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Abstract
Full Text

S. M. Ter-Minasyants
THE PROBLEM OF DIFFRACTION OF A PLANE
WAVE BY A WEDGE MOVING WITH SUPERSONIC
VELOCITY
(Presented by Academician L. I. Sedov on 16 XII 1963)

Propagating through a gas and increasing its pressure by 𝜀, a weak plane com-
pression wave at the instant 𝑡 = 0 has reached the vertex of a wedge of finite
aperture angle 𝛽1, moving toward it with supersonic velocity, with an attached
compression shock. The angle 𝜗 between the front of this wave and the axis of
the wedge may be arbitrary. The typical pattern of the self-similar motion of
the gas arising for 𝑡 > 0 is shown in Fig. 1. In the region between the wedge,
the shock, and the arcs of the Mach circles 𝐶𝐷 and 𝐴𝐺𝐹 of radius 𝑎2𝑡 (𝑎 is
the speed of sound in this region), whose center coincides with the particle of
gas that at 𝑡 = 0 was at the vertex of the wedge, the self-similar diffraction
under consideration develops. We associate the coordinate system 𝑥, 𝑦 with the
undisturbed gas between the wedge and the oblique compression shock, plac-
ing its origin at the center 𝐸 of the indicated Mach circle and directing the
𝑥-axis perpendicular to the shock front. Denote by 𝑀0 and 𝑎0, respectively, the
Mach number and the speed of sound of the flow incident on the wedge, and by
𝛼1 the angle of inclination of the oblique compression shock to the axis of the
wedge. This shock may then be regarded as a plane shock wave propagating
along the 𝑥-axis with velocity 𝑈 = 𝑀0𝑎0 sin 𝛼1 and producing behind its front
a gas velocity 𝑉 = [2𝑈/(𝜒 + 1)](1 − 𝑎2

0/𝑈2) (𝜒 is the adiabatic exponent).

Fig. 1

The equations of plane unsteady motion of the gas, after their linearization
with respect to the parameter 𝜀, upon passing to self-similar coordinates 𝑥 =

̄𝑥/𝑎2𝑡, 𝑦 = ̄𝑦/𝑎2𝑡 and the Chaplygin transformation 𝑟 = 2𝑅/(1 + 𝑅2) (where
𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃), are reduced to Laplace’s equation for the pressure
disturbance. The only portion of the boundary of the disturbed region that
is deformed under this transformation—the chord 𝐴𝐵𝐶—passes into the circle
2𝑅 cos 𝜃 = 𝑚(1 + 𝑅2), orthogonal to the unit Mach circle. The boundary con-
dition on this portion, corresponding to a weakly curved shock front, may be
written in the form (3):
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𝜕𝑝
𝜕𝑛/𝜕𝑝

𝜕𝑠 = (𝐴 tg 𝜃 − 𝐵 ctg 𝜃)/
√

1 − 𝑚2 sec2 𝜃, 𝜕𝑣
𝜕𝑦 = 𝐵

𝑦
𝜕𝑝
𝜕𝑦 , (1)

where 𝑛 and 𝑠 are coordinates along the normal and tangent to the shock front,
𝑣 and 𝑝 are the 𝑦-component of the disturbance velocity and the pressure dis-
turbance, 𝑚 = 𝑀1𝑘1/√𝑘2

1 + 1, 𝑘1 = tg(𝛼1 − 𝛽1), and 𝑀1 is the Mach number
of the flow along the surface of the wedge in the coordinate system attached to
the wedge; the expressions for the constants 𝐴 and 𝐵 have the form

𝐴 = (𝑈 − 𝑉 )2[(𝜒 − 1)(𝑈 − 𝑉 )(2𝑈 − 𝑉 ) + 𝑎2
2]−1 (2)

𝐵 = 𝑈[(𝑈 − 𝑉 )2 − 𝑎2
2](𝑈 − 𝑉 )−1[(𝑈 − 𝑉 )(2𝑈 − 𝑉 )(𝜒 − 1) − 𝑎2

2]−1.

On the wall of the wedge we have the condition (3,4) 𝜕𝑝/𝜕𝑛 = 0, on the arc 𝐷𝐶,
𝑝 = 𝑝1, on the arc 𝐴𝐺, 𝑝 = 𝑝2, and on the arc 𝐺𝐹 , 𝑝 = 2𝑝2. The quantities 𝑝1
and 𝑝2, as well as 𝑣, can be determined respectively with the aid of the relations
in an oblique shock wave (see, for example, (5)) and with the aid of the results of
a numerical calculation of the regular interaction of plane shock waves (6). The
function

𝑧 = 𝜎 + 𝑖𝜏 = ln[(𝜆 − 𝜆2)/(𝜆 − 𝜆1)] − 𝑖[(𝜋/2) − 𝛼] − 𝑙,

𝛼 = arc sin(1/𝑀1), 𝑙 = 1
4 [(1 + 𝑘1√𝑀2

1 − 1)/(1 − 𝑘1√𝑀2
1 − 1)] (3)

𝜆1 = 𝑒𝑖(𝛼−𝛼1), 𝜆2 = −𝑒−𝑖(𝛼+𝛼1),

maps our domain conformally onto the rectangle −𝑙 < 𝜎 < 𝑙, 0 < 𝜏 < 𝜋. The
condition on its right vertical side, corresponding to the shock front, then takes
the form

𝜕𝑝
𝜕𝑠 / 𝜕𝑝

𝜕𝑛 = 𝑘1𝑚2
0𝑀1√𝑀2

1 − 1 (𝑚0 − 𝑀1 cos 𝜏) sin 𝜏
𝐴𝑚2

0(𝑚0 − 𝑀1 cos 𝜏)2 − 𝐵𝑘2
1𝑀2

1 (𝑀1 − 𝑚0 cos 𝜏)2 = 𝑏(𝜏), (4)

where 𝑚0 = √1 − 𝑘2
1(𝑀2

1 − 1). On the remaining part of the boundary the
conditions do not change. The conformal mapping of the upper half-plane 𝜔 =
𝜑 + 𝑖𝜓 onto our rectangle is realized with the correspondence of points 𝑧 =
0, 𝜔 = 0; 𝑧 = 𝑖𝜋, 𝜔 = ∞; 𝑧 = 𝑙, 𝜔 = 1; in this case the point 𝜔 = 1/𝑘 goes
over into the point 𝑧 = 𝑙 + 𝑖𝜋 (here 𝑘 is the modulus of the elliptic integral).
Along the right vertical side of the rectangle we then have the dependence
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𝜏 = 𝐶 ∫
𝜑

1
[(𝜑2 − 1)(1 − 𝑘2𝜑2)]−1/2 𝑑𝜑. (5)

Substituting (5) into (4) (its formal procedure is not required), we obtain bound-
ary conditions for the half-plane which, owing to the fact that 𝜕𝑝/𝜕𝑛 = 𝜕𝑝/𝜕𝜓
and 𝜕𝑝/𝜕𝑠 = 𝜕𝑝/𝜕𝜑, may be interpreted as a boundary condition of the Rie-
mann–Hilbert problem with discontinuous coefficients for the function Γ(𝜔):

𝑎(𝜑) 𝜕𝑝
𝜕𝜑 + 𝑏(𝜑) 𝜕𝑝

𝜕𝜓 = 𝑐(𝜑), Γ(𝜔) = 𝜕𝑝
𝜕𝜑 + 𝑖 𝜕𝑝

𝜕𝜓 , (6)

where 𝑎 = 0 for −1/𝑘 < 𝜑 < −1 and 𝑎 = 1 on the remaining part of the real
axis; 𝑏 = 0 everywhere except the intervals −1/𝑘 < 𝜑 < −1, 1 < 𝜑 < 1/𝑘, on
the first of which 𝑏 = 1, while on the second it is determined from (4) and (5);
𝑐 = −𝑝2𝛿(𝜑 − 𝜑0). The coordinates of the point 𝐺, corresponding to 𝜑 = 𝜑0,
will be

𝜃0 = −(𝛼1 + 𝜗),

𝜎0 = [1 + cos(𝜗 + 𝛽1 − 𝛼)]/[1 − cos(𝜗 + 𝛽1 + 𝛼)] − 𝑙, 𝜏 = 0.

Introduce the function Γ1(𝜔) (see (1)): Γ(𝜔) = Γ1(𝜔)Ω(𝜔), where, as is shown
in (7) for the analogous case,

Ω(𝜔) = [(𝜑 + 1)(𝑘𝜑 + 1)]−1/2.

For Γ1(𝜔) we obtain a problem with continuous coefficients (which we denote by
the same letters): 𝑎 ≡ 1; 𝑏 = 0 for 𝜑 < 1, 𝜑 > 1/𝑘, and 𝑏 = 𝑏[𝜏(𝜑)] according
to (4) and (5) for 1 < 𝜑 < 1/𝑘; 𝑐 = −𝑝2Ω−1(𝜑0)𝛿(𝜑 − 𝜑0).
The solution of the corresponding homogeneous problem, owing to the fact that,
as is not difficult to establish, the index of the function 𝑎 + 𝑏𝑖 is zero for our
contour, can be written in the form (1)

Γ0 = 𝑖𝛽 exp { 1
𝜋 ∫

1/𝑘

1
arc tg 𝑏[𝜏(𝜉)] 𝑑𝜉

𝜉 − 𝜔} = 𝑖𝛽 exp [ 1
𝜋 𝐹(𝜔)] ; (7)

here 𝜁 is the variable of integration along the 𝜑-axis; 𝛽 is, for the time being,
an undetermined constant. The nonhomogeneous problem with discontinuous
coefficients will then have the solution (1,2)

Γ(𝜔) = Ω(𝜔)Γ1(𝜔) = Ω(𝜔)Γ0(𝜔) [1 + 𝐿/(𝜑0 − 𝜔)],

sovietrxiv.org/items/ru-196401.60478 Machine Translation

https://sovietrxiv.org/items/ru-196401.60478


𝐿 = −𝑝2/𝜋|Ω(𝜑0)|Γ0(𝜑0). (8)

Integrating, we obtain the solution for the pressure in complex form:

𝑝 = Im {−𝛽 ∫
𝜔

−1
|Ω(𝜔)| exp [𝑖 arg Ω(𝜔) + (1/𝜋)𝐹(𝜔)] [1 + 𝐿/(𝜑0 − 𝜔)] 𝑑𝜔} + 𝑝2.

(9)

To determine the constant 𝛽 we use the second relation (1): the integral along
the curved portion of the shock front from its right-hand part must be equal to
the difference of the 𝑦-components of the perturbed velocity on the two sides
of this portion. From (7) and (8) it is clear that we need to know the limiting
values, on the open contour, of the singular integral (7)—the interval (1, 1/𝑘).
By the Sokhotskii formulas for the interior limiting values, we have

𝐹 + = − 1
𝐶 ∫

𝜋

0

arc tg 𝑏(ℎ) − arc tg 𝑏(𝜏)
𝜁 − 𝜑 √(𝜁2 − 1)(1 − 𝑘2𝜁2) 𝑑ℎ+

+ arc tg 𝑏(𝜏) [ln ∣ 1 − 𝑘𝜑
𝑘(𝜑 − 1) ∣ + 𝑖𝜋] . (10)

Here ℎ denotes the variable of integration along the 𝜏 -axis. Substituting (10)
into the expression for 𝜕𝑝/𝜕𝜑, and the latter into the second relation (1), ex-
pressing 𝑦 in it through 𝜏 , and integrating, we obtain a relation for determining
the constant 𝛽:

𝛽 𝐵
√

𝑘2 + 1
𝑚0𝐶 ∫

𝜋

0

(𝑀1 − 𝑚0 cos 𝜏)√(𝜑2 − 1)(1 − 𝑘2𝜑2)
𝑚0 − 𝑀1 cos 𝜏 ×

×|Ω| exp ( 1
𝜋 Re 𝐹 +) 𝑏(𝜏)√

𝑏2 + 1
(1 + 𝐿

𝜑0 − 𝜑) 𝑑𝜏 = 𝑣2 − 𝑣1;

the required dependence 𝜑(𝜏) used here will be given below.

Separating the real and imaginary parts in expression (9), we obtain a formula
for calculating the pressure field in the diffraction region:

𝑝 = 𝛽 ∫
𝜓

0
𝑋 [(𝜑0 − 𝜑) cos 𝑌 − 𝜓 sin 𝑌

(𝜑0 − 𝜑)2 + 𝜓2 𝐿 + cos 𝑌 ] 𝑑𝜓+

+𝛽 ∫
𝜑

−1
𝑋 [(𝜑0 − 𝜑) sin 𝑌 + 𝜓 cos 𝑌

(𝜑0 − 𝜑)2 + 𝜓2 𝐿 + sin 𝑌 ] 𝑑𝜑.

The quantities 𝑋 and 𝑌 entering here are defined as follows:
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𝑋 = −|Ω(𝜔)| exp [ 1
𝜋𝐶 ∫

𝜋

0

arc tg 𝑏(ℎ)(𝜁 − 𝜑)√(𝜁2 − 1)(1 − 𝑘2𝜁2)
(𝜁 − 𝜑)2 + 𝜓2 𝑑ℎ] ,

𝑌 = arg Ω(𝜔) + 𝜓
𝜋𝐶 ∫

𝜋

0

arc tg 𝑏(ℎ)√(𝜁2 − 1)(1 − 𝑘2𝜁2)
(𝜁 − 𝜑)2 + 𝜓2 𝑑ℎ.

Adopting the notation sn(𝜎/𝐶, 𝑘) = 𝜂(𝜎), sn(𝜏/𝐶, 𝑘′) = 𝜂′(𝜏), we write the real
and imaginary parts of 𝜔 = sn(𝑧/𝐶, 𝑘) (8):

𝜑 = 𝜂
√1 − 𝑘′2𝜂𝑎′2

1 + (𝑘2𝜂2 − 1)𝜂𝑎′2 , 𝜓 = 𝜂′
√(1 − 𝜂𝑎′2)(1 − 𝜂2)(1 − 𝑘2𝜂2)

1 + (𝑘2𝜂2 − 1)𝜂𝑎′2 .

Finally, the expressions for 𝑅 and 𝜗 in terms of 𝜎 and 𝜏 have the form:

tg 𝜗 = ch(𝜎 + 𝑙) − 𝑘1√𝑀2
1 − 1 sh(𝜎 + 𝑙) − 𝑀1 cos 𝜏

√𝑀2
1 − 1 sh(𝜎 + 𝑙) + 𝑘1 ch(𝜎 + 𝑙) − 𝑘1𝑀1 cos 𝜏

,

𝑅 = √ch(𝜎 + 𝑙) − sin(𝑎1 + 𝜏)
ch(𝜎 + 𝑙) − sin(𝑎1 − 𝜏) .
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