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The methods existing in the configurational statistics of high-molecular chains
are usually based on the so-called approximation of independent rotations or free
gyroscopes (1). The first attempt to consider the model of “hindered rotations”
was made in (?). In (?) and other works, approximate calculations were given for
the configurational integral for potentials depending only on the differences of
spatial angles between planes passing through pairs of neighboring links. In the
present work a method is given for the exact calculation of the configurational
integral for the latter model, and a planar polymer chain of the type analyzed
in () is also considered.

1. Planar high-molecular chain. Let us consider a high-molecular chain
consisting of N links of equal length I (Fig. 1). The angles w;; ; between
neighboring links change as a result of thermal motion and under the action of
an external force. We introduce the potential ®(z) of the forces acting between
the centers of neighboring links. The distance between the center of the i-th
and the center of the (i 4+ 1)-st links will be denoted by |z;,; — ;| = Az, 4 ;.

Fig. 1

As is known, the statistical integral of such a system is

P mkT N/Q@ (1)
N 2nh2 NI’

where m is the reduced mass and
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L L U
QN — / / exp (—ﬁ) dl’l d:L’N, L= Z Al’i7i71. (2)
0 0

(1<i<N)

We introduce

Then

The potential energy of the system is written in the form

Uy = Z (2 — ;) + Uy + Uy, (3)
(1<i<N-1)

where U, is the energy of interaction with the wall, realized in the form of links
of the same nature, and U, is the potential of the external force. We take the
potential ®(z) in the form

0, (x < a),
P(z) = q2()b(x), (a<z <), (4)
00, (x >1),

where a is the true radius of the particle. The relation between x and w is
established by

Liiy1 = lSin(%,i+1/2>~

Now, using the results of [4], we write the asymptotic estimate for Q as N, L —
oo and N /L, remaining constant:

QL) = Nl exp {12 +5,L} 9

where s, = ap/kT (p is the pressure) and

o(s0) = /Oooexp (7”7;(@) dx—/al exp (W) dz.  (6)

Let us note that for the mean value of the angle w we have the expression
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@ = 2arcsin(L/NI). (7)
The connection with thermodynamics is effected through the fundamental rela-

tions. The free energy is

N mkT
F=—kT'lhZy=—kT {5 In (m) +(N+1) lngo(so)} — (pL + Uy).

The thermodynamic potential is

1 mkT
G(p,T) = —NkT [lncp(so) + 3 In (W)] —U,.

The chemical potential is

50 1 mkT
p= g = kT {lna(so) t3hn (Wﬂ '

The equation of state is

p=kT 0Qn L:—(a—G)
T

QNOL’ op

or
- d
[+ kT o In6(sy) = 0.
As an example, consider a system with potential (1)

O(w) =1 — cos2w

or

9(?):2[1—49;; (1—”;”

Then the calculation of the thermodynamic functions of the system reduces to
an elementary quadrature:

25\ [ 1 8a:2 a2
© = exp (kT) /0 exp{kT [prrlQ (112)]} dx. (6a)
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Fig. 2

Figure 2: Fig. 2

§ 2. Spatial high-molecular chain

Consider a spatial chain (Fig. 2). The valence angles between neighboring
links w and the lengths of the links K| Ky = Ky,K; = K3K, = ... =1 are
constant, while only the angles ¢ between neighboring planes passing through
pairs of adjacent links vary. Introduce the potentials ®(z) of the forces acting
between A and A’—the geometric centers of neighboring triangles constructed
on neighboring pairs of links. Then

AK, | KK, | AK,.

Fig. 2

Let AO = A’O = ¢ and let the angle AOA’ = 1. Obviously, z = 2¢ sin /2 and
cos /2 = cos ¥ cos /2, where ¥ = K,ON = K;OM.

A simple geometrical consideration makes it possible to relate = to (I, w, ¢):

\/1 — sin® wcos? ¢ /2

sin? w + coswy/1 + 4sin® w/2

(®)

T = 2lcosw
In view of (8),

2l cos® w 2l cosw

€T - = ‘rmax =

min I’ .
sin® w + coswy/1 4 4sin’ w/2 sin® w + coswy/1 4 4sin’ w/

The potential ®(z) should be taken in the form

|

307 (.’L‘ < xmin>7
O(x) =1 2()0(x), (v <z<wx

min — max)7

; (T > Tppa)-

Obviously, (1), (2), (3), (5), and the expressions for the thermodynamic func-
tions, as well as the equation of state, remain unchanged, while (6) is replaced
by

_ Ema px + ®0(x)
o(s,) = gE exp{ —7 dzx.

min
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If, as an example, we take 6;(¢) = 1 — cos 2¢, then, by virtue of (8),

2 x? x?
o) =1-8| s I | - oy I
sin“w  psin® 2w sin“w  psin® 2w

where

VP = 1/(sin® w + coswy/1 + 4sin® w/2).

Thus, ¢(p, kT) is again expressed through a quadrature of type (6a), differing
from the latter only in the limits of integration and in the coefficients of the
powers of x in the exponential under the integral sign. Finally, substitution of
© into (5) gives the statistical integral.
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