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Abstract
Full Text

M. M. Gekhtman, I. V. Stankevich

On the Spectrum of Non-Self-Adjoint Differential
Operators
(Presented by Academician L. S. Pontryagin on 7 IV 1964)

In the space 𝐿2(𝐸𝑛) we consider a closed differential operator 𝑇 , which arises
as the result of perturbing a self-adjoint differential operator 𝐴 by a differential
operator 𝐵 of lower order. The structure of the spectrum of such operators was
studied in papers (1−3). However, in these papers only the case was considered
in which the perturbation 𝐵 is the operator of multiplication by a bounded
continuous function tending to zero at infinity. In the present article the struc-
ture of the spectrum is investigated for the case of unbounded perturbations of
certain elliptic self-adjoint operators.

In what follows, the principal role is played by the following

Theorem 1. Let a self-adjoint operator 𝐴 with domain 𝐷(𝐴) be given in a
Hilbert space ℌ, and let the operator 𝐵 satisfy the following conditions:

1. 𝐷(𝐵) ⊃ 𝐷(𝐴).
2. There exist constant real numbers 𝑎 and 𝑏, 0 ≤ 𝑎 < 1/3, 𝑏 > 0, such that

for any 𝑓 ∈ 𝐷(𝐴)
‖𝐵𝑓‖ ≤ 𝑎‖𝐴𝑓‖ + 𝑏‖𝑓‖.

3. There exists an integer 𝑚 such that the operator

(𝐵 ⋅ 1
𝐴 − 𝑧 )

𝑚

is completely continuous at every point 𝑧 belonging to the domain 𝐺.

4. At least at one point 𝑧0 ∈ 𝐺 the operator

𝐸 + 𝐵 ⋅ 1
𝐴 − 𝑧

has a bounded inverse.

Then:

1. The operator 𝑇 = 𝐴 + 𝐵, defined on the set 𝐷(𝐴), is closed.

2. The points of the spectrum of the operator 𝑇 lying in the domain 𝐺 are
isolated eigenvalues of finite multiplicity.
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We outline the proof of the theorem. From conditions 1 and 2 it follows that, in
any case for points 𝑧 = ±𝑖𝜏 , 𝜏 > 0, with 𝜏 sufficiently large, there exists and is
bounded the operator (𝑇 ± 𝑖𝜏)−1, mapping ℌ onto 𝐷(𝐴). Hence it follows that
the operator 𝑇 is closed.

Next it is easy to see that for those 𝑧 for which the bounded operator

(𝐸 + 𝐵 ⋅ 1
𝐴 − 𝑧 )

−1

exists, the identity

(𝑇 − 𝑧)−1 = (𝐴 − 𝑧)−1 (𝐸 + 𝐵 ⋅ 1
𝐴 − 𝑧 )

−1

holds.

Fix a point 𝑧0 ∈ 𝐺. By virtue of condition 3, using a theorem of S. M. Nikol’
skii (4), we conclude that 𝑧0 belongs to the Fredholm domain for the operator

𝐾𝑧 = 𝐵 ⋅ 1
𝐴 − 𝑧 ,

and, moreover, in the domain 𝐺 the operator 𝐾𝑧 depends analytically on 𝑧.
Consequently, one may apply a theorem of I. Ts. Gokhberg (5). Taking into
account condition 4 of the theorem, we exclude the case in which all points of
the domain 𝐺 are eigenvalues of the operator 𝑇 . This completes the proof of
the theorem.

The following follows immediately from Theorem 1.

Theorem 2. Suppose that, in the conditions of Theorem 1, the integer 𝑚 is
equal to one; then:

1. The non-real spectrum of the operator 𝑇 is a set of isolated eigenvalues of
finite multiplicity.

2. The points of the continuous spectrum of the operator 𝐴 are points of the
spectrum of the operator 𝑇 .

The first assertion of the theorem in the case where 𝐵 is a bounded operator
was first established in the work of I. M. Gelfand (1) (see also (6,7) in this
connection). Therefore we shall prove only the second assertion. Suppose that
a point 𝜆—a point of the continuous spectrum of the self-adjoint operator 𝐴—is
a regular point of the operator 𝑇 . Let 𝑔 ∈ ℋ. Consider the equation

𝑓 − 𝐵 ⋅ 1
𝑇 − 𝜆𝑓 = 𝑔; (1)

it is not difficult to show that the operator 𝐵 ⋅ 1
𝑇 −𝜆 is completely continuous and

that the homogeneous equation
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𝑓 − 𝐵 ⋅ 1
𝑇 − 𝜆𝑓 = 0

has no solutions different from zero. Therefore equation (1) is uniquely solvable
for every 𝑔 ∈ ℋ. Hence there follows the unique solvability of the equation

(𝐴 − 𝜆𝐸)𝜑 = 𝑔,

which contradicts the assumption that 𝜆 is a point of the spectrum of the self-
adjoint operator.

Let us consider applications of Theorems 1 and 2 to the case of differential
operators.

Theorem 3. Let a differential operator 𝐴 be given in 𝐿2(𝐸), and let 𝑇 𝑢 =
𝐴𝑢 + 𝑞(𝑥)𝑢, where 𝐴 is a self-adjoint differential operator whose resolvent is an
integral operator with kernel 𝐾(𝑥, 𝑦) such that, for some integer 𝑚, the function

𝐴(𝑥, 𝑔) = ∫
𝐸𝑛

|𝐾(𝑥, 𝑡1) … 𝐾(𝑡𝑚, 𝑦)| 𝑑𝑡1 … 𝑑𝑡𝑚

satisfies the condition

∫
𝐸𝑛

𝐴2(𝑥, 𝑦) 𝑑𝑦 ≤ 𝐶(𝑥),

where the constant 𝐶(𝑥) is uniformly bounded for all 𝑥 varying in each compact
set, and the function 𝑞(𝑥) is a continuous complex-valued function satisfying the
condition

lim |𝑞(𝑥)| = 0, |𝑥| → ∞.

Then the non-real spectrum of the operator 𝑇 consists of isolated eigenvalues of
finite multiplicity.

Corollary 1. Let 𝐴 be an elliptic self-adjoint differential operator of order 2𝑘,
with 𝑘 > 𝑛/4; then, as was shown by L. Gårding (8), one may take 𝑚 equal to
one; consequently, for such operators Theorem 3 is valid.

The case of the operator

𝐴𝑢 = −Δ𝑢 + 𝑞(𝑥)𝑢 + 𝑖𝑝(𝑥)𝑢

was first considered by V. B. Lidskii (2).
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Corollary 2. Let 𝐴 be an elliptic self-adjoint differential operator bounded
below, with sufficiently smooth bounded coefficients. A. G. Kostyuchenko (9)
proved that in this case there exists an integer 𝑚 satisfying condition 2 of
Theorem 1. Hence, in this case Theorem 3 is also valid.

We note that this result generalizes the corresponding theorem of R. M. Mar-
tirosyan (3), who considered the analogous case of the operator 𝐴, but with
constant coefficients.

Theorem 4. Let

𝐴𝑓 = (− ∑ 𝜕2

𝜕𝑥2
𝑗

)
𝑙

𝑓

with domain 𝐷(𝐴):

𝐷(𝐴) = {𝑓, 𝑓 = ∫
𝐸𝑛

𝜑(𝑝)𝑒𝑖(𝑝,𝑥)

|𝑝|2𝑙 + 1 𝑑𝑝, 𝜑(𝑝) ∈ 𝐿2(𝐸𝑛)} .

On the functions of the set 𝐷(𝐴) define the differential operator

𝐵𝑓 = ∑
|𝛼|≤2𝑙−1

𝑎𝛽(𝑥) 𝜕 |𝛽|

𝜕𝑥𝛽1
1 ⋯ 𝜕𝑥𝛽𝑛𝑛

𝑓(𝑥),

where 𝑎𝛽(𝑥) are continuous complex-valued functions such that |𝑎𝛽(𝑥)| → 0 as
|𝑥| → ∞.

Then:

1. The operator 𝑇 = 𝐴 + 𝐵, defined on the set 𝐷(𝐴), is closed.

2. The spectrum of the operator 𝑇 consists of the half-axis 𝜆 ≥ 0 and of at
most a countable set of isolated eigenvalues of finite multiplicity.

To prove Theorem 4 we verify that all the conditions of Theorem 2 are satisfied
for the operators 𝐴 and 𝐵.

Using the condition of the theorem on the functions 𝑎𝛽(𝑥) and passing to the
Fourier transform of the function 𝑓(𝑥), it is not difficult to show that for func-
tions of the form 𝐵𝑓, 𝑓 ∈ 𝐷(𝐴), the estimate

‖𝐵𝑓‖ ≤ 𝑎‖𝐴𝑓‖ + 𝑏‖𝑓‖

is valid, where the constant 𝑎 can be chosen arbitrarily small.

Next we show that the operator
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𝐵 ⋅ 1
𝐴 − 𝑧

is completely continuous for every 𝑧 not belonging to the positive part of the
real axis. Consider the operator

𝐵𝛽𝑓 = 𝜕 |𝛽|

𝜕𝑥𝛽1
1 ⋯ 𝜕𝑥𝛽𝑛𝑛

1
𝐴 − 𝑧 𝑓 (|𝛽| ≤ 2𝑙 − 1),

and let the elements 𝑓 satisfy the condition ‖𝑓‖ ≤ 𝐶. Then it is not difficult to
show that

‖𝐵𝛽𝑓‖ ≤ 𝐶1, ∥ 𝜕
𝜕𝑥𝑗

𝐵𝛽𝑓∥ ≤ 𝐶2

uniformly in 𝑓 . Therefore, for the family of functions 𝑢 = 𝐵𝛽𝑓, ‖𝑓‖ ≤ 𝐶,
considered only inside the ball 𝐾𝐿 of radius 𝐿 with center at the origin, the
inequalities

‖𝐵𝛽𝑓‖𝐿2(𝐾𝐿) ≤ 𝐶1, ‖ grad 𝐵𝛽𝑓‖𝐿2(𝐾𝐿) ≤ 𝐶2

hold.

Therefore the family of functions 𝑢 = 𝐵𝛽𝑓 is compact on the ball 𝐾𝐿 in the
sense of 𝐿2(𝐾𝐿). Choose now 𝐿 so that outside the ball 𝐾𝐿, |𝑎𝑖(𝑥)| < 𝜀, and
let 𝜑1, … , 𝜑𝑡 be a finite 𝜀-net for the set 𝐵𝛽𝑓 , compact in 𝐿2(𝐾𝐿). Then, if the
functions 𝜑1, … , 𝜑𝑡 are extended by zero to the whole space 𝐸𝑛, it is not difficult
to show that the functions 𝜑1, … , 𝜑𝑡 so obtained will be a finite 𝐶𝜀-net for the
set of functions 𝑎𝛽(𝑥)𝐵𝛽𝑓 in the sense of 𝐿2(𝐸𝑛) (here 𝐶 does not depend on 𝜀).
By the arbitrariness of 𝜀 this proves the compactness of the operator 𝑎𝛽𝐵𝛽 for
any 𝛽 in the sense of 𝐿2(𝐸𝑛), |𝛽| ≤ 2𝑙 − 1. Hence the compactness in 𝐿2(𝐸𝑛)
also follows for the operator

𝐵 ⋅ 1
𝐴 − 𝑧 .

Thus we have reduced Theorem 4 to Theorem 2.

Finally, let us note that Theorem 1 admits the following generalization to the
case when 𝐴 is a normal operator.

Theorem 5. Let 𝐻1, … , 𝐻𝑘 be a family of pairwise commuting self-adjoint
operators, and let 𝐹(𝑡) be a measurable, almost everywhere finite, complex-
valued function of 𝑘 real variables 𝑡1, … , 𝑡𝑘, mapping the set {𝑀1 … 𝑀𝑘}, where
𝑀𝑗 is the spectrum of the operator 𝐻𝑗, onto a connected set 𝑀 in the complex
𝑧-plane.
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Consider the operator
𝐹(𝐻1, … , 𝐻𝑘) = 𝐹(𝐻)

and suppose that:

1. There exists a straight line ℒ, whose intersection with the set 𝑀 is a closed
segment 𝑙, at least one of whose ends is situated in the finite part of the
plane, and for points 𝑧, 𝑧 ∈ ℒ − 𝑙, the inequality

∥ 1
𝐹(𝐻) − 𝑧 ∥ ≤ 1

𝑑(𝑧, 𝑙)

holds, where 𝑑(𝑧, 𝑙) is the distance from the point 𝑧 to the segment 𝑙.
2. In addition, suppose that an operator 𝑉 is given such that: a) 𝐷(𝑉 ) ⊃

𝐷(𝐹(𝐻)); b) there exist constants 𝑏 > 0, 0 ≤ 𝑎 < 1/3, such that for every
𝑓 ∈ 𝐷(𝐹(𝐻))

‖𝑉 𝑓‖ ≤ 𝑎‖𝐹(𝐻)𝑓‖ + 𝑏‖𝑓‖;
c) for some 𝑧0, 𝑧0 ∉ 𝑀 , the operator

𝑉 1
𝐹(𝐻) − 𝑧

is completely continuous.

Then:

1. The operator
𝑇 = 𝐹(𝐻) + 𝑉 ,

defined on 𝐷(𝐹(𝐻)), is closed.

2. The spectrum of the operator 𝑇 not belonging to 𝑀 consists only of iso-
lated eigenvalues of finite multiplicity.

3. The points of the continuous spectrum of the operator 𝐹(𝐻) are spectral
points of 𝑇 .

The proof of this theorem is carried out in the same way as the proof of Theorem
1.

As an example, consider the operator 𝐻 with domain of definition 𝐷(𝐻):

𝐻𝑓 = (− ∑ 𝜕2

𝜕𝑥2
𝑗

)
𝑡

+
𝑡

∑
𝑙=1

∑
𝑗

𝑎2𝑙−1
𝑗1…𝑗𝑘

𝜕2𝑙−1𝑓
𝜕𝑥𝑗1

1 … 𝜕𝑥𝑗𝑛𝑛
,

𝐷(𝐻) = {𝑓, 𝑓 = ∫ 𝜑(𝑝)𝑒𝑖(𝑝,𝑥)

𝑝2𝑡 + 1 𝑑𝑝, 𝜑(𝑝) ∈ 𝐿2(𝐸𝑛)} .

Here 𝑎2𝑙−1
𝑗1…𝑗𝑘

, |𝑗| ≤ 2𝑙 − 1, are real numbers.
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On 𝐷(𝐻) define the operator 𝑉

𝑉 𝑓 = ∑
|𝛼|≤𝑚

𝑎𝛼(𝑥) 𝜕 |𝛼|

𝜕𝑥𝛼1
1 … 𝜕𝑥𝛼𝑛𝑛

𝑓(𝑥),

where 2𝑡 − 2(𝑚 + 1) − 𝑛 > 0 and 𝑎𝛼(𝑥) are continuous complex-valued functions
satisfying the conditions: 1) 𝑎𝛼(𝑥) ∈ 𝐿2(𝐸𝑛); 2) |𝑎𝛼(𝑥)| → 0 as |𝑥| → ∞.

Then, for the operators 𝐻 and 𝑉 so defined, all the conditions of Theorem 5
are fulfilled.

In conclusion we express our sincere gratitude to M. A. Naimark and A. G.
Kostyuchenko for discussing the results of the work.
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