), Y(t1,ta, ... 1t,), ... with values belonging

to a complex Banach space F, defined in the domain 0 < ty,t,,...,%, < 0o and
bounded in every domain 0 <¢; <b; <00, j=1,2,...,n.

Introduce the “difference” operators
1
ij = 5 [x(tl, ,tj_l,tj + §j,tj+1, ,tn) — x(tl, ,tn)}
J

(6,>0, j=1,2,...,n)

and consider the equation

AP A Ay = Ay g AT A ALy =3 )

with “highest” term p; > ¢; and ) p; > > q; for every term of ).

Let the coefficients of the equation be families of linear operators A4, ., =
Aq g (t1,.t,), compact (in the operator norm in E) and of weak variation
at infinity. The latter means that for every € > 0 there exists T = T'(¢) > 0

such that, whenever » t: > T, > t7 > T, > |t — t]| < 1, always

|A tly oy tl) — A et <e

‘11-<<‘1n,( (11~~qn(

(see (1, 2)).

For equation (1), under the natural boundary conditions:

y’0<tj<pj5 = f](t17 7t’n) (] = 172a 7n) (2)

J
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( f; are given functions suitably compatible with one another), the existence
and uniqueness theorem is obvious. We shall give here necessary and sufficient
conditions under which, to bounded (in the whole domain 0 < ¢4, ¢, ..., ¢, < 00)
functions x(ty,...,t,) and f;(t;,...,t,), there always corresponds a bounded
solution y(t,...,t,) of the boundary-value problem (1)—(2).

1°. The simplest problem for functions of one variable:

Ay— )y == (X constant),

y(t) =140 for0<t<§

is equivalent to the equation

y— ASy = Sz,

where S is the operator realized on vectors—sequences (y(t),y(t + 9),...,y(t +
kd), ...) by means of the matrix

=== O
= -0 O
—_ o O O
oo oo
—

w

=

The solution of this equation

y=(I—\S)'Sx

is given by the matrix

0 0
1 0
o 1+X0 1

(1+X0)2 14X

_ o0 O O
oS O OO

It follows at once from this that to a bounded x(t) there always corresponds a
bounded y(t) if and only if |A + 1/d] < 1/4.

2°. Consider problem (1)—(2) with constant coefficients A, , and zero bound-

ary conditions (for simplicity). It is equivalent to the equatio;i

P1—4 P2—q Pn—4q P P P
y— S SPagh e R nA oy = SPISE L S,
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where the operators S; are constructed on systems of values {y(t; + k19,5 +
kydgy .oy t,, + k,0,,)} by means of matrices of the form (3). As noted in (2), the
solution of such an equation may be written in the form

-1

1\" Ag P P
2mi =1 s Z NO T\ d 1

Y1 Y2 Tn

where the contours v;,7s, ..., 7, are chosen so that outside them there exists a
bounded operator

DAy Ay) = (AT NPT =D A, AT ---/\‘#)71 . (4)

Relying on the considerations of item 1° and using the methods developed in
(2), one can establish the following.

For in the boundary-value problem (1)—(2) with constant coefficients 4, |
every bounded initial function f;(¢y,...,t,) and every bounded right-hand side
x(ty,...,t,) to correspond always to a bounded solution y(¢,,...,t,) (in what

follows we shall call such a boundary-value problem stable), it is necessary and
sufficient that every point (A, ..., A\?), whose coordinates satisfy the inequalities

1
/\9+5—

J

1
> =

’
J

(j=1,2,..,n), (5)

be regular for the operator-function (4), i.e., that there exist a bounded operator
LA, ..., \0).

3°. In the case when A, , =A, . (t,...,t,) and the conditions formulated
in the introductory paragraph are satisfied, instead of (4) one must consider the
operator-functions

-1

DAy, Ay) = (A M T = ST AR NP d) (6)
Here ASIU:»)»-% are w-limit operators generated by the families A, (¢y,....1,)
simultaneously, i.e. on some common sequence of points (¢, ...,t,) tending to

infinity.
Problem (1)—(2) is stable if and only if every point (XY, ..., \2) satisfying (5) is
regular for every w-limit operator-function (6).

4°. The domain defined by inequality (5) is the exterior of the circle with center
—1/6; and radius 1/6;; as §; — 0 it becomes the right half-plane. Therefore the
main result (?)—the stability criterion for the boundary-value problem
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GPr+ Py PNy

= J A Z Y,
ot .. othr Z Dt o e )

oy .
W = J’ k:0’1’7p]_17 ]:152)'-'?717 (7)
T lt=0

is included in item 3° as a limiting case.

Comparing the results obtained for the difference and differential boundary-
value problems (with the same coefficients A, ), one easily sees that:
If for some 6; > 0 problem (1)—(2) is stable, then it remains stable for all
0 <0 <0, (j=1,2,...,n); in particular, problem (7) is stable.

If problem (7) is stable, then there exist 5? > 0 such that for all §; < 6?
(j=1,2,...,n) problem (1)—(2) is also stable.

The last considerations may be useful in investigations connected with the ap-
plication of the method of grids to the solution of boundary-value problems in
an unbounded domain.
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