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Abstract
Full Text

MATHEMATICS
Z. O. MELNIK

ON A GENERAL MIXED PROBLEM
(Presented by Academician I. N. Vekua, 26 III 1964)

The mixed problem for general two-dimensional hyperbolic equations has been
the subject of numerous investigations by many mathematicians (4−8). Either
problems of a special type were considered (4,5,8), or particular results were
obtained for general problems (6,7). The practical importance of such problems
is beyond doubt (3).
In the present note a general mixed problem is considered for a two-dimensional
integro-differential equation of arbitrary order. As a special case, this problem
contains the general mixed problem for a general two-dimensional hyperbolic
equation. The question of the existence and uniqueness of a classical solution
of the problem is studied.

1. Let, in the rectangle Π{0 ≤ 𝑡 ≤ 𝑇 ; 0 ≤ 𝑥 ≤ 𝑙} in the (𝑥, 𝑡)-plane, the
integro-differential equation be given

𝑚
∑
𝑖=0

𝑖
∑
𝑗=0

𝑎𝑖𝑗(𝑥, 𝑡) 𝜕𝑖𝑢(𝑥, 𝑡)
𝜕𝑡 𝑖−𝑗𝜕𝑥𝑗 + ∫

𝑡

0

𝑚−1
∑
𝑖=0

𝑖
∑
𝑗=0

𝑏𝑖𝑗(𝑥, 𝑡, 𝜏) 𝜕𝑖𝑢(𝑥, 𝑡)
𝜕𝑡 𝑖−𝑗𝜕𝑥𝑗 𝑑𝜏 = 𝑓(𝑥, 𝑡). (1)

It is assumed that in the expansion

𝑚
∑
𝑗=0

𝑎𝑚𝑗(𝑥, 𝑡)𝜆𝑚−𝑗𝜉𝑗 =
𝑚

∏
𝑗=1

(𝜆 − 𝜆𝑗(𝑥, 𝑡)𝜉)

the functions 𝜆𝑗(𝑥, 𝑡) (1 ≤ 𝑗 ≤ 𝑚) are real and distinct for all (𝑥, 𝑡) ∈ Π. We
shall assume

𝜆1(𝑥, 𝑡) < 𝜆2(𝑥, 𝑡) < ⋯ < 𝜆𝑚(𝑥, 𝑡).

Let 𝑝 of the functions 𝜆𝑗(𝑥, 𝑡) be negative and 𝑞 positive (0 ≤ 𝑝 ≤ 𝑚, 0 ≤ 𝑞 ≤ 𝑚).
(𝑝 + 𝑞 = 𝑚 − 1, if one of the functions 𝜆𝑗(𝑥, 𝑡) is equal to zero, and 𝑝 + 𝑞 = 𝑚,
if all 𝜆𝑗(𝑥, 𝑡) are different from zero.)
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The problem is posed of finding, inside Π, a solution of equation (1) satisfying
the initial conditions

𝜕𝑖𝑢
𝜕𝑡𝑖 ∣

𝑡=0
= 𝑔𝑖(𝑥) (0 ≤ 𝑥 ≤ 𝑙; 0 ≤ 𝑖 ≤ 𝑚 − 1) (2)

and the boundary conditions

𝑚−1
∑
𝑖=0

𝑖
∑
𝑗=0

𝛼𝑠
𝑖𝑗(𝑡)

𝜕𝑖𝑢(0, 𝑡)
𝜕𝑡 𝑖−𝑗𝜕𝑥𝑗 +∫

𝑡

0

𝑚−1
∑
𝑖=0

𝑖
∑
𝑗=0

𝛼𝑠
𝑖𝑗(𝑡, 𝜏) 𝜕𝑖𝑢(0, 𝜏)

𝜕𝜏 𝑖−𝑗𝜕𝑥𝑗 𝑑𝜏 = ℎ1
𝑠(𝑡) (1 ≤ 𝑠 ≤ 𝑝),

𝑚−1
∑
𝑖=0

𝑖
∑
𝑗=0

𝛽𝑠
𝑖𝑗(𝑡)

𝜕𝑖𝑢(𝑙, 𝑡)
𝜕𝑡 𝑖−𝑗𝜕𝑥𝑗 +∫

𝑡

0

𝑚−1
∑
𝑖=0

𝑖
∑
𝑗=0

𝛽𝑠
𝑖𝑗(𝑡, 𝜏) 𝜕𝑖𝑢(𝑙, 𝜏)

𝜕𝜏 𝑖−𝑗𝜕𝑥𝑗 𝑑𝜏 = ℎ2
𝑠(𝑡) (1 ≤ 𝑠 ≤ 𝑞).

(3)

It is assumed that the natural compatibility conditions of the initial and bound-
ary conditions at the corner points (0, 0) and (𝑙, 0) are fulfilled.

Theorem. Suppose the following conditions are satisfied:
a) the coefficients 𝑎𝑚𝑗(𝑥, 𝑡) (0 ≤ 𝑗 ≤ 𝑚) are continuously differentiable in Π
𝑚 + 1 times (and, for all (𝑥, 𝑡) ∈ Π, 𝑎𝑚0(𝑥, 𝑡) ≠ 0);
b) the coefficients 𝑎𝑖𝑗(𝑥, 𝑡), 𝑏𝑖𝑗(𝑥, 𝑡, 𝜏) (0 ≤ 𝑖 ≤ 𝑚 − 1, 0 ≤ 𝑗 ≤ 𝑖) and the free
term 𝑓(𝑥, 𝑡) are continuously differentiable in Π 𝑚 times;
c) the initial functions 𝑔𝑖(𝑥) (0 ≤ 𝑖 ≤ 𝑚 − 1) are continuously differentiable,
respectively, 2𝑚 − 𝑖 − 1 times for 0 ≤ 𝑥 ≤ 𝑙;
d) the coefficients 𝛼𝑠

𝑖𝑗(𝑡), 𝛼𝑠
𝑖𝑗(𝑡, 𝜏), 𝛽𝑟

𝑖𝑗(𝑡), 𝛽𝑟
𝑖𝑗(𝑡, 𝜏) and the free terms ℎ1

𝑠(𝑡) and
ℎ2

𝑟(𝑡) of the boundary conditions are continuously differentiable 𝑚 times (0 ≤
𝑖 ≤ 𝑚 − 1, 0 ≤ 𝑗 ≤ 𝑖, 1 ≤ 𝑠 ≤ 𝑝, 1 ≤ 𝑟 ≤ 𝑞, 0 ≤ 𝑡 ≤ 𝑇 , 0 ≤ 𝜏 ≤ 𝑡);
e)

𝐷1(𝑡) =

∣
∣
∣
∣
∣
∣

𝑚−1
∑
𝑗=0

𝛼1
𝑚−1,𝑗(𝑡)𝜆𝑚−𝑗−1

1 (0, 𝑡) ⋯
𝑚−1
∑
𝑗=0

𝛼1
𝑚−1,𝑗(𝑡)𝜆𝑚−𝑗−1

𝑝 (0, 𝑡)

⋯ ⋯ ⋯
𝑚−1
∑
𝑗=0

𝛼𝑝
𝑚−1,𝑗(𝑡)𝜆𝑚−𝑗−1

1 (0, 𝑡) ⋯
𝑚−1
∑
𝑗=0

𝛼𝑝
𝑚−1,𝑗(𝑡)𝜆𝑚−𝑗−1

𝑝 (0, 𝑡)

∣
∣
∣
∣
∣
∣

≠ 0

(0 ≤ 𝑡 ≤ 𝑇 ), (4)
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𝐷2(𝑡) =

∣
∣
∣
∣
∣
∣

𝑚−1
∑
𝑗=0

𝛽1
𝑚−1,𝑗(𝑡)𝜆𝑚−𝑗−1

𝑚−𝑞+1(𝑙, 𝑡) ⋯
𝑚−1
∑
𝑗=0

𝛽1
𝑚−1,𝑗(𝑡)𝜆𝑚−𝑗−1

𝑚 (𝑙, 𝑡)

⋯ ⋯ ⋯
𝑚−1
∑
𝑗=0

𝛽𝑞
𝑚−1,𝑗(𝑡)𝜆𝑚−𝑗−1

𝑚−𝑞+1(𝑙, 𝑡) ⋯
𝑚−1
∑
𝑗=0

𝛽𝑞
𝑚−1,𝑗(𝑡)𝜆𝑚−𝑗−1

𝑚 (𝑙, 𝑡)

∣
∣
∣
∣
∣
∣

≠ 0

(0 ≤ 𝑡 ≤ 𝑇 ).

Then in Π there exists a unique 𝑚-times continuously differentiable solution of
equation (1), satisfying the initial conditions (2) and the boundary conditions
(3).

The proof of the theorem is carried out as follows. By introducing the new
unknown functions

𝑣𝑖𝑗 = 𝜕𝑖𝑢
𝜕𝑡 𝑖−𝑗𝜕𝑥𝑗 (0 ≤ 𝑖 ≤ 𝑚 − 1; 0 ≤ 𝑗 ≤ 𝑖)

we reduce problem (1)—(3) to the equivalent problem of finding a solution of
the first-order system (2):

𝜕𝑣𝑚−1,0
𝜕𝑡 +

𝑚−1
∑
𝑗=0

𝑎𝑚,𝑗+1
𝜕𝑣𝑚−1,𝑗

𝜕𝑥 +
𝑚−1
∑
𝑖=0

𝑖
∑
𝑗=0

𝑎𝑖𝑗𝑣𝑖𝑗 = 𝑓,

𝜕𝑣𝑚−1,𝑟
𝜕𝑡 − 𝜕𝑣𝑚−1,𝑟−1

𝜕𝑥 = 0 (1 ≤ 𝑟 ≤ 𝑚 − 1), (5)

𝜕𝑣𝑖𝑗
𝜕𝑡 − 𝑣𝑖+1,𝑗 = 0 (0 ≤ 𝑖 ≤ 𝑚 − 2; 0 ≤ 𝑗 ≤ 𝑖),

satisfying the initial conditions

𝑣𝑖𝑗(𝑥, 0) = 𝑑𝑗𝑔𝑖−𝑗(𝑥)
𝑑𝑥𝑗 (0 ≤ 𝑖 ≤ 𝑚 − 1; 0 ≤ 𝑗 ≤ 𝑖) (6)

and the boundary conditions

𝑚−1
∑
𝑖=0

𝑖
∑
𝑗=0

𝛼𝑠
𝑖𝑗(𝑡)𝑣𝑖𝑗(0, 𝑡) + ∫

𝑡

0

𝑚−1
∑
𝑖=0

𝑖
∑
𝑗=0

𝛼𝑠
𝑖𝑗(𝑡, 𝜏)𝑣𝑖𝑗(0, 𝜏) 𝑑𝜏 = ℎ1

𝑠(𝑡) (1 ≤ 𝑠 ≤ 𝑝)
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(7)

𝑚−1
∑
𝑖=0

𝑖
∑
𝑗=0

𝛽𝑠
𝑖𝑗(𝑡)𝑣𝑖𝑗(𝑙, 𝑡) + ∫

𝑡

0

𝑚−1
∑
𝑖=0

𝑖
∑
𝑗=0

𝛽𝑠
𝑖𝑗(𝑡, 𝜏)𝑣𝑖𝑗(𝑙, 𝜏) 𝑑𝜏 = ℎ2

𝑠(𝑡) (1 ≤ 𝑠 ≤ 𝑞)

Reducing system (5) to canonical form and introducing new unknown functions
𝑧𝑖𝑗 by the substitution

𝑣𝑚−1,𝑗 =
𝑚

∑
𝑘=1

𝜆𝑚−𝑗−1
𝑘

∏𝑠≠𝑘(𝜆𝑘 − 𝜆𝑠) 𝑧𝑚𝑘 (0 ≤ 𝑗 ≤ 𝑚 − 1),

𝑣𝑖𝑗 = 𝑧𝑖+1,𝑗+1 (0 ≤ 𝑖 ≤ 𝑚 − 2; 0 ≤ 𝑗 ≤ 𝑖),

we reduce problem (5)—(7) to the equivalent problem

𝜕𝑧𝑖𝑗
𝜕𝑡 = 𝜆𝑖𝑗

𝜕𝑧𝑖𝑗
𝜕𝑥 +

𝑚
∑
𝑟=1

𝑟
∑
𝑠=1

𝑎𝑟𝑠
𝑖𝑗 𝑧𝑟𝑠 + 𝑓𝑖𝑗 (1 ≤ 𝑖 ≤ 𝑚; 1 ≤ 𝑗 ≤ 𝑖); (8)

𝑧𝑖𝑗(𝑥, 0) =

⎧{{
⎨{{⎩

𝑚−1
∑
𝑟=0

𝑟
∑
𝑠=0

𝑎𝑚𝑠(𝑥, 0)𝜆 𝑟−𝑠
𝑗 (𝑥, 0)𝑑𝑟𝑔𝑚−𝑗−1(𝑥)

𝑑𝑥𝑟 , 𝑖 = 𝑚; 1 ≤ 𝑗 ≤ 𝑖,

𝑑 𝑗−1𝑔𝑖−𝑗(𝑥)
𝑑𝑥𝑗−1 , 1 ≤ 𝑖 ≤ 𝑚 − 1; 1 ≤ 𝑗 ≤ 𝑖;

(9)

𝑚
∑
𝑖=1

𝑖
∑
𝑗=1

𝛾𝑠
𝑖𝑗(𝑡)𝑧𝑖𝑗(0, 𝑡) + ∫

𝑡

0

𝑚
∑
𝑖=1

𝑖
∑
𝑗=1

𝛾𝑠
𝑖𝑗(𝑡, 𝜏)𝑧𝑖𝑗(0, 𝜏) 𝑑𝜏 = ℎ1

𝑠(𝑡) (1 ≤ 𝑠 ≤ 𝑝),

𝑚
∑
𝑖=1

𝑖
∑
𝑗=1

𝛿𝑠
𝑖𝑗(𝑡)𝑧𝑖𝑗(𝑙, 𝑡) + ∫

𝑡

0

𝑚
∑
𝑖=1

𝑖
∑
𝑗=1

𝛿𝑠
𝑖𝑗(𝑡, 𝜏)𝑧𝑖𝑗(𝑙, 𝜏) 𝑑𝜏 = ℎ2

𝑠(𝑡) (1 ≤ 𝑠 ≤ 𝑞),

(10)

where

𝜆𝑖𝑗 = {𝜆𝑗, 𝑖 = 𝑚; 1 ≤ 𝑗 ≤ 𝑚,
0, 1 ≤ 𝑖 ≤ 𝑚 − 1; 1 ≤ 𝑗 ≤ 𝑖,
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and the coefficients 𝑎𝑟𝑠
𝑖𝑗 , 𝛾𝑠

𝑖𝑗, 𝛿𝑠
𝑖𝑗 and the free terms 𝑓𝑖𝑗 are expressed in an obvious

way through the coefficients and the free term of equation (1) and the coefficients
of the boundary conditions (3).

Problem (8)—(10), by integration along the characteristics (1), in view of condi-
tions (4), is reduced to a system of Volterra integral equations solvable by the
method of successive approximations.

2. In the special case when the boundary conditions have the form

𝜕𝑖𝑢(0, 𝑡)
𝜕𝑥𝑖 = ℎ1

𝑖 (𝑡) (0 ≤ 𝑖 ≤ 𝑝 − 1); 𝜕𝑗𝑢(𝑙, 𝑡)
𝜕𝑥𝑗 = ℎ2

𝑗 (𝑡) (0 ≤ 𝑗 ≤ 𝑞 − 1),

conditions (4) are always satisfied. Indeed, differentiating these conditions with
respect to 𝑡, respectively 𝑚−𝑖−1 and 𝑚−𝑗−1 times (0 ≤ 𝑖 ≤ 𝑝−1; 0 ≤ 𝑗 ≤ 𝑞−1)
and comparing with (3), we obtain

𝛼𝑠
𝑖𝑗(𝑡) = 𝛿𝑖

𝑚−1𝛿𝑗+1
𝑠 , 𝛽𝑟

𝑖𝑗(𝑡) = 𝛿𝑖
𝑚−1𝛿𝑗+1

𝑟 , 𝛼𝑠
𝑖𝑗(𝑡, 𝜏) = 𝛽𝑟

𝑖𝑗(𝑡, 𝜏) = 0

(0 ≤ 𝑖 ≤ 𝑚 − 1; 0 ≤ 𝑗 ≤ 𝑖; 1 ≤ 𝑠 ≤ 𝑝; 1 ≤ 𝑟 ≤ 𝑞)

(𝛿𝑗
𝑖 is the Kronecker symbol).

Then

𝐷1(𝑡) = (−1) 𝑝(𝑝 + 1)/2
𝑝

∏
𝑖=1

𝜆𝑚−𝑝
𝑖 (0, 𝑡) ∏

𝑝≥𝑖>𝑗≥1
[𝜆𝑖(0, 𝑡) − 𝜆𝑗(0, 𝑡)] ≠ 0,

𝐷2(𝑡) = (−1) 𝑞(𝑞 + 1)/2
𝑞

∏
𝑖=1

𝜆𝑚−𝑞
𝑚−𝑞+1(𝑙, 𝑡) ∏

𝑞≥𝑖>𝑗≥1
[𝜆𝑚−𝑞+𝑖(𝑙, 𝑡) − 𝜆𝑚−𝑞+𝑗(𝑙, 𝑡)] ≠ 0.

The conditions (4) are essential for the unique solvability of the problem. One
can give an example of a problem in which at least one of the conditions (4) is
not satisfied and which, therefore, has an infinite number of solutions.

Lviv State University
named after Ivan Franko

Received
21 III 1964
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