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MATHEMATICS
L. N. SLOBODETSKII

ON THE CONTINUOUS DEPENDENCE ON A
PARAMETER OF THE FUNDAMENTAL SO-
LUTION OF A PARABOLIC SYSTEM
(Presented by Academician V. I. Smirnov on 17 I 1964)

1. Let 𝐸𝑛 denote the 𝑛-dimensional Euclidean space of points 𝑥 = (𝑥1, … , 𝑥𝑛).
Consider, in the (𝑛+1)-dimensional space (−∞, +∞)×𝐸𝑛 (−∞ < 𝑡 < +∞, 𝑥 ∈
𝐸𝑛), the system of differential equations written in matrix form

𝜕𝑢
𝜕𝑡 −

2𝑝
∑
𝑟=1

𝑛
∑

𝑖1,…,𝑖𝑟=1
𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥, 𝜎) 𝜕𝑟𝑢

𝜕𝑥𝑖1
⋯ 𝜕𝑥𝑖𝑟

− 𝐴(𝑡, 𝑥, 𝜎)𝑢 = 0, (𝐵(𝜎))

where 𝜎 is a parameter varying in some neighborhood of the point 𝜎 = 0. We
shall assume that the system

𝜕𝑢
𝜕𝑡 −

2𝑝
∑
𝑟=1

𝑛
∑

𝑖1,…,𝑖𝑟=1
𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥) 𝜕𝑟𝑢

𝜕𝑥𝑖1
⋯ 𝜕𝑥𝑖𝑟

− 𝐴(𝑡, 𝑥)𝑢 = 0, (𝐵(0))

obtained from 𝐵(𝜎) for 𝜎 = 0, is parabolic in the sense of I. G. Petrovskii (1).
This means that, for any real 𝛼1, … , 𝛼𝑛, the roots of its characteristic equation
(𝐸 is the identity matrix)

det⎡⎢
⎣

(−1)𝑝
𝑛

∑
𝑖1,…,𝑖2𝑝=1

𝐴(𝑖1,…,𝑖2𝑝)(𝑡, 𝑥)𝛼𝑖1
⋯ 𝛼𝑖2𝑝

− 𝜆𝐸⎤⎥
⎦

= 0

satisfy the inequality
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Re𝜆 < −𝛿 (√𝛼2
1 + ⋯ + 𝛼2𝑛)

𝑝
(𝛿 > 0).

In the present paper we investigate the behavior of the fundamental matrix
solution 𝑈(𝑡, 𝑥; 𝜏, 𝑦; 𝜎) of the system 𝐵(𝜎) under small changes of the parameter
𝜎.
Let the following conditions be satisfied:

1. Every coefficient 𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥) of the system 𝐵(0) is continuous and sat-
isfies the inequalities

∣𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥)∣ ≤ 𝑀, (1)

∣𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥) − 𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑦)∣ ≤ 𝑀|𝑥 − 𝑦|𝛾 (𝑀 > 0, 0 < 𝛾 ≤ 1).

2. The leading coefficients of the system are uniformly continuous in the
variable 𝑡.

The second condition may be replaced by the requirement of strong ellipticity
of the differential expression

𝑛
∑

𝑖1,…,𝑖2𝑝=1
𝐴(𝑖1,…,𝑖2𝑝)(𝑡, 𝑥) 𝜕2𝑝

𝜕𝑥𝑖1
⋯ 𝜕𝑥𝑖2𝑝

.

It is known (2,3) that under the indicated conditions the system 𝐵(0) has a
fundamental solution 𝑈(𝑡, 𝑥; 𝜏, 𝑦), satisfying for 𝑡 > 𝜏
inequality

∣𝐷𝑙
𝑥𝑈(𝑡, 𝑥; 𝜏, 𝑦)∣ ≤ 𝐶

(𝑡 − 𝜏)(𝑛+𝑙)/2𝑝 exp{𝑎(𝑡 − 𝜏) − 𝜂 [ |𝑥 − 𝑦|
2𝑝√𝑡 − 𝜏 ]

2𝑝/(2𝑝−1)
} (0 ≤ 𝑙 ≤ 2𝑝),

(2)

where 𝐶, 𝑎, and 𝜂 are positive constants depending only on 𝑀 , 𝛾, and the
constant of parabolicity 𝛿*.
II. We now formulate two propositions on the continuous dependence, with

respect to a parameter, of the fundamental solution of the system 𝐵(𝜎).
Theorem 1. Suppose that the following conditions are satisfied: a) for all values
of 𝜎 from some neighborhood of the point 𝜎 = 0, the coefficients of the system
𝐵(𝜎) satisfy conditions 1 and 2 of item I with constants 𝑀 and 𝛾 independent
of 𝜎; b) uniformly with respect to 𝑡 and 𝑥,
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lim
𝜎→0

𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥, 𝜎) = 𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥). (3)

Then for every 𝜀 > 0 there exists a neighborhood of the point 𝜎 = 0 in which,
for 𝑡 > 𝜏 , the inequalities hold:

∣𝐷𝑙
𝑥𝑈(𝑡, 𝑥; 𝜏, 𝑦; 𝜎) − 𝐷𝑙

𝑥𝑈(𝑡, 𝑥; 𝜏, 𝑦)∣ ≤

≤ 𝐶𝜀
(𝑡 − 𝜏)(𝑛+𝑙)/2𝑝 exp{𝑎(𝑡 − 𝜏) − 𝜂 [ |𝑥 − 𝑦|

2𝑝√𝑡 − 𝜏 ]
2𝑝/(2𝑝−1)

} (0 ≤ 𝑙 ≤ 2𝑝 − 1).

(4)

Theorem 2. Suppose that the following requirements are satisfied: a) for any
fixed value of 𝜎 from some neighborhood of 𝜎 = 0, the coefficients of the system
𝐵(𝜎) are continuous in (𝑛+1)-dimensional space, and its senior coefficients are
uniformly continuous in 𝑡; b) uniformly with respect to 𝑡 and 𝑥, the equalities
(3) and

lim
𝜎→0

∣𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥, 𝜎) − 𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑦, 𝜎) − 𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥) + 𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑦)∣
|𝑥 − 𝑦|𝛾 = 0.

Then for every 𝜀 > 0 there exists a neighborhood of the point 𝜎 = 0 in which
inequality (4) is also valid for 𝑙 = 2𝑝.

III. We give some applications of Theorem 1.

Theorem 3. For any 𝑠 from the segment [𝜏 , 𝑡], the equality holds

𝑈(𝑡, 𝑥; 𝜏, 𝑦) = ∫
𝐸𝑛

𝑈(𝑡, 𝑥; 𝑠, 𝑧) 𝑈(𝑠, 𝑧; 𝜏 , 𝑦) 𝑑𝑧.

Theorem 4. The following equalities hold:

lim
𝜏→𝑡−0

1
𝑡 − 𝜏 [∫

𝐸𝑛

𝑈(𝑡, 𝑥; 𝜏, 𝑦) 𝑑𝑦 − 𝐸] = 𝐴(𝑡, 𝑥),

lim
𝜏→𝑡−0

1
𝑡 − 𝜏 ∫

𝐸𝑛

𝑟
∏
𝑘=1

(𝑦𝑖𝑘
− 𝑥𝑖𝑘

) 𝑈(𝑡, 𝑥; 𝜏, 𝑦) 𝑑𝑦 =

= {𝑟! 𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥), for 1 ≤ 𝑟 ≤ 2𝑝,
0, for 𝑟 > 2𝑝.
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* In (2) the parabolic system is considered only for 𝑡 and 𝜏 varying in some
finite segment [0, 𝑇 ]. Therefore, in the estimate obtained there, 𝑎 = 0, and 𝐶
also depends on 𝑇 . In (3) the estimate (2) is given under the assumption that
the coefficients of the system depend only on 𝑥.
Theorem 5. In order that, for all 𝑡 > 𝜏 , the equality

∫
𝐸𝑛

𝑈(𝑥, 𝑥; 𝜏, 𝑦) 𝑑𝑦 = 𝐸

hold, it is necessary and sufficient that 𝐴(𝑡, 𝑥) = 0.
These three theorems were proved in paper 4 (see also 5) under strong restric-
tions, by means of Green’s formula, estimates, and the properties of the funda-
mental matrix following from its definition. They can now be proved under the
weak restrictions of § 1 by means of the following device.

For a given parabolic system 𝐵(0) one constructs a system 𝐵(𝜎), whose coeffi-
cients for 𝜎 ≠ 0 are defined by the equalities

𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥, 𝜎) = ∫
𝐸𝑛

𝐾(|𝜎|, 𝑥 − 𝑦)𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑦) 𝑑𝑦,

where

𝐾(𝑡, 𝑥) = 1
(
√

2𝜋𝑡)𝑛 𝑒−|𝑥|2/4𝑡

is the fundamental solution of the heat equation.

It is easy to see that the matrices 𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥, 𝜎) satisfy the conditions of
Theorem 1. Moreover, for any 𝜎 ≠ 0 they have bounded derivatives with respect
to 𝑥 of arbitrary order.

Applying now, as in 4, Green’s formula to the fundamental solution of the
system 𝐵(𝜎) (it will be parabolic for every 𝜎) and then letting 𝜎 tend to zero,
we obtain the relations from which the propositions formulated above follow.

In conclusion, we note that if the conditions of the first two theorems are satisfied
for the derivatives of the coefficients with respect to 𝑥 up to order 𝑚 > 0, then
the order of the derivatives for which inequality (4) is valid is correspondingly
increased.

Leningrad Institute of Water Transport
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