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Abstract
Full Text

V. V. KUZNETSOV

DUALITY OF FUNCTORS IN THE CATE-
GORY OF SETS WITH A DISTINGUISHED
POINT
(Presented by Academician P. S. Aleksandrov, 12 VI 1964)

We consider the category 𝐾, whose objects are sets in each of which a certain
point is fixed (we shall denote it by 0), and the set Hom(𝑋, 𝑌 ) of morphisms of
an object 𝑋 into an object 𝑌 is the set of mappings of 𝑋 into 𝑌 taking 0 to 0.
Speaking of a functor in 𝐾, we shall regard it as covariant and acting from 𝐾 to
𝐾. The equality sign between two functors will denote their isomorphism. The
category 𝐾 is naturally turned into a 𝐷-category (1), and thereby a duality of
functors acting in this category is defined. The functors 𝐻(𝑋, 𝑌 ) and 𝑋 ⊗ 𝑌 ,
which occur in the definition of a 𝐷-category, are constructed as follows: by
𝐻(𝑋, 𝑌 ) is denoted the set of morphisms of 𝑋 into 𝑌 , with the zero mapping
being taken as the distinguished point; by 𝑋⊗𝑌 is denoted the set obtained from
the direct product 𝑋 × 𝑌 by identifying into one point 0 the sets 𝑋 × 0 ∪ 0 × 𝑌
(here 𝑋, 𝑌 ∈ 𝐾; the values of the functors 𝐻(𝑋, 𝑌 ) and 𝑋 ⊗ 𝑌 on morphisms
are defined in the natural way). The functors 𝐻(𝐴, 𝑋) and 𝐴 ⊗ 𝑋, where 𝐴 is
a fixed object, are denoted respectively by Ω𝐴 and Σ𝐴.

The main results are Theorems 2 and 3. A proposition analogous to Theorem
3 for the case of the category of topological spaces had already been stated by
D. B. Fuks (2). However, it still remains unproved.

Let in 𝐾 there be given a certain family of objects 𝑀𝜆, 𝜆 ∈ 𝐿. Considering
the direct product ∏𝜆∈𝐿 𝑀𝜆 as an object of 𝐾, we take as the zero point in it
the point with zero components. The set 𝑈 , obtained from the union of all 𝑀𝜆
by identifying into one zero point the zeros of the sets 𝑀𝜆, will be called the
bouquet of objects of the given family and denoted

𝑈 = ⋁
𝜆∈𝐿

𝑀𝜆.

For a given family of functors 𝑃𝜎, 𝜎 ∈ 𝑆, the functors ∏𝜎∈𝑆 𝑃𝜎 and ⋁𝜎∈𝑆 𝑃𝜎
are naturally defined. We shall call a functor 𝐻 the union of the functors of
the given family if for every 𝑋 ∈ 𝐾 we have

𝐻(𝑋) = ⋃
𝜎∈𝑆

𝑃𝜎(𝑋)
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and for every 𝜎 ∈ 𝑆 the functor 𝑃𝜎 is a subfunctor of the functor 𝐻.

Let 𝐹 = ∏𝜎∈𝑆 𝑃𝜎. Then one can prove that

𝐷𝐹 = ⋁
𝜎∈𝑆

𝐷𝑃𝜎

(the proof completely coincides with the proof given by D. B. Fuks (3) of the
analogous fact for topological spaces). This proposition means that if 𝜑𝜎 is
the natural mapping 𝑃𝜎 → Σ𝐵, and 𝑓 is an arbitrary mapping 𝐹 → Σ𝐵, then
𝑓𝜑𝜎 is nonzero for at most one 𝜎 ∈ 𝑆; on the other hand, for any 𝜎0 ∈ 𝑆 and
𝜓 ∶ 𝑃𝜎0

→ Σ𝐵 there exists a unique 𝑓 ∶ 𝐹 → Σ𝐵 such that 𝑓𝜑𝜎0
= 𝜓, while for

𝜎 ≠ 𝜎0 the mapping 𝑓𝜑𝜎 is zero.

Let 𝐿 and 𝑆 be two sets, and suppose that to each 𝜆 ∈ 𝐿 there is assigned a
set 𝑆𝜆 ⊂ 𝑆, so that 𝑆 = ⋃𝜆∈𝐿 𝑆𝜆, while to each 𝜎 ∈ 𝑆 there corresponds some
functor 𝐺𝜎. We shall consider the functor

𝐹 = ⋃
𝜆∈𝐿

𝐹𝜆,

where
𝐹𝜆 = ∏

𝜎∈𝑆𝜆

𝐺𝜎.

Here, for every 𝑋 ∈ 𝐾, in 𝐹𝜆′(𝑋) and 𝐹𝜆″(𝑋) we identify those two points
{𝑔′

𝜎}, 𝜎 ∈ 𝑆𝜆′ , and {𝑔″
𝜎}, 𝜎 ∈ 𝑆𝜆″ , for which, if 𝜎 ∈ 𝑆𝜆′ ∩ 𝑆𝜆″ , we have 𝑔′

𝜎 = 𝑔″
𝜎,

while, if 𝜎 ∉ 𝑆𝜆″ and 𝜎 ∉ 𝑆𝜆′ , respectively, 𝑔′
𝜎 = 0 and 𝑔″

𝜎 = 0. It turns out that
the functor 𝐷𝐹 can be obtained by means of a construction of the same kind,
the role of the sets 𝑆 and 𝑆𝜆 being played respectively by the set 𝑆 and by the
collections 𝑠 of points of the set 𝑆 which meet each 𝑆𝜆 in not more than one
point, and the role of the set 𝐿 by the family 𝑅 of all such collections. Namely,
we have

Lemma 1. The functor 𝐷𝐹 is isomorphic to the functor

𝑇 = ⋃
𝑠∈𝑅

∏
𝜎∈𝑆

𝐷𝐺𝜎.

Let 𝑓 ∶ 𝐹 → Σ𝐵 be an arbitrary point of 𝐷𝐹(𝐵), and let 𝑓𝜆 be the mapping
𝐹𝜆 → Σ𝐵 induced by the mapping 𝑓 ; let 𝜓𝐵 be the mapping of the functor
𝐺𝜎 ⊂ 𝐹𝜆 (𝜎 ∈ 𝑆𝜆) into Σ𝐵 induced by 𝑓𝜆 (it is not hard to see that in the
case where 𝜎 ∈ 𝑆𝜆′ and 𝜎 ∈ 𝑆𝜆″ , the mappings 𝜑𝜆′ and 𝜑𝜆″ give rise to one
and the same mapping 𝜓𝜎). Then the set 𝑠 of those indices 𝜎 for which 𝜓𝜎 ≠ 0
belongs to the family 𝑅. Indeed, if there existed 𝜎′, 𝜎″ ∈ 𝑠 and 𝜆 ∈ 𝐿 such that
𝜎′, 𝜎″ ∈ 𝑆𝜆, then the mapping 𝜑𝜆 would induce nonzero mappings 𝜓𝜎′ and 𝜓𝜎″

for two factors 𝐺𝜎′ and 𝐺𝜎″ of the direct product 𝐹𝜆, which is impossible.
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Thus the collection ̄𝑓 = {𝜓𝜎}, 𝜎 ∈ 𝑠, may be regarded as a point of 𝑇 (𝐵). The
mapping

𝜒𝐵 ∶ 𝐷𝐹(𝐵) → 𝑇 (𝐵),
under which 𝑓 ↦ ̄𝑓 , is obviously a monomorphism. We shall show that 𝜒𝐵 is
also an epimorphism.

Let 𝑠 ∈ 𝑅, and let
𝑓 ∈ ∏

𝜎∈𝑆
𝐷𝐺𝜎(𝐵)

be a collection of mappings 𝜓𝜎 ∶ 𝐺𝜎 → Σ𝐵. For each 𝜆 ∈ 𝐿 define a mapping
𝜑𝜆 ∶ 𝐹𝜆 → Σ𝐵 by the following rule: if 𝑆𝜆 contains a point 𝜎 ∈ 𝑠, then 𝜑𝜆 is
defined by the mapping 𝜓𝐵, so that 𝜑𝜆𝜃𝜎 = 𝜓𝜎, where 𝜃𝜎 is the natural mapping
𝐺𝜎 → 𝐹𝜆; if, however, the set 𝑆𝜆 ∩ 𝑠 is empty, then the mapping 𝜑𝜆 is zero. It
is obvious that, for any 𝜆′, 𝜆″ ∈ 𝐿 and any 𝑋 ∈ 𝐾, the mappings (𝜑𝜆′)𝑋 and
(𝜑𝜆″)𝑋 coincide on the set 𝐹𝜆′(𝑋) ∩ 𝐹𝜆″(𝑋), and this means that the mappings
𝜑𝜆 define a mapping ̄𝑓 ∶ 𝐹 → Σ𝐵. Clearly 𝜒𝐵( ̄𝑓) = ̄𝑓 . The functoriality of the
mappings 𝜒𝐵 is easily verified. The lemma is proved.

Choose in 𝐾 an object 𝑀 , and specify in it some family 𝔐 of subobjects 𝑀𝜆,
𝜆 ∈ 𝐿. Define the functor Ω𝔐

𝑀 as a subfunctor of the functor Ω𝑀 , for which
Ω𝔐

𝑀(𝑋) is the set of those mappings 𝑓 ∶ 𝑀 → 𝑋 such that 𝑓(𝑀𝜆) = 0 for at
least one 𝜆 ∈ 𝐿. Associate to every Λ ⊂ 𝐿 the set 𝑁Λ ⊂ 𝑀 , putting

𝑁Λ = ( ⋂
𝜆∈Λ

𝑀𝜆 ∖ ⋃
𝜆∈𝐿∖Λ

𝑀𝜆) ∪ 0,

if Λ is nonempty, and

𝑁Λ = (𝑀 ∖ ⋃
𝜆∈𝐿

𝑀𝜆) ∪ 0,

if Λ is empty. Obviously,

𝑀/𝑀𝜆 = ⋁
𝜆∈𝐿, 𝜆∉Λ

𝑁Λ.

Then we have a series of isomorphisms:

Ω𝔐
𝑀 = ⋃

𝜆∈𝐿
Ω𝑀/𝑀𝜆

= ⋃
𝜆∈𝐿

∏
Λ⊂𝐿−𝜆

Ω𝑁Λ
.

We see that the functor Ω𝔐
𝑀 belongs to the class of functors whose duals were

found in Lemma 1.

Using Lemma 1 and taking into account that 𝐷Ω𝐴 = Σ𝐴, 𝐷Σ𝐴 = Ω𝐴, one can
verify the validity of the following three assertions.

Lemma 2.
𝐷Ω𝔐

𝑀 = ⋃
𝑠∈𝑆

∏
Λ∈𝑠

Σ𝑁Λ∖Λ,
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where 𝑆 is the family of all collections 𝑠 of pairwise disjoint nonempty subsets
Λ ⊂ 𝐿.

Lemma 3.

𝐷𝐷Ω𝔐
𝑀 = ⋃

𝑟∈𝑅
∏
Λ∈𝑟

Ω𝑁𝐿∖Λ,

where 𝑅 is the family of all sets 𝑟 of pairwise intersecting nonempty Λ ⊂ 𝐿.

Theorem 1. Every functor of the form 𝐷Ω𝔐
𝑀 is reflexive.

Let now 𝐹 be some functor. Denote by 𝐼 the two-point object of 𝐾, and for
each 𝛼 ∈ 𝐷𝐹(𝐼) construct in 𝐴 = 𝐹(𝐼) an equivalence 𝜆𝛼 as the least one for
which, for any 𝑋 ∈ 𝐾 and 𝑦 ∈ 𝐹(𝑋), if 𝜇′, 𝜇″ ∈ Hom(𝑋, 𝐼) are such that

𝜇′𝛼𝑋(𝑦) = 𝜇″𝛼𝑋(𝑦) ≠ 0,

then
𝐹(𝜇′)𝑦 ∼ 𝐹(𝜇″)𝑦;

and if 𝜇 ∈ Hom(𝑋, 𝐼) is such that 𝜇𝛼𝑋(𝑦) = 0, then 𝐹(𝜇)𝑦 is equivalent to 0.
We shall denote the quotient set of the set 𝐴 by the equivalence 𝜆𝛼 (in which the
class of points equivalent to zero is distinguished) by 𝐴𝛼, and the identification
map 𝐴 → 𝐴𝛼 by 𝜋𝛼. We also note that, for each 𝐵 ∈ 𝐾, there is a morphism
𝜀𝐵 ∶ 𝐵 → 𝐼 such that 𝜀𝐵(𝑏) ≠ 0 for any nonzero point 𝑏 ∈ 𝐵, and, for any
𝜑 ∈ 𝐷𝐹(𝐵), a map 𝛼𝜑 ∈ 𝐷𝐹(𝐼) defined by the formula

𝛼𝜑 = 𝐷𝐹(𝜀𝐵)𝜑.

Lemma 4. Let 𝜑 ∈ 𝐷𝐹(𝐵). If

𝑎′ ∼ 𝑎″ (mod 𝜆𝛼𝜑),

then
𝜑𝐼(𝑎′) = 𝜑𝐼(𝑎″).

Conversely, if for some 𝛼 ∈ 𝐷𝐹(𝐼) and 𝜓 ∶ 𝐴 → 𝐵, from

𝑎′ ∼ 𝑎″ (mod 𝜆𝜑)

it follows that
𝜓(𝑎′) = 𝜓(𝑎″),

then there exists a 𝜑 ∈ 𝐷𝐹(𝐵) such that 𝜓 = 𝜑𝐼 .

It suffices to prove the first part of the lemma for the case when there exist
𝑋 ∈ 𝐾, 𝑦 ∈ 𝐹(𝑋), and 𝜇′, 𝜇″ ∈ Hom(𝑋, 𝑌 ) such that

𝜇′(𝛼𝜑
𝑋(𝑦)) = 𝜇″(𝛼𝜑

𝑋(𝑦)) ≠ 0
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and
𝐹(𝜇′)𝑦 = 𝑎′, 𝐹 (𝜇″)𝑦 = 𝑎″.

But then

𝜑𝐼(𝑎′) = Σ𝐵(𝜇′)𝜑𝑋(𝑦), 𝜑𝐼(𝑎″) = Σ𝐵(𝜇″)𝜑𝑋(𝑦),

and, since for some 𝑏 ∈ 𝐵 we have

𝜑𝑋(𝑦) = 𝛼𝜑
𝑋(𝑦) ⊗ 𝑏,

it follows that
𝜑𝐼(𝑎′) = 𝜑𝐼(𝑎″) = 𝑏.

Being under the hypotheses of the second part of the lemma, for any 𝑋 ∈ 𝐾
and 𝑦 ∈ 𝐹(𝑋) put

𝜑𝑋(𝑦) = 0
if

𝛼𝑋(𝑦) = 0;
but if

𝛼𝑋(𝑦) ≠ 0,
then

𝜑𝑋(𝑦) = 𝛼𝑋(𝑦) ⊗ 𝑏,
where 𝑏 = 𝐹(𝜇)𝑦 for such a 𝜇 ∶ 𝑋 → 𝐼 that

𝜇(𝛼𝑋(𝑦)) ≠ 0.

Let us verify that the morphisms

𝜑𝑋 ∶ 𝐹 (𝑋) → 𝐵 ⊗ 𝑋

define a map of the functor 𝐹 into the functor Σ𝐵. Suppose that for some

𝜈 ∶ 𝑋′ → 𝑋″

we have
𝐹(𝜈)𝑦′ = 𝑦″.

Compare the points
𝑥′ ⊗ 𝑏′ = Σ𝐵(𝜈)𝜑𝑋′(𝑦′)

and
𝑥″ ⊗ 𝑏″ = 𝜑𝑋″(𝑦″).

Since
𝜈(𝛼𝑋′(𝑦′)) = 𝛼𝑋″(𝑦″),

we have
𝑥′ = 𝑥″ = 𝛼𝑋″(𝑦″),
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and if
𝛼𝑋″(𝑦″) ≠ 0,

then there exist 𝜇′ ∶ 𝑋′ → 𝐼 and 𝜇″ ∶ 𝑋″ → 𝐼 such that

𝜇′(𝛼𝑋′(𝑦′)) = 𝜇″(𝛼𝑋″(𝑦″)) ≠ 0

and
𝐹(𝜇′)𝑦′ = 𝐹(𝜇″)𝑦″,

and therefore
𝑏′ = 𝑏″.

Theorem 2. For every functor 𝐹 , the functor 𝐷𝐹 has the form Ω𝔐
𝑀 .

We shall exhibit an isomorphism of the functors 𝐷𝐹 and Ω𝔐
𝑀 for the set 𝑀

obtained from the bouquet
⋁

𝛼∈𝐷𝐹(𝐼)
𝐴𝛼

by identifying, for any 𝛼′, 𝛼″ ∈ 𝐷𝐹(𝐼), points 𝑎′ ∈ 𝐴𝛼′ and 𝑎″ ∈ 𝐴𝛼″ if

𝜋−1
𝛼′ (𝑎′) = 𝜋−1

𝛼″(𝑎″),

and for the family 𝔐 of sets 𝑀𝛼, 𝛼 ∈ 𝐷𝐹(𝐼), defined by the formula

𝑀𝛼 = (𝑀 ∖ 𝜘(𝐴𝛼)) ∪ 0,

where 𝜘 is the natural map

⋁
𝛼∈𝐷𝐹(𝐼)

𝐴𝛼 → 𝑀.

For each 𝐵 ∈ 𝐾 construct a map

𝜒𝐵 ∶ 𝐷𝐹(𝐵) → Ω𝔐
𝑀(𝐵)

by assigning to each 𝜑 ∈ 𝐷𝐹(𝐵) the map 𝜔 ∶ 𝑀 → 𝐵 that is zero on the set
𝑀𝛼𝜑 and equal to

𝜃𝜑𝜘−1

on the set
𝑀 ∖ 𝑀𝛼𝜑 ,

where 𝜃𝜑 is the map
𝐴𝛼𝜑 → 𝐵

induced by the map 𝜑𝐼 , so that

𝜑𝐼 = 𝜃𝜑𝜋𝛼𝜑

(the existence of 𝜃𝜑 is ensured by Lemma 4).
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For any 𝐵, the map 𝜒𝐵 is a monomorphism. Indeed, suppose that for distinct
𝜑′, 𝜑″ ∈ 𝐷𝐹(𝐵) we have

𝜒𝐵(𝜑′) = 𝜒𝐵(𝜑″) = 𝜔.
This means that

𝜔(𝑀𝛼𝜑′ ) = 𝜔(𝑀𝛼𝜑″ ) = 0,
i.e., for all 𝑎′ ∈ 𝐴𝛼𝜑′ for which

𝜘(𝑎′) ∉ 𝜘(𝐴𝛼𝜑″ ),
we have

𝜔(𝜘(𝑎′)) = 0.
Hence the map 𝜑′

𝐼 differs from the zero map only at those nonzero points 𝑎 ∈ 𝐴
for which

𝜘(𝜋𝛼𝜑′ (𝑎′)) = 𝜘(𝜋𝛼𝜑″ (𝑎″));
it is easy to conclude that

𝜑′
𝐼 = 𝜑″

𝐼 .
But it is not difficult to verify directly that, for distinct 𝜑′, 𝜑″ ∈ 𝐷𝐹(𝐵), the
maps 𝜑′

𝐼 and 𝜑″
𝐼 are distinct.

On the other hand, let us show that for every 𝐵 the mapping 𝜒𝐵 is also an
epimorphism. For this, for an arbitrary 𝜔 ∈ Ω𝔐

𝑀(𝐵) choose 𝛼 for which 𝜔(𝑀𝛼) =
0, and, by means of the mapping 𝜓 = 𝜔𝜒𝜋𝛼, which obviously satisfies the
condition of the second part of Lemma 4, construct 𝜑 ∶ 𝐹 → Σ𝐵 for which
𝜑𝐼 = 𝜓. We shall verify that 𝜒𝐵(𝜑) = 𝜔. Denoting by 𝐴0 the set of those
points 𝑎 ∈ 𝐴 for which 𝜔(𝜒(𝜋𝛼(𝑎))) = 0, we note that if 𝑎 ∈ 𝐴, 𝑋 ∈ 𝐾,
𝑦 ∈ 𝐹(𝑋), and 𝜇 ∶ 𝑋 → 𝐼 are such that 𝐹(𝜇)𝑦 = 𝑎, then 𝛼𝑋(𝑦) = 𝛼𝑥(𝑦) ≠ 0
when 𝑎 ∉ 𝐴0, and 𝛼𝜑

𝑋(𝑦) = 0 for 𝑎 ∈ 𝐴0. Hence it is easy to conclude that
𝜋−1

𝛼 (0) = 𝐴0 and that on the set 𝐴 ∖ 𝐴0 the equivalences 𝜆𝑎 and 𝜆𝑎𝜑 coincide.
But then 𝑀𝛼𝜑 = 𝑀𝛼 ∖ 𝜒(𝜋𝛼(𝐴0)). Comparing the mappings 𝜔 and 𝜔′ = 𝜒𝐵(𝜑),
we shall have 𝜔′(𝑀𝛼𝜑) = 𝜔(𝑀𝛼𝜑) = 0 and 𝜔′(𝑀 ∖𝑀𝛼𝜑) = 𝜃𝜑(𝜒−1(𝑀 ∖𝑀𝛼𝜑)) =
𝜔(𝑀 ∖ 𝑀𝛼𝜑), i.e. 𝜔′ = 𝜔.

Thus the mappings 𝜒𝐵 ∶ 𝐷𝐹(𝐵) → Ω𝔐
𝑀(𝐵) are isomorphisms. It is easy to

verify the functoriality of these mappings. The theorem is proved.

Theorem 3. For every functor 𝐹 in the category 𝐾, the functor 𝐷𝐹 is reflexive.

From Theorems 1 and 2 it follows immediately that 𝐷𝐷𝐹 is reflexive for an
arbitrary functor 𝐹 . It remains to refer to (3), where D. B. Fuks proved that
from the reflexivity of 𝐷𝐷𝐹 follows the reflexivity of the functor 𝐷𝐹 . (D. B.
Fuks’s proof was given for the category of topological spaces, but in substance
it does not use the specifics of this category.)

I take this opportunity to express my gratitude to A. S. Schwarz for advice and
suggestions.
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