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ESTIMATES OF THE NUMBER OF STATES
ARISING IN THE DETERMINIZATION OF
A NONDETERMINISTIC AUTONOMOUS
AUTOMATON

(Presented by Academician A. N. Kolmogorov on 14 XI 1963)

Let 2 be a nondeterministic autonomous automaton with states oy, 0,...,0
i.e., a multivalued mapping of the set S of states into itself*:

n?

o, = S;; S; S (1=1,2,...,n). (1)

2 (3

We fix one of the states, for example o;, as the initial state.

The mapping (1) is directly extended to the system ¥ of all subsets of the set
S:

M-M=1|]5 (Mex). (2)
o, €M

Restricting the mapping (2) to the smallest subsystem ¥, C ¥ invariant with
respect to it and containing the “initial” set {o;}, we obtain a certain already
deterministic autonomous automaton 2(;. The passage from 2 to 2, is naturally
called the determinization of the (initial) automaton 2.

The determinization procedure is used, for example, in (}) in constructing an
automaton representing a given regular event™*. In this and in certain other
related problems there arises the question of estimating the number of states
of the automaton 2,. We shall denote this number by d(2(). We shall obtain
for d(2() an estimate substantially better than the trivial estimate d(2() < 2™.
Moreover, we shall show how d(2) can be estimated while taking into account
the structure of the automaton .

Consider the Boolean algebra of square matrices of order n with entries 0, 1, and
associate with the automaton 2 the matrix*** A = (a;,);',_,, putting a;, =1
if 0; € S, and a;;, = 0 otherwise. Next consider the sequence of powers
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Am = (i, (m=0,1,2,..). (3)

It is easy to see that the states of the automaton 2, are all possible sets of the
form

Ul {o;}  (m=0,1,2,...).
i=1

Here we put eM = M for e =1 and eM = () for ¢ = 0 for all M € X. It is now
clear that

d(2) <U(A), (4)
where [(A) = t(A) +p(A), p(A) is the length of the least period of the sequence
(3), and t(A) is the length of its preperiod.

* That is, a finite graph.

** Our case of an autonomous automaton corresponds to the representation of
events over a one-letter alphabet.

*** The adjacency matrix in the terminology of graph theory.

To estimate the value [(A) we use the theory of matrices with nonnegative en-
tries (279), a number of whose concepts and theorems carry over directly to the
Boolean matrices under consideration, and consequently also to nondeterminis-
tic autonomous automata.

From one estimate of H. Wielandt (3)*, with the aid of (4), it follows directly
that

Theorem 1. If A is a primitive automaton, then

d(A) <n2—2n+3. (5)

This interpretation of Wielandt’ s estimate is essentially known (78).
Relying on Wielandt’ s estimate, one can also prove the following assertion.

Theorem 2. If A is an imprimitive automaton with index of imprimitivity h,
then

d(?) < —(n? — 2nh + 4h?). (6)

Comparison of the estimates (5), (6) leads to the following conclusion.

Corollary. For any irreducible automaton A with n > 5, estimate (5) holds.
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Estimate (5) is sharp in the class of irreducible (even primitive) automata (?).

In the case of a reducible automaton 2, the estimate for d(2() becomes much
worse in comparison with estimate (5).

Lemma. If the matriz A has the form

U 0
= )
where U,V are square blocks, then

t(A) <tU) +UV) +m(pU),p(V))

and p(A) = m(p(U),p(V)), where m( , ) denotes the least common multiple.
On the basis of this lemma one establishes

Theorem 3. For any automaton A,

T T 1
d(A) < mhy, g, oo hy) + > mlhy ho, o )+ ™ (v = 2upk + 4h3),
k=2 k=1
(7)
where vy, vy, ..., v, are the numbers of states of the irreducible components of the
automaton A, and hy, hg, ..., h, are their indices of imprimitivity.

Of the numerous consequences of Theorem 3 we note the three most interesting.

Corollary 1. If all irreducible components of the automaton A are primitive,
then for n > 4 estimate (5) holds.

Corollary 2. For any automaton 2,

() <T<§)T+(n—r)2+5r, (®)

where r is the number of irreducible components of the automaton 2.

Corollary 3. For any automaton 2 with n > 6, the estimate holds

d(A) < M(n) +n2 —2n +6, (9)

* Which is a refinement of an earlier estimate of H. Frobenius (?). Wielandt states his estimate without proof

where M (n) is an arithmetic function defined as the maximum of the expression
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m(Ny, Ny, ..., N) + > m(Ny, Ny, ..., Ny)
k=2

over all systems (Ny, Ny, ..., N,

5) (s =2,3,...) of natural numbers satisfying the
condition

> N, <n. (10)
k=1

An estimate close to (9) was found earlier (but not published) by V. G. Bodnar-
chuk and A. A. Letichevskii, on the basis of other considerations.

Tt is not difficult to prove that, although the function M (n) grows faster than any
power n?, it nevertheless grows more slowly than any exponential e (¢ > 0).
These facts were refined by I. V. Ostrovskii, who proved that

In M(n) ~ vVnlnn (n — o0). (11)

Thus, M(n) is the principal term of estimate (9).

Estimate (9) is “almost” exact. Namely, for every n there exists an automaton
2A©) with n states such that d(A?)) > M, (n), where M,(n) is an arithmetic
function such that In M, (n) ~ vVnlnn.

Let us single out some classes of decomposable, generally speaking, automata
for which estimate (9) can be substantially improved.

Suppose the number r of components of the automaton 2 is not too large,
namely, satisfies the inequality

r<qq/ % (¢ = const, g < 2). (12)

Then, by virtue of (8) and (11),

d(2A) < o(M(n)). (13)

The same result is obtained if r is not too small, namely,

r>n—gqvnlon (¢ = const, g < 1). (14)

Strengthening requirement (14) to

r>n—alon (o = const), (15)
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we obtain the power estimate

d(A) < O(n?), (16)

where f = max(a + 1,2). Estimate (16) is also valid for » < 8. In particular, if
r>n—Innorr <2, then

d(A) < O(n?). (17)

In conclusion, let us note that, from a methodological point of view, the present

work is related to the investigations (9, 19).

Kharkov State University
named after A. M. Gorky

Received
14 XTI 1963

REFERENCES
1. V. M. Glushkov, UMN, 16, No. 5, 3 (1961).

2. G. Frobenius, Sitz.-Ber. Preuss. Akad. Wiss., 456 (1912).

3. H. Wielandt, Math. Zs., 52, 642 (1950).

4. J. Holladay, R. Varga, Proc. Am. Math. Soc., 9, No. 4, 631 (1958).

5. V. Pték, Czechoslovak Mathematical Journal, 8 (83), No. 4, 487 (1958).
6. F. R. Gantmakher, The Theory of Matrices, Moscow, 1953.

7. J. Sedlacek, Casop. péstov. mat., 84, No. 3, 303 (1959).

8. R. Perkins, Pacif. J. Math., 11, No. 4, 1529 (1961).

9. V. I. Romanovskii, Discrete Markov Chains, Moscow—Leningrad, 1949.

10. G. N. Povarov, UMN, 11, No. 5, 195 (1956).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196401.50128 Machine Translation


https://sovietrxiv.org/items/ru-196401.50128

	Abstract
	Full Text
	MATHEMATICS
	Yu. I. LYUBICH

	ESTIMATES OF THE NUMBER OF STATES ARISING IN THE DETERMINIZATION OF A NONDETERMINISTIC AUTONOMOUS AUTOMATON
	REFERENCES


