
Soviet-era science, translated into English

B. V. FEDOSOV
1.** In the present paper we study the asymptotics of the
eigenvalues of the boundary-value problem for the equation

1964

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196401.53503

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196401.53503


Abstract
Full Text
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1. In the present paper we study the asymptotics of the eigenvalues of the
boundary-value problem for the equation

−Δ𝑢 = 𝑘2𝑢, (1)

considered in an 𝑚-dimensional polyhedron Π, under one of the two boundary
conditions:

𝑢∣Γ = 0 (2)

or

𝜕𝑢
𝜕𝑛∣

Γ
= 0. (2’)

It is known (see, for example, (1)) that in the case of an arbitrary finite domain
𝐷 with piecewise smooth boundary the asymptotic formula

𝑛(𝑘) = mes𝐷
2𝑚𝜋𝑚/2Γ(𝑚/2 + 1) 𝑘𝑚 + 𝑂(𝑘𝑚−1 ln 𝑘) (3)

is valid as 𝑘 → ∞. Here 𝑛(𝑘) is the number of eigenvalues of the problem not
exceeding 𝑘2.

In this paper we show that in the case of a polyhedron the remainder in formula
(3) admits a more precise estimate, namely 𝑂(𝑘𝑚−1). In addition, for functions
that are obtained by successive integration of 𝑛(𝑘), we find the following terms
of the asymptotics.

Let us formulate the main result.

Theorem. Let the boundary-value problem (1), (2) or (1), (2′) be given on an
𝑚-dimensional polyhedron. Then, for 0 ≤ 𝑝 ≤ 𝑚 − 1 and as 𝑘 → ∞,
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1
Γ(𝑝 + 1) ∫

𝑘

0
(𝑘 − 𝑡)𝑝 𝑑𝑛(𝑡) =

𝑚
∑
𝑙=1

𝑎𝑙
Γ(𝑙 + 1)

Γ(𝑝 + 𝑙 + 1) 𝑘𝑝+𝑙 + 𝑂(𝑘𝑚−1). (4)

The first three coefficients in formula (4) are expressed explicitly in terms of the
geometric characteristics of the polyhedron, namely:

𝑎𝑚 =
mes(𝑚) Π

2𝑚𝜋𝑚/2Γ(𝑚/2 + 1) , 𝑎𝑚−1 = ∓
∑𝑖 mes(𝑚−1) 𝑆𝑚−1

𝑖
2𝑚+1𝜋(𝑚−1)/2Γ((𝑚 + 1)/2) ,

𝑎𝑚−2 = 1
2𝑚+1𝜋(𝑚−2)/2Γ(𝑚/2) ∑

𝑖

1
3 (𝜔𝑖

𝜋 − 𝜋
𝜔𝑖

)mes(𝑚−2) 𝑆𝑚−2
𝑖 ,

where 𝑆𝑘
𝑖 is a 𝑘-dimensional face of the polyhedron, and 𝜔𝑖 is the magnitude of

the dihedral angle at the face 𝑆𝑚−2
𝑖 . The minus sign corresponds to problem

(1), (2), and the plus sign to problem (1), (2′).

It was not possible to obtain an explicit expression for the remaining coefficients.
They can be expressed with the help of the Green function of the mixed problem
for the wave equation on a spherical polyhedron.

2. Formula (4) is a generalization to the 𝑚-dimensional case of the result
obtained by us earlier for the case of a plane polygon (see (2)) and is
proved by analogous methods*. We consider the generalized function 𝑤(𝑡)
on the space 𝐾 of finite infinitely differentiable functions, equal to

𝑤(𝑡) =
∞

∑
𝑛=1

cos 𝑘𝑛𝑡 = ∫
∞

0
cos 𝑘𝑡 𝑑𝑛(𝑘), (5)

where 𝑘2
𝑛 is the 𝑛-th eigenvalue of problem (1), (2), (1), (2′).

Essential for what follows is the following

Lemma. There exists a 𝑡0 > 0 such that for |𝑡| < 𝑡0 the formula

𝑤(𝑡) =
0

∑
𝑖=−𝑚

𝑏𝑖
|𝑡|𝑖

Γ((𝑖 + 1)/2) (6)

holds.

Here |𝑡|𝑖
Γ((𝑖 + 1)/2) are even homogeneous generalized functions, and 𝑏𝑖 are cer-

tain constants determined by the geometry of the polyhedron.

Using (6) and applying Tauberian theorems for Fourier integrals to 𝑤(𝑡), we
obtain formula (4).
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Let us outline the proof of the lemma. Consider the mixed problem for the wave
equation

Δ𝑤(𝑥, 𝑦, 𝑡) = 𝜕2

𝜕𝑡2 𝑤(𝑥, 𝑦, 𝑡),

𝑤(𝑥, 𝑦, 0) = 𝛿(|𝑥 − 𝑦|), 𝑤′
𝑡(𝑥, 𝑦, 0) = 0 (7)

with boundary condition 𝑤|Γ = 0 or 𝜕𝑤
𝜕𝑛 ∣

Γ
= 0, where 𝑥, 𝑦 are points of the

𝑚-dimensional space and |𝑥 − 𝑦| is the distance between them.

The solution of problem (7) will be called the Green’s function of the mixed
problem for the wave equation. We consider the Green’s function as a generalized
function in 𝑡 on the space 𝐾; 𝑥 and 𝑦 are regarded as parameters. It is not
difficult to show that 𝑤(𝑡) is the trace of the Green’s function, i.e.

𝑤(𝑡) = ∫
Π

𝑤(𝑥, 𝑥, 𝑡) 𝑑𝑥.

For sufficiently small 𝑡, |𝑡| < 𝑡0, the Green’s function 𝑤(𝑥, 𝑦, 𝑡), by virtue of
the finiteness of the propagation speed of perturbations and the uniqueness of
the solution of problem (7), coincides with the Green’s function for one of the
polyhedral angles of the polyhedron or with the Green’s function of the whole
space; the latter are homogeneous, as functions of three variables, of degree −𝑚.
Using this fact, one can represent 𝑤(𝑡) for |𝑡| < 𝑡0 in the form of a finite sum of
homogeneous functions, namely:

𝑤(𝑡) =
𝑚

∑
𝑖=0

𝑤𝑖(𝑡). (8)

Here 𝑤𝑖(𝑡) are even homogeneous functions of degree −𝑖. Since an even homo-
geneous function of one variable of degree 𝜆 is, up to a constant factor,

|𝑡|𝜆
Γ((𝜆 + 1)/2)

(see (4)), formula (8) gives the expression of the trace up to the coefficients 𝑏𝑖.
The lemma is proved.

* After paper (2) had already been published, the author became acquainted
with the work of Bailey and Brownell (3), where it is also proved that, in the
case of a plane polygon, the logarithmic factor is absent in the remainder term
of the asymptotics of 𝑛(𝑘). The method of Bailey and Brownell differs from
ours.
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To compute the coefficients 𝑏𝑖, one must know explicit expressions for the Green’
s functions for polyhedral angles and for the whole space. Such expressions are
known for the Green’s function of the whole space, of a half-space, and of a
dihedral angle (see (2)). Thus, in the planar case 𝑤(𝑡) is computed explicitly.
In the general case, the first three coefficients are computed.

The author takes this opportunity to express his deep gratitude to Prof. V. B.
Lidskii for valuable advice and guidance.
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