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MATHEMATICS
Z. O. MELNIK
ON A GENERAL MIXED PROBLEM

(Presented by Academician I. N. Vekua, 26 III 196/)

The mixed problem for general two-dimensional hyperbolic equations has been
the subject of numerous investigations by many mathematicians (#~8). Either
problems of a special type were considered (%5%), or particular results were
obtained for general problems (%7). The practical importance of such problems
is beyond doubt (3).

In the present note a general mixed problem is considered for a two-dimensional
integro-differential equation of arbitrary order. As a special case, this problem
contains the general mixed problem for a general two-dimensional hyperbolic
equation. The question of the existence and uniqueness of a classical solution
of the problem is studied.

1. Let, in the rectangle II{0 < ¢ < T; 0 < z < [} in the (z,t)-plane, the
integro-differential equation be given

m i Tt tm—1 1 81” (Z?,t
Z a” rlgaxi +/0 bij(z,t,f)ﬁ dr = f(z,t). (1)
i= i=0 j=0

It is assumed that in the expansion

m

iamj (@, )N = T(A = A(z, 1))

7=0 Jj=1
the functions A;(z,t) (1 < j < m) are real and distinct for all (z,t) € II. We
shall assume
)\1(1‘,t) < )‘Q(x’t) << /\m(‘r7t>'

Let p of the functions A;(z, ) be negative and g positive (0 <p <m, 0 < g <m).
(p +q=m—1, if one of the functions A;(x,) is equal to zero, and p + ¢ =m
if all \;(w,t) are different from zero.)
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The problem is posed of finding, inside II, a solution of equation (1) satisfying
the initial conditions

d'u
ott o

—g(@)  (O<e<LO<i<m-—1) (2)

and the boundary conditions

m—1 1 tm
auot 8u07‘) .
i) g2 / ZZ% N oriige AT =hs(t)  (1<s<p),

s
Q

m—1 14

tm—1 1 a <l,T> .
BJ oti— yaxg ZZ] Bi;(t; WdT—hs(t) (1<s<q).
(3)

It is assumed that the natural compatibility conditions of the initial and bound-
ary conditions at the corner points (0,0) and (I,0) are fulfilled.

=0

k)

Theorem. Suppose the following conditions are satisfied:

a) the coefficients a,,;(z,t) (0 < j < m) are continuously differentiable in II
m + 1 times (and, for all (z,t) € I, a,,,(z,t) # 0);

b) the coefficients a;;(w,t), b;;(z,t,7) (0 <i <m —1, 0 < j <i) and the free
term f(z,t) are continuously differentiable in II m times;

c¢) the initial functions g;(x) (0 < 4 < m — 1) are continuously differentiable,
respectively, 2m — i — 1 times for 0 < x <[

d) the coefficients o;(t), ag;(t, 7), B7;(t), Bi;(t,7) and the free terms h}(t) and
h2(t) of the boundary conditions are continuously differentiable m times (0 <
i<m—1,0<7<i, 1<s<p, 1<r<q, 0<t<T, 0< 7<),

e)

m—1 L m—1 -
ain,—l,j(t))‘;niji (0,t) a}n—l,j@))‘;Wr (0,)
Jj=0 7=0
D,(t) = +0
! m—1 L m—1 -
aIr)nij(t))\Tﬂi (0,) aﬁfl,j(t)/\gkr (0,1)
7=0 7=0
0<t<T) )
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Z Bm 1_} )‘2 i]-&-i(l t) Z Bm 1] )‘WL 7 1(l t)
Zﬁm 1] )‘2 ;Ji(l t) Zﬂm 1] )‘m 7 1(l t)

0<t<T).

Then in IT there exists a unique m-times continuously differentiable solution of
equation (1), satisfying the initial conditions (2) and the boundary conditions

(3)-

The proof of the theorem is carried out as follows. By introducing the new
unknown functions

O'u

vij:m 0<i<m—1;0<5<4)

we reduce problem (1)—(3) to the equivalent problem of finding a solution of
the first-order system (2):

a’U7n—10 = avmflj S g
or T Gman T DD ey =1,
j7=0 1=0 j=0
avm 1,r a,Umfl r—1
: ’ 0 1<r<m-—1 )
" = (1<r<m-1), (5)
v,

o Vit1,5 =

satisfying the initial conditions

djgifj(x) .
vij(x,O):T 0<i<m—1; 0<j<9) (6)
and the boundary conditions
m—1 i tm—1 i
i (t)v;;(0,t) —|—/ aii(t, 7)v;;(0,7) dT = hi(t) (1<s<p)
1=0 j=0 0 =0 j=0
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m—1 1 tm—1 1
B2 (v (L) + / B2(t, gy (L) dr = B2(t) (1< 5<q)

Reducing system (5) to canonical form and introducing new unknown functions
z;; by the substitution

m A?7j71

(Y z

mfl,': T /\ ) “mk (Ogjgm_l)a
T e = A)

vij:Zi+l,j+1 (nggm—Q,OSJSZ),

we reduce problem (5)—(7) to the equivalent problem

92 02; TN , .
= Ay +;;a;ﬁ;zm+fij 1<i<m;1<ji<i)  (8)
m—1 r dr o (x
> Zams(az,onj—%x,m%ﬁ), i=m;1<j<i,
Zij(xao) — r=0 s=0
j—1
w 1<i<m—-1;1<5<4
dzi—t 7 == PRSI

N Ajy i=m; 1<j<m,
Y10, 1<i<m—1;1<j<4,
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and the coefficients a;7, 7, 0;; and the free terms f;; are expressed in an obvious
way through the coefficients and the free term of equatlon (1) and the coefficients
of the boundary conditions (3).

Problem (8)—(10), by integration along the characteristics (1), in view of condi-
tions (4), is reduced to a system of Volterra integral equations solvable by the
method of successive approximations.

2. In the special case when the boundary conditions have the form

O"u(0,t)
ozt

(i, 1)

=nlt)  (O<ispo1;

=hi(t) (0<j<q-—1),

conditions (4) are always satisfied. Indeed, differentiating these conditions with
respect to t, respectively m—i—1 and m—j—1 times (0 < i < p—1; 0 < j < g—1)
and comparing with (3), we obtain

ag;(t) = oL, 60 BLi(t) = 08, o0, ag;(t,7) = BL(t,7) =0

(0<i<m—-10<j<i51<s<p; 1<r<q)

(67 is the Kronecker symbol).
Then

Dy(t) = (=D +/2[[A" 70,6 T M0.6) = 2;0,8)] #0,

i=1 p>i>j>1

Dy(t) = (=1) qlg +1 /QH)\m @) TT Pgrs ) = Mgy (D] # 0.

q>i>j21

The conditions (4) are essential for the unique solvability of the problem. One
can give an example of a problem in which at least one of the conditions (4) is
not satisfied and which, therefore, has an infinite number of solutions.
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