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Abstract

Full Text
MATHEMATICS
P. E. SOBOLEVSKII

INVESTIGATION OF THE NAVIER-STOKES
EQUATIONS BY METHODS OF THE THE-
ORY OF PARABOLIC EQUATIONS IN BA-
NACH SPACES

(Presented by Academician S. L. Sobolev, 22 1 196)

We consider the first boundary-value problem for the nonstationary nonlinear
system

0 0
—V—VAV—&-vk—V:gradp—i—f, divv=0 (0<t<T;z€Q) (1)
ot Ox,,

v=0 (0<t<T; ze€b) v(0,2) = vy(z) (2 € Q).

Here () is an open bounded domain of m-dimensional space with boundary S,
and Q = Q+ S; v(t,2) = (v,(t,2),...,v,,(t,z)) and p(t,z) are the unknown
velocity and pressure, defined on [0, 7] x Q and satisfying (1); f(¢,z) and v, (z)
are the prescribed force and initial velocity. If in equations (1) we discard the
nonlinear terms v,,0v/0zx,,, then we obtain a linearized problem, which we shall
call problem (x).

Denote by H, the closure in the metric L, (Q) (1 < ¢ < oo) of the set of all

smooth solenoidal vector-functions defined on Q and vanishing near S. In (%) an
operator P of orthogonal projection in L, onto H, was constructed. It can be
shown that it is a bounded projection operator also in L, onto H,. Projecting
problems (1) and (*) onto H,, we arrive at the nonlinear

ov

dv
oy A P gy
dt trav (Uko%k

) = Pf, v(0) =v, (A=—-PA) (1)
and the corresponding linear (x) Cauchy problems for ordinary differential equa-
tions of first order in the Banach space H,. A solution of problem (1’) is declared
to be a solution of problem (1).

In works (174) problem (1) was studied in the Hilbert space H, in the case when
m = 2,3. Passing to a Banach space has made it possible to study problem (1”)
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for arbitrary m and to prove the existence of its unique solution for arbitrary
vy € H,,. If the force f and the boundary S are sufficiently smooth, then by
means of the methods developed in (3) it can be shown that this solution of
problem (1’) will be a classical solution of problem (1).

1. In (°) estimates were established for solutions of problem (x) or (). If in
these inequalities one sets

u(t,z) = eMuy(z), p(t,z) = eMpy(x), f(t, ) = eMf, (),

where

Ay, — Auy = grad py + £, divu, =0 (z € Q); uy(z) =0 (z € 9),

then we obtain that for any ¢ € (1,00), sufficiently large o, = g4(q) > 0,
Re A > 0, and integer { > 0, the inequality

Al Tagllwz + lagllwzee + Ipollwzea < clg, 1) [Pl (Wg = L,).

Hence it follows

Theorem 1. For Re A > o, the operator A+ A\ has an inverse in Hgl and

(A + )‘I)flanqul <clg DA+ A+ AI)71||H§MH§” < eab,
2)
where H = H, N W2 *
The first of inequalities (2) means that the operator A generates in the spaces

Hgl the analytic semigroup e *4 (89), and therefore the theory of equations of
parabolic type in Banach spaces (1°) is applicable to the investigation of problem

(1)
2. From the results (>!1) it follows (cf. (%))

Lemma 1. For arbitrary q € (1,00), (a,8) € G(m), v € D[(=A)*], w €
D[(—A)?] (and divv =0, if a+ B> m/2q) the inequality holds

0
”<_A>a+ﬁ<m+q>/2qa<vkw> < clg,a. ) (=), [(=2)w], -

T

Lq

Here G(m) is the set of points of the plane («, ) lying on the triangle with
vertices (0,0), ((m + q)/4q,(m + q)/4q), and (0, (m + q)/2q), except for the

sovietrxiv.org/items/ru-196401.59590 Machine Translation


https://sovietrxiv.org/items/ru-196401.59590

points (0,0), (0, (m + ¢)/2q), and (a, ) with 8 < 1/2 and « > m/2q — 1/2;

—A is the operator in L, defined by the differential expression —0%/02? on V}/g;
D[(—A)"] is the domain of definition of the operator (—A)7.

Obviously, without loss of generality one may assume that the first of inequalities
(2) for I = 0 is satisfied for ReA > 0. Then all inequalities (2) will also be
satisfied for Re A > 0. Therefore fractional powers A” are defined (see (?)), and
the inequality

A7 Mo 0,08 (£>0). (3)

holds.

An operator B, acting in a Banach space E and having an everywhere dense
domain of definition D(B), is called weakly positive if for every A > 0 the
operator A + Al has a bounded inverse whose norm satisfies the inequality

[|(A+ AT <c(BE)A+1)7L

)71HE~>E

The operator —A is weakly positive in L, (see, for example, (*°)). As noted
above, the operator A is weakly positive in H,,.

In (2) fractional powers of a weakly positive operator were defined. By the
methods developed in (}?), the following is proved.

Lemma 2. Let B be weakly positive in E, F € (E — E;) and admit a closure,
D(F) D D(B), and for every z € D(B) and some « € (0,1)

|F2lg, < c(E,Ey)|B2lglzlE

Then for arbitrary 0 <e <1—a, 0<n < a and z € D(B*"¢)

@ (e+m) a— +
|Fl, < e(B, By em) | B2zl < | Bomna] .

For weakly positive operators the moment inequality (1?) is valid.

* In particular, we obtain the result of (°). We note that the estimates of
problem (%), obtained in (7), make it possible analogously to obtain estimates
of the resolvent of A in H6lder norms.

Therefore

[(=A)vly, < cla, )l (=2)v]g IVIL® (v € DI(=A))).
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By virtue of (6)

[(=AWly, < clAv]y,.

It then follows from Lemma 2 that

[(=2)ovlp, < ela,e,m, @A™ ev] = | A nvjg e

O<a<l; 0<e<l—a; 0<n<a; veED[A*E]).

Hence, and from (3), in turn it follows that for any ¢t > 0, -1 < o < 1,
—1< B <1, a+ B >0, the operators (—A)*e A P(—A)? and (—A)*e 4 AP
admit closures and

[(~A) e 4P(-A) ]y, Ly, (A A%y Ly < elon Bq)t ().

3. The results of the preceding item make it possible to study problem (1”)
in any H,, as was done in (4) in H,. Separating in (1”) the linear part
and setting w(t,1,7) = 07(~A)V(t) (1 = o, B (0, 8) € Gm); 1 <
g <m; (m—gq)/2¢ <7 < ), we obtain the system

t
w(t, j1,7) = th Y (—=A)He M Av, + t“’“’(fA)“/ e (t=s)vA P s
0

t
—th / {(=A)re(t=s)vA p(_A)l(m+a)/2g)~(a+5)}
0

X (A2 () (s, 0,9) (—A) P, 6,7)] 27 ds.
k
@)

Denote by @, the i-th term on the right-hand side of (4). If v, € D(AY), then
from the estimates of item 2 it follows that ¢, is continuous on [0, 7] and @; — 0
as t — 0. If w(¢,p,y) is continuous on [0,7], then @5 is continuous on [0, 7]
and p3 — 0 as t — 0 (Lemma 1 and the corollary to Lemma 2).

Let f be such that @, is continuous on [0,7] and ¢, — 0 as ¢ — 0. Put

M =M(T,a,B,7) = max |61+ @2lr,»

N:N(Taaaﬂv’y) =
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¢
= max {1 / [(=A)retmmAp(—A)mrazaletd), 270t ds c(a, B,q)".
e b @

The following holds (cf. (4)).
Theorem 2. The system (4) has a unique solution in C[0,T7, if

1
MN < 7. (5)

and this solution can be found by the method of successive approximations.

Here C0,7] denotes the Banach space of continuous vector-functions
[wy (t), wy(t)] with values in L, x L,. Condition (5) is always satisfied on a
small interval [0, 71, i.e., a local existence theorem holds. Note that it has been
proved for any v, € D(AM~9/29) (1 < ¢ < m), i.e., for any v, € H,,.

* ¢ is the same constant as in Lemma 1.

If (5) is satisfied for large T' > 0, or for T = oo, then a nonlocal existence
theorem holds.

Theorem 3. Under the conditions of Theorem 2,

l(t, ), < M.

This theorem makes it possible to study the stability of the trivial solution with
respect to perturbations of the initial velocities v, and forces f.

4. If one uses the known a priori estimate in L, for solutions of the Navier
—Stokes equations, then one can obtain an existence theorem and give an
estimate for solutions under weaker restrictions on vy and f (cf. (4)).
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