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Abstract

Full Text
MATHEMATICS
G. A. FREIMAN

ON THE ADDITION OF FINITE SETS

(Presented by Academician P. S. Novikov on May 6, 1964)

Notation. K = {ag,a,,...,a,_1}; a; are integers; a; < a;,1, 1 =0,1,...,k—2;
K + K = 2K is the set of numbers of the form a, + a;, in which identical
sums are taken only once; T'(M) is the number of elements of the finite set M;
T =T(2K); Z, is the additive group of integer vectors of the Euclidean space
E,; A is an increasing sequence of nonnegative integers ay = 1,a4,...,a;,...;;
A(x), Ay(x) are the numbers of terms of the sequence A (respectively 2A) not
exceeding x;

5(A) = Tim AW

T—00 I

is the asymptotic density of the sequence A; D is a set of points in E,; p*(D)
is the outer measure of the set D.

The following results describe the structure of the finite set K, the sequence A,
and the set D in the case when, respectively, T (2K) < Ck, §(24) < C6(A), and
w*(2D) < Cp*(D), where C is an arbitrary positive constant.

Definition 1. Subsets B’ and C’ of sets B and C with an algebraic operation
are called isomorphic up to the s-th degree if the mappings B! — C°,
2 <1 < s+ 1, naturally induced by a one-to-one mapping B’ — C’, are one-to-
one.

Theorem 1. Let T < Ck, C > 2, k > k,, where ky is a sufficiently large
positive number. There exist a homomorphism ¢ : Z,, — Z; and a convex set
D C E,, such that:

1) Kc(DNZ,)yp;

2) DN Z, and (DN Z,)p are isomorphic up to the first degree;
3) T(DNZ,) < c1k, ¢ = ¢, (C) > 0;

4) n<[C—1].

Definition 2. The parallelepiped o,x;+0yx5+40,%,,, 0< 0, <1, 1 <i<n,
is called canonical if
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where ;. are natural numbers and |z;;| < z

; i<j 1<j<n.

33’
For the proof of Theorem 1 we shall need the following two lemmas.

Lemma 1. Let T(DN Z,)) =V, where D is a convex set in E,,. There exist a
homomorphism p, : Z,, — Z,,, a canonical parallelepiped H C Z,,, and a vector
w € Z, suchthat: 1) DNZ, C (HNZ,,)o1+w, 2) V(H) < ¢V, ¢y = cy(n) > 0.
Proof. Let L be a plane of minimal dimension r containing D N Z,, (L may
coincide with E,)). Then LN D = D is a convex set. There is an integral frame
of dimension r lying in D, i.e. there exist vectors u, w;, w,, ..., w, such that
u,u+w;,u+wy,...,u+w, C L, and the vectors w;, w,, ..., w, are linearly
independent. Let y; = x;, y; be an integer point on u + L(wy, Wy, ..., W, ),
whose distance from u+ L(wy, W,, ..., W,_4) is positive and minimal (2 <i <r).

Define the nondegenerate linear transformation ¢, : E,. — E,_ by the relations
eips = y;, 1 < i < 1. Let Dy = (D —u)py'. Applying Lemma 4 from
(5), we obtain a parallelepiped H; D D,, whose edges can be represented in
the form (1), z;; > 1. Since a convex body containing only one integral point
has volume not exceeding 2" (Minkowski’ s theorem, (1), p. 184), we have
V(H,) < ¢5V(Dy) = csV(Dg) < 27¢5V.

There exist a canonical parallelepiped H, a homomorphism ¢ : E,. — E,., and
an integral point v, for which

H,NZ, C(HNZ)ps+v, V(H)<2V(H,).
Then ¢; = @3 ¢y, w = u+ vip,.

Lemma 2. Let K C Z,, T2K) < Ck, C >2, K C D C E,,, where D is a
convex set for which T(D N Z,) = V. There exist a homomorphism ¢, : Z,, —
Z,, a convex set Dy C E,, and a set K’ C K, for which

T(K') > ¢k, >0,
such that: 1) K' C (D;NZ,,)p4; 2)
T(Dl N Zm) < C4V<V/k)7c5v Cy = C4(TL, C)a Cs = CS(”? C)
The arguments needed in order to show that Theorem 1 follows from Lemma 2
are carried out essentially in (%).

Proof of Theorem 1. From Lemmas 1 and 2 it follows that there exist a
homomorphism ¢5 : Z,, — Z,,, a canonical parallelepiped H C E,,, and a
vector w € Z,, such that: 1) K’ C (HN Z,,)ps + w; 2)

m?

V(H) < cgV(V k).
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As shown at the end of the proof of Lemma 3 in (°), one can specify a homo-
morphism ¢g : Z, — Z,, a canonical parallelepiped H, C E,, and w, € E,
such that: 1) K C (H, N Z,)ps +wy, 2)

V(H,) <c;V(V/k) .

The proof is completed in the same way as the proof of Theorem 1 in (°), with
the sole difference that, in constructing the sequence {¢,;, H;, w;} indicated
there, instead of Lemma 3 one uses the just-described construction of ¢g, Hj,
and w;, carried out with the aid of Lemma 2.

For the proof of Lemma 2 we shall need the following.

Lemma 3. Let r random variables &;,&,, ..., &, be given, in general dependent,
each of which assumes the two values 0 and 1. If

1 )
P(§Z:0): Zpuluz...u,.2’7>§a 1S71£7',
u;=0,1
JFi
u,; =0
where P, ., = P& = uy, & = Uy, ....§. = u,), then there exists a set of
values uq, Uy, ..., u, such that
oy 1— 1
Py, =gV ey, where ¢g = ¢cg(y), ¢3=(1—7v)'""7"y > 7
Proof. Let
m= IIL&X ]Duluruur'
Then
T T 1
yr < ZP(@ =0)= Z SPy uy.u, < som+(so—1)Crm—+-+1-C3° "m+r—s,,
i=1 s=1

+50, where s, = [(1—y)r+2] and m > 1/F, F = C;S.U_1+2Cf°_2+--~+so.
From

Crot < ey(7)/V el
(see, for example, (?), p. 245, formula (12)) the validity of the lemma follows.

Proof of Lemma 2. In view of Lemma 1 one may assume that D C H — w,
where H is a canonical parallelepiped of volume V, w € Z,,.

We retain the notation W, S, J;, Q;, H,, Ji, h; of the work (*). Change the
quantity Q,, setting it equal to Q; = h;/M, where M = (V/k)Y/*". Define the
set J] as follows:

J| = U H,, where (p;,q;) =1, 1<i<n, 1<g¢ <q,

Pisq;
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go = M?. Then

on on
<« —=M3".
014 - 4,1Q2 - Q,, V

Suppose that for some @ € J;, @ € H,, the inequality

mes J] < Z

1
1S@)| > ——-k, £>0

VC +¢€/2
holds. Since

n

. h, 1
|(Z’X)‘ < |(Z7X‘)| < C11 7Z < C1iM——,
i; ' ;qiaﬂ M

we have

- ; k
(@) = () < 3 |+ 1) < enag

whence, for k sufficiently large, the inequality follows

1
C+H+e

1S(a)| =

k. (2)

We shall show that one can choose a;,a,, ..., a, € J; in such a way that, for any
choice of n + r integers A;, 1 <j < n+r, for which

n+r
Al <R, R=(V/k)Y/3min), > 42>,
i=n-+1
for at least one ¢, 1 < i < n, the inequality
Agzy + Agxg +oo+ Ay — (X)) A — o — (8, %) A, | < g = (V/k)H/3n

3)

would fail.

Suppose the points a,,a,, ...,a;_; have already been chosen. Put in (3) A, =0,
1 >n+j5+1, An+j:1. Then

Gi—9<(a;x;) <G +g, (4)
where
Gy = £(Ayy + Agagy + o+ Ay — (a1, %) Ay — = (A5 1,%) A )

Condition (4) defines a strip perpendicular to x;, of width 2¢/|x;|; the collection
of conditions (4) for all ¢ is a parallelepiped of volume not exceeding c¢,59"/V.
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All possible combinations of the values A4,, 1 < i < n + j — 1, determine
(2R + 1)""~1 parallelepipeds, whose total volume does not exceed

n
014%]%"”_1.

The sum U; of the parallelepipeds H, having common points with those con-
structed has volume not exceeding

g" i
C15 V Rn+] 1 .

Since

4 gn n+r—1 1
mes J| +re;s R < —mesJy,
v 2
the choice of a; ¢ U;, 1 < j <, is possible for any finite .

From inequality (2), with the aid of Lemma 1, it follows from (3) that for k,
vectors x from K,

<k1 > w k) ,
2
the conditions
{a,x)} =A, +5+0,, 0<0,<3,

are satisfied, where A is an integer, 5 = P/Q, Q = [¢;, s, ---,q,,). Hence, for
a,;, 1 <14 <r, we obtain

% i1+ @Qﬂ'z +oet p%nQixn + Q% = P + s,

il 72 in

P
0<s <3, 1<i<r. (5)

This condition is satisfied for k;; points of K, while for the remaining ky, =
k — k,; points condition (5) holds with P/2 < s < P.

Consider the hyperplanes L;y, L;;, L;y C E,, ., defined by relation (5) respec-
tively with s = 0,P/2,P; P,y (P;;) is the strip between L,, and L;; (L,
and L;y), including L;; (L;;); N is the cylinder bounded by the hyperplanes
passing through each of the faces H C E, = L(ej,e,,...,e,) parallel to

L(enJrlﬂ Cn+2s en+r);

Hulu?..u,. = (
i

Define ¢, : Z,,,, — Z,, by the relation

)=

1

P“h) N N7 H' = U Huluz...uT,'

u; =0, 1<i<r

(Ilﬂ Loy eens In+r>§07 = (:Ela Loy eens In)

sovietrxiv.org/items/ru-196401.59675 Machine Translation


https://sovietrxiv.org/items/ru-196401.59675

In view of Lemma 3, there exists H = H” such that

Up Ugyeey Uy

_14+1/VC+e

k”T((H” N Zn+r)(p7 n K) > 016\/;051{:3 9

Since, for sufficiently large r,
T2(Ke;'NH")) <T(2K) < Ck < 2"K’,

it follows, in view of Lemma 2 from (5), that there exists a hyperplane L, C E,, .
such that

T(L,N(Kp;' NH")) > ek, e>0, e=¢(n,0),
and Ly || L(eq,eq,...,€,). We may suppose that the set of points

L,NnH' NZ

n+r

is not contained in a plane having dimension smaller than n + r — 1. Consider
the set G of hyperplanes L parallel to L; and passing through integral points.

The area of a fundamental parallelepiped of the lattice in the plane L, is equal
to 1/h, where h is the distance between two neighboring hyperplanes Z C G.
Minkowski’ s inequality for the product of the successive minima of a convex
closed symmetric body of volume

V(VAAg - A, <27 see (1), p. 187)

shows that in L, there exists a fundamental parallelepiped whose edge lengths
Uy, Ugy oovy Uy ypq dO DOt exceed 2™ /h2.

The edges of the parallelepiped H’ are equal to
yi =z — (ay, @) — = — (@, 3)en ., 1<i<n,

and to e, n+1 < s <n+r. If f=max;V,, where V; is the volume of the
parallelepiped constructed on y; and uy, Uy, ..., U, ,_;, then there exist at least
[f] planes Z C G whose intersections with H’ are nonempty. But

Uy Uyo Ul ppr
Uy Ugg U ntr
V, = . . . =
Uptr—11 Untr—12 7 Upir—1intr
Y14 Yai Yntri
= ‘Aﬁu + Agg + o+ Ay — (@) Ay — o — (@7 2) A,

where |4;] < ¢;7h, and it cannot be that

n+r

> A2=0,

J=n+1
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since Ly || [eq, €g, ..., €,].

If
Wt > eg(V/E)%, cs =1/6(n+r)?,

then [f] > g. If, however,
h=t < c15(V k)%,

then for the number p of nonempty intersections of H” with . C G the inequality
p > cy(V/k)
holds, whence it follows that always

T(H'NL,NZ

n+r) < CZOV(V/]C)_%'
Lemma 2 is proved.

From Theorem 1 there immediately follows the following strengthening of the
Brunn-Minkowski inequality:

Theorem 2. Let
w*(2D) < Cu*(D), c >2"

There exist Z,, = E,, a rectangular canonical parallelepiped H, and a convex
set Dy such that: 1) D C (HNZ,,)¢p+Dy; 2) (HNZ,)xD C E,, x E,
is isomorphic to (HN Z,,)p + Dy; 3) T(H N Z,)p*(D;) < e pt*(D), €9 =
1(Cin); 4) m < [C—27].

From Theorem 1 follows the validity of Theorem 4 in (5) for any C > 1.

Yelabuga State
Pedagogical Institute

Received
6V 1964
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Note: Figure translations are in progress. See original paper for figures.
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