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PHYSICS
B. N. BARANOV, I. P. PAVLOTSKII

ON THE CONFIGURATIONAL STATISTICS
OF HIGH-MOLECULAR CHAINS
(Presented by Academician N. N. Bogolyubov, 4 IV 1964)

The methods existing in the configurational statistics of high-molecular chains
are usually based on the so-called approximation of independent rotations or free
gyroscopes (1). The first attempt to consider the model of“hindered rotations”
was made in (2). In (2) and other works, approximate calculations were given for
the configurational integral for potentials depending only on the differences of
spatial angles between planes passing through pairs of neighboring links. In the
present work a method is given for the exact calculation of the configurational
integral for the latter model, and a planar polymer chain of the type analyzed
in (3) is also considered.

1. Planar high-molecular chain. Let us consider a high-molecular chain
consisting of 𝑁 links of equal length 𝑙 (Fig. 1). The angles 𝜔𝑖,𝑖+1 between
neighboring links change as a result of thermal motion and under the action of
an external force. We introduce the potential Φ(𝑥) of the forces acting between
the centers of neighboring links. The distance between the center of the 𝑖-th
and the center of the (𝑖 + 1)-st links will be denoted by |𝑥𝑖+1 − 𝑥𝑖| = Δ𝑥𝑖+1,𝑖.

Fig. 1

As is known, the statistical integral of such a system is

𝑧𝑁 = {𝑚𝑘𝑇
2𝜋ℏ2 }

𝑁/2 𝑄𝑁
𝑁! , (1)

where 𝑚 is the reduced mass and
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𝑄𝑁 = ∫
𝐿

0
⋯ ∫

𝐿

0
exp (−𝑈𝑁

𝑘𝑇 ) 𝑑𝑥1 ⋯ 𝑑𝑥𝑁 , 𝐿 = ∑
(1≤𝑖≤𝑁)

Δ𝑥𝑖,𝑖−1. (2)

We introduce

𝑥𝑘 = ∑
(1≤𝑖≤𝑘)

Δ𝑥𝑖,𝑖−1.

Then

0 ≤ 𝑥1 ≤ 𝑥2 ≤ ⋯ ≤ 𝑥𝑁 ≤ 𝐿.

The potential energy of the system is written in the form

𝑈𝑁 = ∑
(1≤𝑖≤𝑁−1)

Φ(𝑥𝑖+1 − 𝑥𝑖) + 𝑈𝐿 + 𝑈0, (3)

where 𝑈𝐿 is the energy of interaction with the wall, realized in the form of links
of the same nature, and 𝑈0 is the potential of the external force. We take the
potential Φ(𝑥) in the form

Φ(𝑥) =
⎧{
⎨{⎩

∞, (𝑥 < 𝑎),
Φ(𝑙) 𝜃(𝑥), (𝑎 ≤ 𝑥 ≤ 𝑙),
∞, (𝑥 > 𝑙),

(4)

where 𝑎 is the true radius of the particle. The relation between 𝑥 and 𝜔 is
established by

𝑥𝑖,𝑖+1 = 𝑙 sin(𝜔𝑖,𝑖+1/2).

Now, using the results of [4], we write the asymptotic estimate for 𝑄𝑁 as 𝑁, 𝐿 →
∞ and 𝑁/𝐿, remaining constant:

𝑄𝑁(𝐿) = 𝑁!{𝜑(𝑠0)}𝑁+1 exp { 𝑈0
𝑘𝑇 + 𝑠0𝐿} , (5)

where 𝑠0 = 𝑎𝑝/𝑘𝑇 (𝑝 is the pressure) and

𝜑(𝑠0) = ∫
∞

0
exp (−𝑝𝑥 + Φ(𝑥)

𝑘𝑇 ) 𝑑𝑥 = ∫
𝑙

𝑎
exp (−𝑝𝑥 + Φ𝜃(𝑥)

𝑘𝑇 ) 𝑑𝑥. (6)

Let us note that for the mean value of the angle 𝜔 we have the expression
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𝜔 = 2 arcsin(𝐿/𝑁𝑙). (7)

The connection with thermodynamics is effected through the fundamental rela-
tions. The free energy is

𝐹 = −𝑘𝑇 ln 𝑍𝑁 = −𝑘𝑇 {𝑁
2 ln (𝑚𝑘𝑇

2𝜋ℏ2 ) + (𝑁 + 1) ln 𝜑(𝑠0)} − (𝑝𝐿 + 𝑈0).

The thermodynamic potential is

𝐺(𝑝, 𝑇 ) = −𝑁𝑘𝑇 [ln 𝜑(𝑠0) + 1
2 ln (𝑚𝑘𝑇

2𝜋ℏ2 )] − 𝑈0.

The chemical potential is

𝜇 = 𝜕𝐺
𝜕𝑁 = −𝑘𝑇 [ln 𝑎(𝑠0) + 1

2 ln (𝑚𝑘𝑇
2𝜋ℏ2 )] .

The equation of state is

𝑝 = 𝑘𝑇 𝜕𝑄𝑁
𝑄𝑁𝜕𝐿, 𝐿 = − (𝜕𝐺

𝜕𝑝 )
𝑇

or

𝑙 + 𝑘𝑇 𝑑
𝑑𝑝 ln 𝜃(𝑠0) = 0.

As an example, consider a system with potential (1)

𝜃(𝜔) = 1 − cos 2𝜔

or

𝜃 (𝑥
𝑙 ) = 2 [1 − 4𝑥2

𝑙2 (1 − 𝑥2

𝑙2 )] .

Then the calculation of the thermodynamic functions of the system reduces to
an elementary quadrature:

𝜑 = exp (− 2Φ
𝑘𝑇 ) ∫

𝑙

0
exp { 1

𝑘𝑇 [−𝑝𝑥 + 8𝑥2

𝑙2 (1 − 𝑥2

𝑙2 )]} 𝑑𝑥. (6a)
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Fig. 2

Figure 2: Fig. 2

§ 2. Spatial high-molecular chain
Consider a spatial chain (Fig. 2). The valence angles between neighboring
links 𝜔 and the lengths of the links 𝐾1𝐾2 = 𝐾2𝐾3 = 𝐾3𝐾4 = … = 𝑙 are
constant, while only the angles 𝜑 between neighboring planes passing through
pairs of adjacent links vary. Introduce the potentials Φ(𝑥) of the forces acting
between 𝐴 and 𝐴′—the geometric centers of neighboring triangles constructed
on neighboring pairs of links. Then

𝐴𝐾3 ⟂ 𝐾1𝐾4 ⟂ 𝐴𝐾2.

Fig. 2

Let 𝐴𝑂 = 𝐴′𝑂 = 𝜉 and let the angle 𝐴𝑂̂𝐴′ = 𝜓. Obviously, 𝑥 = 2𝜉 sin 𝜓/2 and
cos 𝜓/2 = cos 𝜗 cos 𝜑/2, where 𝜗 = 𝐾4𝑂̂𝑁 = 𝐾1𝑂̂𝑀 .

A simple geometrical consideration makes it possible to relate 𝑥 to (𝑙, 𝜔, 𝜑):

𝑥 = 2𝑙 cos 𝜔
√1 − sin2 𝜔 cos2 𝜑/2

sin2 𝜔 + cos 𝜔√1 + 4 sin4 𝜔/2
. (8)

In view of (8),

𝑥min = 2𝑙 cos2 𝜔
sin2 𝜔 + cos 𝜔√1 + 4 sin4 𝜔/2

, 𝑥max = 2𝑙 cos 𝜔
sin2 𝜔 + cos 𝜔√1 + 4 sin4 𝜔/2

.

The potential Φ(𝑥) should be taken in the form

Φ(𝑥) =
⎧{
⎨{⎩

∞, (𝑥 < 𝑥min),
Φ(𝑙) 𝜃(𝑥), (𝑥min ≤ 𝑥 ≤ 𝑥max),
∞, (𝑥 > 𝑥max).

Obviously, (1), (2), (3), (5), and the expressions for the thermodynamic func-
tions, as well as the equation of state, remain unchanged, while (6) is replaced
by

𝜑(𝑠𝜔) = ∫
𝑥max

𝑥min

exp {−𝑝𝑥 + Φ𝜃(𝑥)
𝑘𝑇 } 𝑑𝑥.
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If, as an example, we take 𝜃1(𝜑) = 1 − cos 2𝜑, then, by virtue of (8),

𝜃(𝑥) = 1 − 8 [ 2
sin2 𝜔

+ 𝑥2

𝜌 sin2 2𝜔
] [1 − 2

sin2 𝜔
+ 𝑥2

𝜌 sin2 2𝜔
] ,

where

√𝜌 = 𝑙/(sin2 𝜔 + cos 𝜔√1 + 4 sin4 𝜔/2).

Thus, 𝜑(𝑝, 𝑘𝑇 ) is again expressed through a quadrature of type (6a), differing
from the latter only in the limits of integration and in the coefficients of the
powers of 𝑥 in the exponential under the integral sign. Finally, substitution of
𝜑 into (5) gives the statistical integral.

The authors express their gratitude to A. B. Almazov and G. F. Liman for a
number of valuable comments concerning the formulation of the problem. We
take this opportunity to thank N. N. Bogolyubov and S. V. Tyablikov for their
interest in the work and for discussion of the results.
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