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Abstract
Full Text

MATHEMATICS
Yu. A. Dubinskii

THE FIRST BOUNDARY-VALUE PROB-
LEM FOR DEGENERATE QUASILINEAR
ELLIPTIC SYSTEMS OF DIFFERENTIAL
EQUATIONS

(Presented by Academician S. L. Sobolev, 23 I 1964)

In this paper the solvability of the first boundary-value problem is proved for a
certain class of nonlinear elliptic systems of order 2m admitting degeneracy. The
distinctive feature of the systems considered is that their generalized solutions
may fail to have derivatives of order m that are square-summable; however,
derivatives of certain powers of derivatives of order m — 1 exist and belong to
L,. We also note that, in contrast to “fixed”degeneracy (1’2), no loss of boundary
conditions occurs. The proof is carried out by a method analogous to Galerkin’
s method, which has been developed in detail in a number of works by M. I.
Vishik (*7%). In this connection one simple embedding theorem is used.

§ 1. Some integral inequalities

Let G be a bounded domain of the n-dimensional Euclidean space E,,, satisfying
the cone condition (7); let ' be the boundary of G; C™(G) the space of functions

defined in G and having bounded derivatives up to order m. Notation:

[u]e = /Gu(x) dx; [ulp = /Fu(x’) dy (2’ €Tl).

Lemma 1. Let —0co < oy < +00, a; > 1;  wu(x), |u(z)|* ™ € CY(G). Then
the inequality™ holds

ou
ox

%

[lulor ], < K ( [W%

G

The constant K depends on «y, oy, and the domain G.

Proof. Integrating the obvious equality
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z; Oz,

we obtain

ou

agta agto;—1
s 1]G<K<[|uo - 2

L " [|u|%+allr> .

To prove (1), it remains only to use Young’ s inequality ab < p~lePa? +q te9b?
(a,b>0, pt+q ! =1), with ¢ = o; and a suitable ¢.

i

Lemma 2. Let —co < o < 400, oy =2 0, a9 =2 0, a7 + a9 = 1

u(x), |u(z)|*rterte ¢ CH(G). Then the inequality holds
aqtag
apgto;t+a -
] + [Ju|*ot™ 2]r> (i=1,..
G

| alf
¢ (2)

Proof of Lemma 2 follows from Young’ s inequality with exponent ¢ = (o +
Q) /s and Lemma 1.

ou
ox;

(2

|u|a0+a1

ou
ox;

Lemma 3. Let u(z) € C*(G), ay >0, a; > 1. Then:

g
G

* For oy = 0, «; = 2, inequality (1) is known as Friedrichs’ inequality. In the
case where oy and «; are even and u|p = 0, inequality (1) was obtained earlier

in (*) by M. I. Vishik.
Qg
. ] + [|u|%+a4r) :
G

a) If a; <n, then

N

[|u|<ao+a1)n,ﬂ7@1]? K (zn: l|ua0

i=1

ou
ox;

b) if @; = n, then

[|u|(0‘0+0‘1)1’] Zp <K (Z l|u|a0

where p > 1 is arbitrary *;

¢) if @; > n, then
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C3 1

1/(agtay)
+ [|U|a°+a1]p> :
G

In this case, from the uniform boundedness of the right-hand sides there fol-
lows compactness of the family u(z), respectively, in the spaces L, (¢ < (o +

a)n/(n—ay)), L, and C(G).

L ou
< K Qo |
s <5 (3 e |3

i=1

Proof. Consider the function v(u) = |u|'**0/®1 sgnu. From Lemma 1 we obtain
that [[v],o) is estimated by the right-hand side of inequality a). After this the
oy

inequalities of Lemma 3 follow from the embedding theorems of S. L. Sobolev
(")

Let us now prove compactness, for example, in case a). From the same embed-
ding theorems it follows that there exists a sequence v(u,,) which converges in
L, (r < noy/(n—a;)) to some function v(u). As is known, from a sequence
converging in the mean one can select a subsequence converging almost every-
where. Since v(u) depends monotonically on u, there exists a sequence u,, ()
converging almost everywhere to some function u(x). It is easy to see that
u(x) € L, From the Vallée-Poussin theorem (*) and inequality a) it follows
that [|u,,|?]s are uniformly absolutely continuous; therefore, from convergence
almost everywhere there follows convergence in the L, norm. Lemma 3 in case
a) is completely proved.

Compactness in cases b) and ¢) is proved just as easily.
Remark. If a; >0, 3, > 1,

n

p:n_l_Z(ﬁi_l)/ﬁia

i=1

p>0,ueL,(E,)NCYE,) (¢>0), then the inequality

ou
Ly

0

7

n g P
|u|%2i:1(1+ai/5i>1’] <K ‘ulai

n

is valid.

§ 2. Systems of differential equations.

Consider the system of equations

L(u) = Z (=1l pe’ (Ag/(x,D’Vu)DO‘@ + Z V(x, DVu) DPu+

la’]; |a|<m |Bl=m

sovietrxiv.org/items/ru-196401.50729 Machine Translation


https://sovietrxiv.org/items/ru-196401.50729

+ Y (=DPDWVy(z, DY) =0 (] <m—1); (3)

[d|l<m
Dvul = f,(@), 2’ €l, |w|<m-—1 (4)
Here o = (ay,...,q,) is a multi-index of differentiation; D* = Dfl D2

D, = 0/0z;, |a| = ay + -+ + a,,; D’ = E (the identity operator). The equality
@ =« — 1 will mean that all possible derived expressions of the form

Dt =D DDl = el = 1,

are taken. Similarly for o', §, 7, and §. Further, u(z) = (uq,...,un),
Ag (z,D7u) and Vg(x, DVu) are square matrices of order N; Vy(z,€,) =

(Vi Vi), &, = (&, &), Finally, f(«") = (fL, ..., fI). Thus, (3), (4) is
the first boundary—

* This assertion can be strengthened in terms of Orlicz spaces (see (?)).

boundary-value problem for a system of IV equations with N unknown functions
Uy (), .. s uy ().
Assumptions.

I. Ellipticity condition. For any smooth function u(x) the inequality

L(u,u) = Z [AY (2, DYu)D*u, D u) o + Z [Vis(z, DVu)DPu,ulg

la/|,|al<m |8]=m
+ Z [Vs(z, DVu), D’u) g > a, Z [|[DtulPr | Dul?] — K = E(u) — K,
|6|<m |la|l=m, p=a—1

holds, where ay > 0, p, > 0 are certain numbers.

II. Conditions on the “coefficients.” A% (x, D7u), Vs(...), Vs(...) are contin-
uous functions of D7u, and:

1.
|AY (z, D) < Ky Y la(x, DVu)[ Diufs,

p=a—1

where lg(w,fv) are arbitrary functions continuous in &, satisfying the

inequality
la(@, &) S Ky Y |6 Pon + Ky 0<p,, <1
lv[<m—1
2.
m—1 ] m—1
‘Vﬂ(l‘aD’yu” < a‘,B<x) H |Dwu|lwa iw > 07 Z iw < pB + 17
|w|=0 |w|=0
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and, if |w[ =m — 1, then w = 3 — 1 and 2i, > p;.

m—1 m—1
Vs(z, D) < bs(z) [] [D“ult, i, >0, > i, <ps+2.
|w]=0 |w|=0

The functions aﬁ(a?) and bs(x) are summable to some power depending on Py
and n (we do not write it out). We note that the right-hand sides of inequalities
(2) and (3) may be replaced by a finite number of terms of this type.

ITI. There exists a function f(x) (x € G), bounded together with all derivatives
up to order m, such that D* f|, = f (z').*

Definition. A function u(z) is called a generalized solution of problem (3), (4)
if:

L. D;(|D*u|"*Pu/?sgn DHu) € Ly (i = 1,...,n).
2. D¥(u— f)|p = 0 in the mean (see (7)).

0o _
3. For any function v(z) € C™(G) the equality

L(u,v) = Z [AY (&, DYu) D%u, D* v] o+ Z [V(x, DYu) DPu, v] o+ Z [Vs(2, DVu), Dv] 5 = 0
lo|,]a|<m |8l=m [6]<m

(5)
holds.

Theorem. If conditions I-1II are fulfilled, then problem (3), (4) has at least
one generalized solution.

We outline the proof of the theorem. Let {v,(x)} be a system of smooth vector

0
functions complete in C™(G). We seek an approximate solution of problem (3),
(4) in the form

U (@) = F(@) + 2@, 2m(@) = comtn(@).
k=1

The unknown numbers c,,, are determined from the system of nonlinear alge-
braic equations

[£(f + 2), vl =0 (k=1,...,m). (6)
* We omit the case when f,(z) admits an extension in G, summable to some
power depending on p,,. It is treated analogously.

The solvability of this system follows from the lemma of paper (*). In doing so,
the following energy estimate is used:

[’C(f + Z?n)’ Zm]G = ’C<u’m7 an) > E(U’NL) - K7
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where K depends on f(z). For the proof one must multiply (6) by c,,, sum
over k from 1 to m, integrate by parts, and take into account conditions I-III.
Here Lemmas 2, 3 and the embedding theorems are used essentially. From the
estimate obtained, Lemma 3 and the embedding theorems it follows that there
exists a subsequence u,.(z) and a function u(z) such that

u,(x) = u(x),..., D*u, — DHu

almost everywhere in G, with D*u € L,(q < (p, +2)n/(n —2)). By virtue of
the weak compactness of the sphere in Lo,

D, (| D*u|**Pu/? sgn DFu) € Ly
and
D, (|D*u,|"*Pu/? sgn Du,) — D,(|D*u|*+Px/2 sgn Diu)

weakly in L,. Moreover, D¥(u — f)|p = 0 in the mean. The function u(z)
found is a solution of problem (3), (4), i.e. it satisfies identity (5). To verify
this, it suffices to show that in (6) (after integration by parts) passage to the
limit under the integral sign is possible. This follows from conditions I, IT and
the following lemma.

Lemma 4. Let, as r — 00, u,, — u almost everywhere in G, and
p/2 2 1+p/2
[up[P/= Dy, — 24p D;(|ul sgn )

weakly in Ly. Then, if m(z,u) is a function continuous in u and ||m(z, u, )|, < K
for some g > 2, then

2
m(@, u,)|u, [P/ Dyu, — S m(a,u) Dy (|ul P/ sgnou)
p

weakly in L.
Thus the solvability of problem (3), (4) is proved.
Example (N =1).

n 82 n 8u P 2 n u Bi
Alu) = l.;l Ox,;0x,, ;6“” dx;| 00z, Z; o)l x;
S,
& ou | 0%u
E . Yi -

where §;,; ={0,if l # k, 1 #4; 1, ifl=korl=1i}; 0, + 6, <p+1,7v,+9 <p,
a;(z) € L, , where r; are determined by the relations

2n(p +2)

1 —1 -1 l=1 =92 = - T
7 +p1 +p2 +p3 9 pl 9 p2 (n_2)(2ﬁl_p)a
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np+2)
(n—p—4)a;’

p3 =

b;(z) € L,, , where m, are determined as are r;, with «; replaced by v, + 1 and

7

B; by 0;; h(z) € L,Lf.

With some changes, mainly concerning Lemma 3, the method indicated is ap-
plicable to operators of the type

0 0 n ou
— a; ] - > 0.
L(u) = E o (u 896-) + ;:1 V.(z,u) or + h(x), a; >0

i=1 i

In conclusion I take this opportunity to express my gratitude to Prof. M. I.
Vishik for his attention to my work.

Moscow Power Engineering Institute
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