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In the present paper we study the multiplicity of the spectrum of a self-adjoint
operator A, generated in the Hilbert space £2(a,b) by a formally self-adjoint
ordinary differential operation [ of arbitrary even order 2n. Here one or both
endpoints of the interval (a,b) may be singular. As is known, in the case of
an interval with two singular endpoints the multiplicity of the spectrum of the
operator A does not exceed 2n; if at least one endpoint is regular and the
operator A is defined by separated boundary conditions, then the multiplicity
of its spectrum does not exceed n. Quite often, however, the multiplicity of the
spectrum of a differential operator of order 2n turns out to be smaller than the
bounds indicated above. The present paper is devoted to the study of some
such cases. We estimate the multiplicity of the part of the spectrum of the
operator A contained in the segment [o, 8], proceeding from the assumption
that the differential equation Il[y] = Ay has, for every A € [«, ], solutions
possessing certain properties in a neighborhood of a singular endpoint of the
interval (a,b). Since a number of assertions are known which make it possible
to judge the asymptotics of solutions of a differential equation from the behavior
of its coefficients, the results of the article may in some cases prove useful for
determining the multiplicity of the spectrum of a differential operator on the
basis of the properties of the coefficients of the expression {[y].*

1. Let us recall that a formally self-adjoint differential expression {[y] of order
2n can be represented in the form

o= pa— 2y B, Py o) T
" de "™ Ydz dx | %da? dz \"?dan ’

it is assumed that the functions

Pt (@), p1 (@), oo pp(2) (1)

are real and summable on every segment [aq,b;] C (a,b). The interval (a,b) may
also be infinite. If the point a or b is finite and the functions (1) are summable
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in its one-sided neighborhood, i.e., if this endpoint is regular, then we agree to
include it in the interval (a,b).

To each function y(z) for which [[y] has meaning, we associate the vector-
function

]}(.7;) = <y[0](x), y[ll(w)a ) y[Zn_l] (.’L‘)),

where y%(z) = y(z), and y¥(z) (k =1,2,...,2n — 1) denotes the so-called

* The study of the multiplicity of the spectrum of a self-adjoint differential
operator of second order is the subject of the works of I. S. Kac (}2). They
completely clarify the question of how the multiplicity of the spectrum of a dif-
ferential operator in the space £2(a,b) depends on the properties of the spectral
functions of differential operators generated by the same differential expression
in the spaces £2(a,c) and £2(c,b), where c is an arbitrary interior point of the
interval (a,b). M. G. Krein and I. S. Kac observed that the author’ s results (%),
concerning the spectral theory of symmetric non-self-adjoint differential opera-
tors of second order, allow one to draw certain conclusions about the multiplicity
of the spectrum of a self-adjoint differential operator. This is what attracted
the author’ s attention to the range of questions considered here.

the quasi-derivative of order k of the function y(x), we shall regard g(x), for every
z € (a,b), as a column matrix. Introduce the square matrix J = [e;,[3", putting
e =0if j+k#2n+1,¢; =sign(j—k)if j+k=2n+1(j,k=12,..,2n).
For any functions w(z) and v(x) to which the operation [ is applicable, the
well-known Lagrange identity holds

l[ulv — ul[v] = % (v*Ja),

where the asterisk denotes passage to the conjugate matrix, in the present case
a one-row matrix.

Consider the closed symmetric operator £, with minimal domain of definition,
generated in £2(a,b) by the operation [*. As is known, this operator has defect
index (r,7), where 0 < r < 2n. Let A be a self-adjoint operator in £2(a,b) with
domain of definition D4, which is an extension of the operator £, and let E,
(—oo < A < 00) be the spectral function of the operator A.

By

yl(x; )‘)a yZ(x; )‘)a ] y2n(££7)‘)

we denote a fundamental system of solutions of the equation
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llyl = Ay, (2)

which satisfy the initial conditions:

-ty =4 L = k=1,2,..,2
e {o it 4k PR

where 1z, is an arbitrary fixed point of the interval (a,b). As is known**, for
any real values o and [ the operator

Eg o+ Egio  Eaot Eavo
2 2

is integral, and its kernel K, 5(z,s) is representable in the form

B 2n
o5 = [ w0 dp,

7,k=1
where p;;.(A) (4, k = 1,2, ..., 2n) are the elements of the Hermitian nondecreasing
matrix-function T'(A) = [|p;(X)[7", called the spectral distribution function of

the operator A.

Lemma. Suppose that for every A € [, 5] equation (2) has a solution v(z; A)
such that:

1)
b
/ lo(z; \) | dz < oo,

where c¢ is some interior point of the interval (a, b);

2) for every function f(x) € D4

f(@) o) =0;

3) for fixed x € (a, b) the vector-function 0(z; A) satisfies a Lipschitz condition
with respect to A on the segment [a, B]***.

* See, for example, (4) or (5).
** See, for example, (5), p. 204.

K I condition 3) is satisfied for some z; € (a,b), then it is also satisfied for
any other fixed z € (a,b).

Then for any pq, iy € [, O]
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/ " 7 (203 N)J dT(N) = 0.

Ha
Let us note that the proof of this lemma is based on the results of paper (%)
(see also (7).

Theorem 1. Suppose that for every A € [«, 5] equation (2) has m =m’ +m”
linearly independent solutions

'Ul((E;)\), v2(.’£; )‘)7"'7 Um(l.?)‘) (3)

such that:
1) for each of the first m’ solutions (3):

a)
/ | (z; M) |2 de < 0 (a < ¢ < b);

Fr@) I8 N, =0,

r=a

whatever the function f(z) € D, may be;
2) for each of the last m” solutions (3):
a)

b
/ log(z;M)|?dz < o0 (a < ¢ <b);

(@)@ n]_, =0,

=

whatever the function f(z) € D, may be;

3) each of the vector-functions vy (z; ), for fixed x € (a,b), satisfies a Lips-
chitz condition with respect to A on the segment [«, f3].

Then the multiplicity of the part of the spectrum of the operator A contained
in the segment [a, 5] does not exceed 2n — m.

Remark 1. If any one of the operators with minimal domain of definition gen-
erated by the operation [ in the spaces £2(a,c) and £2(c,b) has defect index
(n,n), then in the statement of the theorem one may omit, respectively, con-
dition 1b) or 2b), since its fulfillment is ensured in this case by condition la)
or 2a). If, in particular, the operator £, with minimal domain of definition,
generated by the operation [ in the space £2%(a,b), is self-adjoint, then both
conditions 1b) and 2b) turn out to be superfluous.
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Remark 2. Suppose that the operator £, with minimal domain of definition
D, , generated in £%(a,b) by the operation [, has defect index (r,r), where
r > 0. Choose in D, an arbitrary system of functions f,(x),..., f.(z), linearly
independent modulo D . Then in the formulation of conditions 1b) and 2b) of
Theorem 1 it is enough to require that they be fulfilled only for the functions
f(z) = f;(z) (j =1,...,7), since it already follows from this that these conditions
are fulfilled for any function f(x) € D 4.

2. Let us pass to the consideration of the case where the endpoint a of the
interval (a, b) is regular. The defect number r of the operator £, with min-
imal domain of definition, which is generated in £2(a,b) by the operation
I, now satisfies the inequality n < r < 2n.

Assume that the self-adjoint operator A in £2(a,b), which is an extension of
the operator £, is defined by separated boundary conditions. Then the system
of boundary conditions at the point a can be written in the form Ug(a) = 0,
where U is some rectangular matrix consisting of n linearly independent rows
and 2n columns, such that UJU* = 0.

Theorem 2. Suppose that for every A € [a, 5] equation (2) has ¢ linearly
independent solutions

such that:
1) (x5 X) € £L%(a,b) (k=1,...,q);
2) f*(x)Joy(; )]

3) the linear combination

=0 (k=1,...,q) for every function f(\) € D 4;

z=b

q
Z cruR(T;A)
k=1
satisfies the system of boundary conditions at the point a only when ¢; =
e =Cc_ = 0'
q b

4) each of the vector-functions 0, (z; ), for fixed x € (a,b), satisfies a Lips-
chitz condition with respect to A on the segment [«, 3].

Then the multiplicity of the part of the spectrum of the operator A contained
in the segment [a, 8] does not exceed n — ¢.*

Remark. Taking into account conditions 1), 2), condition 3) can also be for-
mulated in the following way: among the linear combinations

q
Z V(T3 )
k=1
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there are no eigenfunctions of the operator A. If the segment [«, 5] contains no
eigenvalues of the operator A, then condition 3) may be omitted.
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