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Abstract
Full Text
MATHEMATICS

V. P. SHUNKOV

ON GROUPS DECOMPOSABLE INTO A UNI-
FORM PRODUCT OF THEIR 𝑝-SUBGROUPS
(Presented by Academician A. I. Mal’tsev on 18 IX 1963)

In group theory, representations of groups in the form of various kinds of prod-
ucts (direct, semidirect, free, etc.) of their subgroups play a major role. The
content of the present article is connected with the representation of a group
in the form of such a product of its subgroups in which the cyclic subgroups
of any two distinct factors are pairwise permutable. The problem of studying
such representations was first posed by S. N. Chernikov (who called them uni-
form), who suggested to the author that he develop, in particular, the question
of groups decomposable into a uniform product of their Sylow 𝑝-subgroups.

1. The structure of groups decomposable into a uniform product of their
Sylow 𝑝-subgroups is described by the following theorem.

Theorem 1. A periodic group 𝔊 is decomposable into a uniform product of
its Sylow 𝑝-subgroups if and only if it is a semidirect product of a Hall abelian
subgroup ℌ, all subgroups of which are invariant in 𝔊, and some 𝑆-group ℜ.

A periodic group is called an 𝑆-group if it is decomposable into the direct
product of its Sylow 𝑝-subgroups.

Corollary. Let 𝔊 be a group decomposable into a uniform product of its Sylow
𝑝-subgroups, and let ℌ be its subgroup defined by the properties indicated in
Theorem 1. If 𝑝 is an arbitrary prime from the set of prime divisors of the
orders of elements of the subgroup ℌ, then for each element 𝐺 ∈ 𝔊 there exists
a natural number 𝑘 = 𝑘(𝐺), less than 𝑝, such that for every 𝑝-element 𝐻 ∈ ℌ
the relation

𝐺−1𝐻𝐺 = 𝐻𝑘𝑝𝑛−1 ,
holds, where 𝑝𝑛 is the order of the element 𝐻.

Theorem 2. Every subgroup of a group decomposable into a uniform product
of its Sylow 𝑝-subgroups is also decomposable into a uniform product of its Sylow
𝑝-subgroups.

2. Definitions. Let ℜ and ℌ be some normal divisors of the group 𝔊, and
let 𝐴, 𝐵 be some elements of 𝔊. Define the natural number 𝜆 as follows:
1) 𝜆 = 1 if the orders of the elements 𝐴ℜ ∈ 𝔊/ℜ and 𝐵ℌ ∈ 𝔊/ℌ are
relatively prime or infinite; 2) 𝜆 is equal to the product of all prime divisors

sovietrxiv.org/items/ru-196401.56018 Machine Translation

https://sovietrxiv.org/items/ru-196401.56018


of the greatest common divisor of the orders of the elements 𝐴ℜ ∈ 𝔊/ℜ
and 𝐵ℌ ∈ 𝔊/ℌ. If the order of one of the elements 𝐴ℜ ∈ 𝔊/ℜ and
𝐵ℌ ∈ 𝔊/ℌ is finite and the other is infinite, then we shall take the number
𝜆 to be equal to the product of all prime divisors of the order of that
element 𝐴ℜ ∈ 𝔊/ℜ, 𝐵ℌ ∈ 𝔊/ℌ whose order is finite.

We shall call the elements 𝐴 and 𝐵 of the group 𝔊 comparable with respect
to the pair (ℜ, ℌ) (relative to the pair (ℜ, ℌ)) if ℜ and ℌ are normal divisors
of the group 𝔊 and, for every element 𝐺 ∈ 𝔊, the relations

(𝐺ℜ)−1𝐴ℜ(𝐺ℜ) = (𝐴ℜ)𝑘, (𝐺ℌ)−1𝐵ℌ(𝐺ℌ) = (𝐵ℌ)𝑙, 𝑘 ≡ 𝑙 (mod 𝜆),
hold, where 𝜆 is the number mentioned above.

We shall call a group 𝔊 a 𝑍𝐻-group if it has an invariant series with abelian
factors

𝐸 = ℨ0 ⊂ ℨ1 ⊂ ⋯ ⊂ ℨ𝛼 ⊂ ⋯ ⊂ ℨ𝛾 = 𝔊,
in which, for any elements 𝐴 and 𝐵 of 𝔊 distinct from the identity, there exist
two subgroups ℨ𝛼, ℨ𝛽 such that 𝐴 ∈ ℨ𝛼, 𝐵 ∈ ℨ𝛽, and 𝐴, 𝐵 are comparable with
respect to the pair (ℨ𝛼, ℨ𝛽).
Obviously, a group possessing an ascending central series is a special case of a
𝑍𝐻-group.

Theorem 3. A finite group is a 𝑍𝐻-group if and only if it decomposes into a
uniform product of its Sylow 𝑝-subgroups.

Theorem 3 is false for infinite 𝑍𝐻-groups. A counterexample can be extracted
from the work (1).

3. Definition. An automorphism 𝜑 of a group 𝔊 will be called uniform if,
for every element 𝐺 ∈ 𝔊, the relation

𝜑(𝐺) = 𝐺𝐾(𝐺,𝜑)

holds, where 𝐾(𝐺, 𝜑) is an integer depending on 𝐺 and 𝜑.

Theorem 4. A periodic group 𝔊 decomposes into a uniform product of its
𝑝-subgroups (not necessarily Sylow 𝑝-subgroups) if and only if it is a semidirect
product of two subgroups: an 𝑆-group 𝔅 and an abelian subgroup 𝔄, satisfying
the following conditions:

1) 𝔄 decomposes into the direct product

𝔄 = ∏
𝛼∈𝔐

×𝔄𝛼 (1)

of subgroups 𝔄𝛼 invariant in 𝔊 (not necessarily one for each 𝑝), such that,
if 𝑝 is an arbitrarily given prime divisor of the orders of the elements of
the subgroup 𝔄, then every element 𝐺 ∈ 𝔊 whose order is not divisible by
𝑝 induces a uniform automorphism in any factor of the decomposition (1)
which is a 𝑝-subgroup for this given 𝑝;
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2) every factor 𝔄𝛼 of the decomposition (1) decomposes into a product of
cyclic subgroups invariant in 𝔊.

The example constructed below shows that, in a group decomposable into a
uniform product of 𝑝-subgroups, not every subgroup decomposes into a product
of this kind.

Example. Let 𝔊 be the group generated by elements 𝐴, 𝐵, 𝐶 satisfying the
following defining relations:

𝐴𝑝2 = 𝐵𝑝 = 𝐶𝑞𝑝 = 1,

where 𝑝 and 𝑞 are primes and 𝑞/𝑝 − 1, and the relations

𝐴𝐵 = 𝐵𝐴, 𝐶−1𝐴𝐶 = 𝐴𝑘, 𝐶−1𝐵𝐶 = 𝐴𝑝𝐵𝑘,

where 𝑘 is a primitive root of the equation

𝑥𝑝𝑞 ≡ 1 (mod 𝑝2).

Denote by 𝐷 the element 𝐷 = 𝐴𝐵. It is easy to check that the group 𝔊
decomposes into a uniform product of 𝑝-subgroups:

𝔊 = {𝐴}{𝐷}{𝐶𝑞}{𝐶𝑝}.

However, its subgroup
𝔊1 = {𝐴𝑝, 𝐵, 𝐶}

does not decompose into a uniform product of its 𝑝-subgroups.

4. Definition. We shall call a group 𝔊 a quasi-uniform product of its
subgroups [𝔄𝛼], 𝛼 ∈ 𝔐, if: 1) the group 𝔊 is generated by the subgroups
[𝔄𝛼], 𝛼 ∈ 𝔐; 2) in each subgroup 𝔄𝛼 there exists a system of generators [𝐴𝛼𝛾],
𝛾 ∈ 𝔐𝛼, such that the subgroups {𝐴𝛼𝛾}, {𝐴𝛽,𝛾′}, where 𝛼 ≠ 𝛽, 𝛾′ ∈ 𝔐𝛽, are
permutable.

Theorem 5. A finite group is supersolvable if and only if it decomposes into a
quasi-uniform product of its Sylow 𝑝-subgroups.

Corollary. A finite supersolvable group with abelian Sylow 𝑝-subgroups de-
composes into a uniform product of cyclic 𝑝-subgroups.

5. Definition. Following Zappa (see (2)), a finite group 𝔊 of order 𝑜(𝔊) will
be called a MacLane group if, for any subgroup ℌ of it and any divisor 𝑘 of
the number 𝑜(𝔊) divisible by the order of the subgroup ℌ, there exists in 𝔊 at
least one subgroup of order 𝑘 containing ℌ.

Definition. Let 𝔊 be a nilpotent group and

𝐸 = ℨ0 ⊂ ℨ1 ⊂ ⋯ ⊂ ℨ𝑛−1 ⊂ ℨ𝑛 = 𝔊
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be its upper central series. We shall call the group 𝔊 centrally dense if, for
every normal divisor 𝔑 of it, one can indicate an 𝑖 (𝑖 = 0, 1, … , 𝑛 − 1) such that

ℨ𝑖 ⊆ 𝔑 ⊆ ℨ𝑖+1.

Obviously, in a finite centrally dense group every one of its Sylow 𝑝-subgroups
is centrally dense.

Theorem 6. A finite MacLane group 𝔊 is a semidirect product of an invariant
Hall centrally dense subgroup ℌ and some nilpotent subgroup 𝔑. The subgroup
ℌ satisfies the following conditions:

1) if a Sylow 𝑝-subgroup 𝔓 of ℌ is abelian, then for each element 𝐺 ∈ 𝔊
there exists a natural number 𝑟 = 𝑟(𝐺), less than 𝑝, such that for any
element 𝑃 ∈ 𝔓 the relation

𝐺−1𝑃𝐺 = 𝑃 𝑟𝑝𝑠−1 ,

holds, where 𝑝𝑠 is the order of the element 𝑃 .

2) if a Sylow 𝑝-subgroup 𝔓 of ℌ is noncommutative and

𝐸 = ℨ0 ⊂ ℨ1 ⊂ ⋯ ⊂ ℨ𝑛−1 ⊂ ℨ𝑛 = 𝔓

is its upper central series, then for each element 𝐺 ∈ 𝔊 there exists a
natural number 𝑟 = 𝑟(𝐺), less than 𝑝, such that for any element

𝑃ℨ𝑖−1 ∈ ℨ𝑖/ℨ𝑖−1 (𝑖 = 1, … , 𝑛)

the relation

(𝐺ℨ𝑖−1)−1𝑃ℨ𝑖−1(𝐺ℨ𝑖−1) = (𝑃ℨ𝑖−1)𝑟 𝑛−𝑖+1 .

It is not difficult to verify that a finite group decomposable into a uniform
product of its Sylow 𝑝-subgroups is a MacLane group.

Remark. In (2) the following assertion is given without proof. Let a MacLane
group 𝔊 of order 𝑝3𝑞𝛽 (𝑝 and 𝑞 are distinct prime numbers) have a unique Sylow
𝑝-subgroup 𝔓. Then 𝔓 contains a normal divisor 𝔑 consisting of all elements
of 𝔓 whose normalizer orders in 𝔊 are divisible by 𝑞𝛽.

The author of the present article has an example of a MacLane group of order
34 ⋅ 2 for which this assertion is false. If one excludes the trivial case in which
𝔓 is a direct factor in 𝔊, then from the theorem stated above it follows that
the subgroup 𝔑 exists only when the length 𝑛 of the upper central series of the
subgroup 𝔓 does not exceed the order 𝑚 of the group 𝔊/𝔓ℨ(𝔓), where ℨ(𝔓)
is the centralizer of the subgroup 𝔓; moreover, if 𝑛 = 𝑚, then the subgroup 𝔑
coincides with the center of the subgroup 𝔓, and if 𝑛 < 𝑚, with the identity
subgroup.
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