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Abstract
Full Text

ON THE INVERSE PROBLEM FOR THE
STURM–LIOUVILLE EQUATION
M. G. GASYMOV

(Presented by Academician I. G. Petrovskii, 5 VIII 1963)

Mathematics
1. Consider the differential equation

−𝑦″ + 𝑞(𝑥)𝑦 = 𝑠𝑦 (0 ≤ 𝑥 < ∞) (1)

with boundary condition

𝑦′(0) − ℎ𝑦(0) = 0. (2)

Here 𝑞(𝑥) is a real locally summable function of 𝑥; ℎ is a real number. Let
the function 𝑞(𝑥) be such that every self-adjoint extension of equation (1) has
a discrete spectrum. Denote by {𝜆𝑛(ℎ)} the eigenvalues of the boundary-value
problem (1)—(2) (if necessary, we prescribe one more boundary condition at
infinity), numbered in increasing order, and by {𝜑𝑛(𝑥, ℎ)} the corresponding
orthonormal eigenfunctions. Setting ℎ = ℎ1 and ℎ = ℎ2, where ℎ1 ≠ ℎ2, we
obtain two different boundary-value problems with eigenvalues {𝜆𝑛(ℎ1)} and
{𝜆𝑛(ℎ2)}. It is known (1) that equation (1) is determined uniquely by two spec-
tra {𝜆𝑛(ℎ1)} and {𝜆𝑛(ℎ2)}, but it is not known when sequences of alternating
numbers {𝜆𝑛(ℎ1)} and {𝜆𝑛(ℎ2)} are eigenvalues of one and the same equation
of type (1).

The present paper is devoted to the solution of this problem for one class of
operators. In the case of the regular Sturm–Liouville equation, a similar problem
was studied by M. G. Krein (2,3) and B. M. Levitan (4).
2. Thus, consider the boundary-value problem (1)—(2) for ℎ = ℎ1 and ℎ = ℎ2,
where ℎ1 ≠ ℎ2. It is not difficult to show that

∫ 𝜑𝑛(𝑥, ℎ1)𝜑𝑛(𝑥, ℎ2) 𝑑𝑥 [𝜆𝑛(ℎ2) − 𝜆𝑛(ℎ1)] = (ℎ2 − ℎ1)𝜑𝑛(0, ℎ1)𝜑𝑛(0, ℎ2). (3)

Therefore, as ℎ1 → ℎ2 = ℎ, we obtain
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𝜆′
𝑛(ℎ) = 𝜑2

𝑛(0, ℎ).

Hence follows the formula*

𝜆𝑛(ℎ2) − 𝜆𝑛(ℎ1) = ∫
ℎ2

ℎ1

𝜑2
𝑛(0, ℎ) 𝑑ℎ. (4)

We denote the spectral function of the problem (1)—(2) by 𝜌ℎ(𝜆) and introduce
the functions

𝜎𝑖(𝜆) = 1
ℎ2 − ℎ1

∑
𝜆𝑛(ℎ𝑖)<𝜆

{𝜆𝑛(ℎ2) − 𝜆𝑛(ℎ1)}, 𝑖 = 1, 2. (5)

* Using the asymptotic behavior, as 𝜆 → ∞, of the spectral function (7)

𝜌ℎ(𝜆) = ∑
𝜆𝑛(ℎ)<𝜆

𝜑2
𝑛(0, ℎ) = 2

𝜋
√

𝜆 − ℎ + 𝑜(1)

for the problem (1)—(2), and formula (4), one can more simply derive formulas
(11) and (12) of (5).
Formula (4) gives grounds to suppose that the functions 𝜎𝑖(𝜆), 𝑖 = 1, 2, possess
all the properties of the spectral function of the Sturm–Liouville operator. We
shall prove this hypothesis for one class of potentials 𝑞(𝑥). First we define this
class of potentials.

Definition 1. We say that 𝑞(𝑥) belongs to the class Ω1/4 if, for some ℎ = ℎ1,

the following conditions are satisfied: a) 𝜌ℎ1
(𝜆) = 2

𝜋
√

𝜆 − ℎ1 + 𝑂 ( 1
𝜆1/4+𝛿 ),

where 𝛿 > 0; b) lim
ℎ→∞

𝜌ℎ1
(𝜆𝑛) − 𝜌ℎ1

(𝜆𝑛−1)
√𝜆𝑛 − √𝜆𝑛−1

= 2
𝜋 ; c) 𝜆𝑛+1(ℎ1) − 𝜆𝑛(ℎ1) ≥ 𝛼,

where 𝛼 > 0 is a positive constant.

It can be shown that if, for some ℎ = ℎ1, conditions a), b), and c) are satisfied,
then they are also satisfied for other values of ℎ (generally speaking, 𝛿 and 𝛼
depend on ℎ).
The class of functions Ω1/4 is nonempty. The function 𝑞(𝑥) = 𝛽𝑥2 +𝑝(𝑥), where
𝛽 > 0 and 𝑝(𝑥) is a finite summable function, belongs to the class Ω1/4.

For simplicity in what follows we shall assume that the spectrum of problem (1)
—(2) is bounded below. (The case in which the spectrum is not bounded below
is more complicated only technically.) Then one may assume that 𝜆𝑛(ℎ1) > 0
and 𝜆𝑛(ℎ2) > 0 for 𝑛 = 0, 1, …. We formulate the main result of the present
paper.
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Theorem 1. In order that the sequences of interlacing numbers {𝜆𝑛(ℎ1)}∞
𝑛=0

and {𝜆𝑛(ℎ2)}∞
𝑛=0 be the eigenvalues of one and the same equation of type (1) with

locally summable potential 𝑞(𝑥) ∈ Ω1/4, but with different boundary conditions
at zero, it is necessary and sufficient that the functions 𝜎𝑖(𝜆), 𝑖 = 1, 2, defined
by formula (5), be the spectral functions of certain singular equations of type (1)
with locally summable potentials from the class Ω1/4.

We indicate the lines of the proof.

Necessity. To prove necessity, it is first necessary to prove (see [6]) that the
functions

𝐹𝑖(𝑥) = ∫
∞

0

1 − cos
√

𝜆 𝑥
𝜆 𝑑𝜎𝑖(𝜆), 𝑖 = 1, 2, (6)

have third summable derivatives. We shall give the further explanation of the
proof for ℎ1 = 0 and 𝑖 = 1 (the general case differs only by technical complexity).
Denote by 𝜑(𝑥, 𝑠) and 𝜃(𝑥, 𝑠) the solutions of equation (1) with the following
initial conditions: 𝜑(0, 𝑠) = 1, 𝜑′(0, 𝑠) = 0 and 𝜃(0, 𝑠) = 0, 𝜃′(0, 𝑠) = 1. Further,
let 𝑓(𝑥, 𝑠) ∈ 𝐿2(0, ∞) and 𝑓(𝑥, 𝑠) = 𝜃(𝑥, 𝑠) + 𝑚(𝑠)𝜑(𝑥, 𝑠). Then, obviously,
the poles of the function 𝑚(𝑠) coincide with the eigenvalues of problem (1)—
(2) for ℎ = 0. It is also not difficult to show that the poles of the function

𝑚ℎ2
(𝑠) = 𝑚(𝑠)

1 − ℎ2𝑚(𝑠) coincide with the eigenvalues of problem (1)—(2) for
ℎ = ℎ2. Then, as is easily seen,

𝜎1(𝜆) = 𝜌0(𝜆) + 𝜌(𝜆), (7)

where 𝜌0(𝜆) is the spectral function of problem (1)—(2) for ℎ = 0, and

𝜌(𝜆) = 1
2𝜋𝑖ℎ2

∞
∑
𝑛=2

ℎ𝑛
2

𝑛 ∮
|𝑠|=𝜆

𝑚𝑛(𝑠) 𝑑𝑠. (8)

It is now obvious that the function 𝐹1(𝑥) has a third locally summable derivative
if the function

𝐹(𝑥) = ∫
∞

0

1 − cos
√

𝜆 𝑥
𝜆 𝑑𝜌(𝜆)

has a third locally summable derivative. Consequently, we have to prove that
𝐹 ‴(𝑥) is a locally summable function. To do this one must use the asymptotic
formula as 𝜆 → ∞

𝜌(𝜆) = −ℎ2
2 + 2

3𝜋
ℎ2

2√
𝜆

+ 𝑂 ( 1
𝜆3/4+𝛿1

) , (9)
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where 𝛿1 > 0. This formula is obtained from the following important lemma.

Lemma 1. The function 𝑚(𝑠) for potentials of the class Ω1/4, as |𝑠| → ∞,
behaves as follows:

a) outside the domain 𝑅{| Im 𝑠| ≤ 1, Re 𝑠 ≥ 0}

𝑚(𝑠) = − 𝑖√𝑠 + 𝑂 [ 1
|𝑠|1/4+𝛿(|𝑠|𝜃(−𝑢) + |𝑣|)] , (10)

where 𝑠 = 𝑢 + 𝑖𝑣 and

𝜃(𝑢) = {0, for 𝑢 < 0,
1, for 𝑢 > 0;

b) for | Im 𝑠| ≤ 1 and Re 𝑠 = 𝜆𝑛−1 + 𝜆𝑛
2

|𝑚(𝑠)| = 𝑂 ( ln𝜆𝑛
√𝜆𝑛

) . (11)

Further, from our arguments it follows that the function 𝜎1(𝜆) possesses all the
properties of the spectral function of the Sturm–Liouville operator, and from it
one can reconstruct the locally summable function 𝑞1(𝑥). From formula (9) it
follows that 𝑞1(𝑥) ∈ Ω1/4. Thus, the necessity of the theorem is proved.

Sufficiency. To prove sufficiency, let us note that from two spectra {𝜆𝑛(ℎ1)}
and {𝜆𝑛(ℎ2)} the spectral function of problem (1)—(2) for ℎ = ℎ1 is determined
by the following formulas*:

𝜌ℎ1
(𝜆) = ∑

𝜆𝑛(ℎ1)<𝜆
𝛽𝑛, (12)

𝛽𝑛 = 𝜆𝑛(ℎ2) − 𝜆𝑛(ℎ1)
ℎ2 − ℎ1

∞
∏
𝑘=0

′ (1 + 𝜆𝑘(ℎ2) − 𝜆𝑘(ℎ1)
𝜆𝑘(ℎ1) − 𝜆𝑛(ℎ1)) , (13)

where the sign ∏′ means that in the infinite product the term with 𝑘 = 𝑛 is
absent. (Formulas (12) and (13) can be obtained with the aid of the results
of the paper (5).) Therefore, if we are given sequences of interlacing numbers
{𝜆𝑛(ℎ1)} and {𝜆𝑛(ℎ2)} which satisfy the conditions of Theorem 1, then we can
construct from them the function 𝜌ℎ1

(𝜆) by means of formulas (12) and (13)
(formula (11) of the paper (5) makes it possible, from the numbers {𝜆𝑛(ℎ1)}
and {𝜆𝑛(ℎ2)}, to find the numbers ℎ1 and ℎ2). Now it is necessary to prove
that 𝜌ℎ1

(𝜆) is the spectral function of a boundary-value problem of type (1)—
(2) for ℎ = ℎ1 with potential 𝑞(𝑥) ∈ Ω1/4. To this end let us note that

sovietrxiv.org/items/ru-196401.60270 Machine Translation

https://sovietrxiv.org/items/ru-196401.60270


𝜌ℎ1
(𝜆) = − 1

2𝜋𝑖
1

ℎ2 − ℎ1
∮

|𝑠|=𝜆
exp[

∞
∑
𝑘=0

ln(1 + 𝜆𝑘(ℎ2) − 𝜆𝑘(ℎ1)
𝜆𝑘(ℎ1) − 𝑠 )] 𝑑𝑠. (14)

Expanding the function ln(1 + 𝜆𝑘(ℎ2) − 𝜆𝑘(ℎ1)
𝜆𝑘(ℎ1) − 𝑠 ) in a series in powers of

𝜆𝑘(ℎ2) − 𝜆𝑘(ℎ1)
𝜆𝑘(ℎ1) − 𝑠 and using the expansion of the exponential function and some

estimates for func-

* Formula (13) was found by B. M. Levitan jointly with the author.

estimates of

∞
∑
𝑘=0

𝜆𝑘(ℎ2) − 𝜆𝑘(ℎ1)
𝜆𝑘(ℎ1) − 𝑠 ,

which are similar to estimates (9) and (10), one can show that

𝜌ℎ1
(𝜆) = 𝜎1(𝜆) + ℎ2 − ℎ1

2 + (ℎ2 − ℎ1)2 − 3(ℎ2
2 − ℎ2

1)
3𝜋

√
𝜆

+ 𝑂 ( 1
𝜆3/4+𝛿2

) , (15)

where 𝛿2 > 0. From this formula it is clear that the function 𝜌ℎ1
(𝜆) has all the

properties of the spectral function of a Sturm—Liouville operator, and from it
one can reconstruct the potential 𝑞(𝑥) ∈ Ω1/4. It remains only to prove that the
eigenvalues {𝜇𝑛(ℎ2)} of the reconstructed equation with the boundary condition
𝑦′(0)−ℎ2𝑦(0) = 0 coincide with the numbers {𝜆𝑛(ℎ2)}, but we shall not do this
here.

3. In this section we formulate one result concerning the regular Sturm—
Liouville equation. Consider the equation

−𝑦″ + 𝑞(𝑥)𝑦 = 𝑠𝑦, 0 ≤ 𝑥 ≤ 𝜋, (16)

and the boundary conditions

𝑦′(0) − ℎ1𝑦(0) = 0, (17)

𝑦′(0) − ℎ2𝑦(0) = 0, (18)

𝑦′(𝜋) + 𝐻𝑦(𝜋) = 0. (19)
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Here 𝑞(𝑥) is a summable function; ℎ1, ℎ2, 𝐻 are real numbers, with ℎ1 ≠ ℎ2.
Denote by {𝜆𝑛}∞

𝑛=0 and {𝜇𝑛}∞
𝑛=0 the eigenvalues of the boundary-value problems

(16)—(17)—(19) and (16)—(18)—(19), respectively. With the aid of the methods
used in the present work, one can prove the following theorem.

Theorem 2. In order that the sequences of interlacing numbers {𝜆𝑛}∞
𝑛=0 and

{𝜇𝑛}∞
𝑛=0 be the eigenvalues of one and the same Sturm—Liouville equation of

type (16) with summable potential 𝑞(𝑥), but with different boundary conditions
at zero and identical boundary conditions at the point 𝜋, it is necessary and
sufficient that 𝜆𝑛 = 𝑛2 + 𝑎0 + 𝑜(1), 𝜇𝑛 = 𝑛2 + 𝑏0 + 𝑜(1), where 𝑎0 ≠ 𝑏0, and that
the function

𝐹(𝑥) =
∞

∑
𝑛=0

{𝜇𝑛 − 𝜆𝑛
ℎ2 − ℎ1

cos√𝜆𝑛 𝑥 − 2
𝜋 cos𝑛𝑥} (0 ≤ 𝑥 ≤ 2𝜋), (20)

where ℎ2 − ℎ1 = 𝜋
2 (𝑏0 − 𝑎0), have a summable derivative.

The author expresses his sincere gratitude to Prof. B. M. Levitan for his help
in carrying out the work.
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