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Abstract
Full Text

Yu. L. Ershov

Undecidability of the Theories of Symmetric and Simple
Finite Groups

(Presented by Academician A. I. Mal cev on 4 V 1964)

1. In this paper it is proved that the elementary theories of the classes of
symmetric finite groups, alternating finite groups, and finite simple groups
are undecidable. As a corollary one obtains new proofs of the theorems
on undecidability and inseparability for the theory of the class of finite
groups.

2. To prove the assertions stated in item 1 it is sufficient to establish the
following theorem.

Theorem. The set of identically true sentences of UHP (of signature o =
(1,-,71)) and the set of sentences of this signature refutable on the models of the
class of groups {S3,,12}n-34,.. ({Asni2}n_34, ) are recursively inseparable.*

We shall use the following simple lemma (well known):

Lemma. Let a theory T be such that the set of sentences true in the theory T,
and the set of sentences refutable on finite models of the theory T, are recursively
inseparable. Let ¢ be an effective mapping of the set of sentences of the signature
of the theory T into the set of sentences of the signature of a class K such that:
a) if A €T, then () is an identically true sentence of UHP; b) if A is refutable
on a finite model of the theory T, then () is refutable on a model of the class
K. Then the set of identically true sentences of UHP and the set of sentences
refutable on models of the class K are recursively inseparable.

As the theory T we take the theory of two equivalence relations. The fact that
this theory satisfies the conditions of the lemma is proved in (*). The author
knows a simple proof of this assertion.

For the construction of the mapping ¢ we introduce a number of abbreviations:

af _
A (2) = {z #£1&a® =1& Vy[(aytay)'® =1 == (ay'ay)® = 1V(zyay)° = 1]}

ar | 4 . . ‘
Uy (71,79, 73, 14) <= {/\ A (z;) & A (320 #F 1 & (2,9)° = 1] & (21297324)° ## 1 & (2175252,4)° = 1
i=1 ;

1<i<j<4
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A quadruple of elements (x4, x4, T3, ) satisfying the formula 2, will be denoted
by x;

_ _.af
(VZ) A(7) <= (Vg 29, 23, 24) (Ag (71, T, T3, 24) — (w1, 29, T3, 24));

_ _af
(32) A7) <= (Fry, 19, T3, 24) (g (71, To, T3, 24) & (w1, Ty, 73, 24));

_ af _ _ _
oy (y ey, ylegy, ylesy, vegy);

df df

Az(T1, To, T3, 45 Y1, Yoy Y3, Ys) = A3(Z,7) <= T~y =

4
N [@iyi)? = 1V (20)7 = 1V Ay (2,,9));

i,5=1

df
r<y<= Vo) [(z-x~2)V(Z-z ~Z-y)];

af
try=r~yV(Au)(ukz& (Vo) (vKu ==

=uVv=1)&z-urz &y umwy);

af
B = (Hl‘l,IQ,:ES,I4)912(I1,I271‘3,I4) & (Vjvgv’g) [‘f ~

It is not hard to verify that the formula 2, is true on precisely those elements
of the groups Ss,,,5, A3,.9, 7 = 3,..., which in their canonical representation
as a product of cycles have altogether one cycle, and moreover of third order.
The formula 2, singles out those quadruples of three-element cycles which all
have one common element (the center of the quadruple), and any two of these
cycles have only this element in common. The quadruple Z - y has as its center
the element to which the substitution y sends the center of the quadruple zx.
T ~ y means that these two quadruples have the same center; x <« y means
(in the group Ss,,,,) that x is a product of cycles which occur in the canonical
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representation of the element y; £ ~ y means (in the group Ss,,,) that the
z

centers of the quadruples z and y are moved by one cycle from the canonical
representation of the element z, or else these centers simply coincide. The
formula B is true on the groups Ss,,, (n =3,4,...).

Let oy = (~q,~y) be the signature of the theory 7. The mapping ¢} , is defined
inductively:

ol

L @;,y(a ~b)=a ~ 57 @Z,y(a ~yb)=a Z

2. 9 (A& B) =9 () & ¢ (B), ¢ (RAVB)=p; (A)Ve; , (B),

Oy (TR) =5 (), @h (A= B) =} (A) = ¢, (B).
3. ¢; ,(Va)A(a)) = (Va)g; ,(A(a)), ¢ ,(Ba)A(a) = (Fa)¢} ,(A(a)).

Remark. a = (a;, a4, a3,a,), and in the successive construction of the mapping
¢, ,, for a complex formula one must ensure that there is no collision of variables
(where necessary, rename variables, but not x and y).

If 2 is a sentence, then ¢}, () is a formula with two free variables z and y. We
define the mapping ¢ on sentences as follows: p(%) =B — (Va,y)¢;  (A). It
is not hard to verify that this mapping, in the case of the class {S3, 2},-34
satisfies the conditions of the lemma.

In the case of alternating groups we shall make the following changes. Fix two
quadruples of variables & = (ay, g, g, y) and 8 = (B4, Ba, B3, B4):

(VE)U(E) < (Vay, 29, 0, 2) (A7) & & % G & T o § — A(F));

(3z) A(z) & (3, T, T3, 24) (As(Z) & T ¢ a0 & T o B & A(T)).

In the formulas z <« y and B, the quantifiers (Vz), (Vy), ... will be understood
only as just indicated. The mapping cpiy(i 5 is defined analogously to the
mapping ¢} . We define the mapping ¢ on sentences as follows:

P(A) = (Yo, ag, g, oy, By, Bo, Bs, By) (Ag () & Ay(B) & v e B —
= (B — (Vz,y)¢’ (20))).

z,y,a,8

The mapping @ also satisfies the conditions of the lemma. The theorem is
proved.

Corollary. The set of identically true sentences of UN P and the set of sentences
refutable on models of the class of finite (and infinite) groups (symmetric, sign-
alternating, simple) are recursively inseparable.
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