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Abstract
Full Text
MATHEMATICS

A. G. VITUSHKIN

SOME PROPERTIES OF LINEAR SUPERPO-
SITIONS OF SMOOTH FUNCTIONS
(Presented by Academician A. N. Kolmogorov on 28 III 1964)

§ 1. The “dimension”of a space of functions of 𝑛 real variables. Let
𝐺𝑛 be a domain of 𝑛-dimensional Euclidean space; 𝐶(𝐺𝑛) the space of all con-
tinuous real functions in 𝐺𝑛. Functions 𝑓1(𝑥), 𝑓2(𝑥) ∈ 𝐶(𝐺𝑛) will be called
(𝜀, 𝛿)-distinguishable if there exists an 𝑛-dimensional ball 𝑆𝛿 ⊂ 𝐺𝑛 of radius 𝛿
such that

min
𝑥∈𝑆𝛿

|𝑓1(𝑥) − 𝑓2(𝑥)| ≥ 𝜀.

Denote by 𝑁𝜀,𝛿(𝐸) the number of elements of a maximal subset of 𝐸 ⊂ 𝐶(𝐺𝑛),
any two elements of which are (𝜀, 𝛿)-distinguishable.

Theorem 1. Let a set 𝐹 ⊂ 𝐶(𝐺𝑛), everywhere dense in the uniform metric,
together with each element 𝑓 , contain the element 𝜆𝑓 ; 𝜌(𝑓) is a nonnegative
functional, defined on 𝐹 , such that for every 𝑓 ∈ 𝐹 𝜌(𝜆𝑓) → 0 as 𝜆 → 0; 𝐹𝜀,𝑟 is
the intersection of two sets

{𝑓 ∶ max
𝑥∈𝐺

|𝑓(𝑥)| ≤ 𝜀; 𝑓(𝑥) ∈ 𝐶(𝐺𝑛)} and {𝑓 ∶ 𝜌(𝑓) ≤ 𝑟; 𝑓 ∈ 𝐹}.

Then, for every 𝑟 > 0,

lim
𝛿→0

lim
𝜀→0

[− log log 𝑁𝜀,𝛿(𝐹𝜀,𝑟)
log 𝛿 ] = 𝑛.

From Theorem 1 we obtain that, for example, the space of analytic functions
of 𝑛 real variables and the space of all continuous functions of 𝑛 real variables
have the same dimension, equal to 𝑛. Relying on this property of the space of
functions of 𝑛 variables, we shall prove, for example, the existence of analytic
functions of 𝑛 variables not representable by superpositions of the form

𝜈
∑
𝑘=1

𝑝𝑘𝑓𝑘(𝑞1
𝑘, 𝑞2

𝑘, … , 𝑞 𝑛−1
𝑘 ),

where {𝑓𝑘} are arbitrary continuous functions of 𝑛 − 1 variables, and {𝑞𝑖
𝑘 =

𝑞𝑖
𝑘(𝑥1, 𝑥2, … , 𝑥𝑛)} are arbitrary previously fixed continuously differentiable func-

tions of 𝑛 variables; 𝑝𝑘 are fixed continuous functions of 𝑛 variables. For sim-
plicity of exposition we shall restrict ourselves to the consideration of functions
of only one and two variables.
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§ 2. Level lines of smooth functions.
Notation. 𝑧 is an arbitrary point of the two-dimensional plane with coordinates
𝑥, 𝑦; grad[𝑓(𝑧)] is the gradient of the function 𝑓(𝑧); 𝑒(𝑓, 𝑡) is the level set 𝑡 of
the function 𝑓 = 𝑓(𝑧); ⃗𝜏 (𝑒, 𝑧) is the unit tangent vector to the line 𝑒 at the point
𝑧 ∈ 𝑒; 𝛾( ⃗𝜏1, ⃗𝜏2) is the absolute value of the acute angle between the vectors ⃗𝜏1, ⃗𝜏2;
𝑑1(𝑒) is the one-dimensional diameter of the set 𝑒; ℎ1(𝑒) is the length of the set
𝑒; ℎ2(𝑒) is the area of the set 𝑒; 𝑆(𝛿, 𝑧) is the circle of radius 𝛿 with center at
the point 𝑧; 𝑐𝑘 (𝑘 = 1, 2, …) are constants.

Let 𝑝 = 𝑝(𝑧) and 𝑞 = 𝑞(𝑧) be functions defined in a simply connected closed
domain 𝐺 and possessing the following properties: a) 𝑝(𝑧) is continuous in 𝐺
and has modulus of continuity 𝜔(𝛿), and |𝑝(𝑧)| ≤ 𝑀 < ∞; b) 𝜕𝑞/𝜕𝑥 and 𝜕𝑞/𝜕𝑦
have in the domain 𝐺 the same modulus of continuity 𝜔(𝛿), and 0 < 𝑚′ ≤

⩽ | grad[𝑞(𝑧)]| ⩽ 𝑀 ′ < ∞.
The constants {𝑐𝑘} will henceforth be assumed to depend only on
𝑀, 𝑚′, 𝑀 ′, 𝑑1(𝐺), 𝜔(𝑑1(𝐺)).
Lemma 1. Let 𝑧1 ∈ 𝑒1 = 𝑒(𝑞1, 𝑡1) and 𝑧2 ∈ 𝑒2 = 𝑒(𝑞1, 𝑡2). Then

𝛾( ⃗𝜏(𝑒1, 𝑧1), ⃗𝜏(𝑒2, 𝑧2)) ⩽ 𝑐1𝜔(𝛿), where 𝛿 = 𝑑1(𝑧1 ∪ 𝑧2).

Lemma 2. If 𝛽(𝑒) ⩽ 𝜋/4 is the magnitude of the angle swept out by the tangent
vector to the connected line 𝑒, then

ℎ1(𝑒) ⩽ 𝑑1(𝑒)(1 + 𝑐2𝛽(𝑒)).

Lemma 3. Let 𝑞1 = 𝑞1(𝑧) and 𝑞2 = 𝑞2(𝑧) be functions defined in the domain
𝐺, possessing property b), and such that for every 𝑧 ∈ 𝐺

𝛾{ ⃗𝜏 [𝑒(𝑞2, 𝑞2(𝑧)), 𝑧], ⃗𝜏 [𝑒(𝑞1, 𝑞1(𝑧)), 𝑧]} ⩾ 𝛾0 > 0 (𝛾0 = const).

Let 𝑒′
𝑞2

and 𝑒″
𝑞2

be two level lines of the function 𝑞2, and 𝑒′
𝑞1

and 𝑒″
𝑞1

level lines of
the function 𝑞1; let [𝑎′, 𝑎″] be a segment of the line 𝑒′

𝑞1
with endpoints 𝑎′ ∈ 𝑒′

𝑞2
and 𝑎″ ∈ 𝑒″

𝑞2
; let [𝑏′, 𝑏″] be a segment of the line 𝑒″

𝑞1
with endpoints 𝑏′ ∈ 𝑒′

𝑞2
and

𝑏″ ∈ 𝑒″
𝑞2

.

Then
ℎ1([𝑏′, 𝑏″]) ⩽ ℎ1([𝑎′, 𝑎″])(1 + 𝑐3𝜔(𝛿)/𝛾0),

where
𝛿 = 𝑑1([𝑎′, 𝑎″] ∪ [𝑏′, 𝑏″]).

Proof. Since
𝑞2(𝑎″) − 𝑞2(𝑎′) = 𝑞2(𝑏″) − 𝑞2(𝑏′),
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we have
∫

[𝑎′,𝑎″]

𝜕𝑞2
𝜕𝑠 𝑑𝑠 = ∫

[𝑏′,𝑏″]

𝜕𝑞2
𝜕𝑠 𝑑𝑠.

Consequently,
𝜕𝑞2(𝑎∗)

𝜕𝑠 ℎ1([𝑎′, 𝑎″]) = 𝜕𝑞2(𝑏∗)
𝜕𝑠 ℎ1([𝑏′

1, 𝑏″
2 ]),

where 𝜕𝑞2(𝑎∗)
𝜕𝑠 and 𝜕𝑞2(𝑏∗)

𝜕𝑠 are the derivatives at the points 𝑎∗ ∈ [𝑎′, 𝑎″] and
𝑏∗ ∈ [𝑏′, 𝑏″] along the lines [𝑎′, 𝑎″] and [𝑏′, 𝑏″], respectively. Denote by 𝑞∗

2 the
derivative of 𝑞2 at the point 𝑏∗ along the direction ⃗𝜏 (𝑒′

𝑞1
, 𝑎∗), and put

𝛼 = 𝛾{ ⃗𝜏 [𝑒″
𝑞1

, 𝑏∗], ⃗𝜏 [𝑒′
𝑞1

, 𝑎∗]}.

By Lemma 1,
𝛼 ⩽ 𝑐1𝜔(𝛿),

where
𝛿 = 𝑑1([𝑎′, 𝑎″] ∪ [𝑏′, 𝑏″]),

and therefore

𝜕𝑞2(𝑎∗)
𝜕𝑠 = 𝑞∗

2 + 𝑂(1)𝜔(𝛿) = 𝜕𝑞2(𝑏∗)
𝜕𝑠 + 𝑂(1) {∣𝑞∗

2 − 𝜕𝑞2(𝑏∗)
𝜕𝑠 ∣ + 𝜔(𝛿)} =

= 𝜕𝑞2(𝑏∗)
𝜕𝑠 + 𝑂(1){𝛼 + 𝜔(𝛿)} = 𝜕𝑞2(𝑏∗)

𝜕𝑠 + 𝑂(1)𝜔(𝛿).

Consequently,

ℎ1([𝑏′, 𝑏″]) = ℎ1([𝑎′, 𝑎″])𝜕𝑞2(𝑎∗)
𝜕𝑠 (𝜕𝑞2(𝑏∗)

𝜕𝑠 )
−1

= ℎ1([𝑎′, 𝑎″])×

× (1 + 𝑂(1)𝜔(𝛿) (𝜕𝑞2(𝑏∗)
𝜕𝑠 )

−1
) = ℎ1([𝑎′, 𝑎″]) (1 + 𝑂(1)𝜔(𝛿)

𝛾0
) ,

since
∣𝜕𝑞2(𝑏∗)

𝜕𝑠 ∣ ⩾ | grad[𝑞2(𝑏∗)]| sin 𝛾0.

The lemma is proved.

Lemma 4. Let 𝑆(𝛿, 𝑧) ⊂ 𝐺; let 𝜇𝑞(𝑡) be the function equal to

[𝛿2 − (𝑡 − 𝑞(𝑧))2| grad[𝑞(𝑧)]|−2]1/2

on the interval

𝑞(𝑧) − 𝛿| grad[𝑞(𝑧)]| ⩽ 𝑡 ⩽ 𝑞(𝑧) + 𝛿| grad[𝑞(𝑧)]|
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and equal to zero outside this interval. Then

∫
∞

−∞
∣𝜇𝑞(𝑡) − ℎ1(𝑒(𝑞, 𝑡) ∩ 𝑆(𝛿, 𝑧))∣ 𝑑𝑡 ⩽ 𝑐4𝜔(𝛿)𝛿2.

Proof. Let [𝑎, 𝑏] ⊂ 𝑒(𝑞, 𝑡) ∩ 𝑆(𝛿, 𝑧) be a segment of a level line with endpoints
𝑎 and 𝑏 lying on the boundary of 𝑆(𝛿, 𝑧); let

𝛼1 = 𝛾((𝑧𝑎, grad[𝑞(𝑧)])), 𝛼2 = 𝛾((𝑧𝑏, grad[𝑞(𝑧)])).

We have

|𝑡 − 𝑞(𝑧)| = |𝑞(𝑎) − 𝑞(𝑧)| = ∣∫
[𝑧,𝑎]

𝜕𝑞
𝜕𝑠 𝑑𝑠∣ =

= 𝛿 cos 𝛼1 | grad[𝑞(𝑧)]| (1 + 𝑂(1)𝜔(𝛿)).
Consequently,

𝛿 sin 𝛼1 = [𝛿2 − (𝑡 − 𝑞(𝑧) + 𝑂(1)𝛿𝜔(𝛿))2| grad[𝑞(𝑧)]|−2]1/2.

Similarly,

𝛿 sin 𝛼2 = [𝛿2 − (𝑡 − 𝑞(𝑧) + 𝑂(1)𝛿𝜔(𝛿))2| grad[𝑞(𝑧)]|−2]1/2.

If 𝛼1 ≥ 𝑐5𝜔(𝛿) (𝑐5 is a sufficiently large constant), then [𝑎, 𝑏] = 𝑒(𝑞, 𝑡) ∩ 𝑆(𝛿, 𝑧).
By Lemmas 1 and 2,

ℎ1[𝑎, 𝑏] = 𝛿(sin 𝛼1 + sin 𝛼2)(1 + 𝑂(1)𝜔(𝛿)) =

= 2{𝛿2 − (𝑡 − 𝑞(𝑧) + 𝑂(1)𝛿𝜔(𝛿))2| grad[𝑞(𝑧)]|−2}1/2 + 𝑂(1)𝛿𝜔(𝛿),

and since for every 𝑡

ℎ1(𝑒(𝑞, 𝑡) ∩ 𝑆(𝛿, 𝑧)) ≤ 𝑐6𝛿[1 + 𝜔(𝛿)],

we have

∫
∞

−∞
∣ℎ1(𝑒(𝑞, 𝑡) ∩ 𝑆(𝛿, 𝑧)) − 𝜇𝑞(𝑡)∣ 𝑑𝑡 =

= ∫
𝑞(𝑧)+𝜃

𝑞(𝑧)−𝜃
∣ℎ1(𝑒(𝑞, 𝑡) ∩ 𝑆(𝛿, 𝑧)) − 𝜇𝑞(𝑡)∣ 𝑑𝑡 + 𝑂(1)𝛿2𝜔(𝛿),

where 𝜃 = 𝛿 cos[𝑐5𝜔(𝛿)]| grad[𝑞(𝑧)]|. Further,
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∫
𝑞(𝑧)+𝜃

𝑞(𝑧)−𝜃
∣ℎ1(𝑒(𝑞, 𝑡) ∩ 𝑆(𝛿, 𝑧)) − 𝜇𝑞(𝑡)∣ 𝑑𝑡 = 𝑂(1)𝛿2𝜔(𝛿) ∫

1

−1

𝑑𝑡√
1 − 𝑡2 ,

since

ℎ1(𝑒(𝑞, 𝑡)∩𝑆(𝛿, 𝑧)) = ℎ1([𝑎, 𝑏]) = 2{𝛿2−(𝑡−𝑞(𝑧)+𝑂(1)𝛿𝜔(𝛿))2| grad[𝑞(𝑧)]|−2}1/2+𝑂(1)𝛿𝜔(𝛿).

The lemma is proved.

Lemma 5. Let 𝑝(𝑧), 𝑞(𝑧) satisfy conditions a), b); 𝑆(𝛿, 𝑧) ⊂ 𝐺; and let 𝑓(𝑡)
be an arbitrary continuous function uniformly bounded in absolute value by a
constant 𝑚. Then

∬
𝑆(𝛿,𝑧)

𝑝(𝑢, 𝑣)𝑓(𝑞(𝑢, 𝑣)) 𝑑𝑢 𝑑𝑣 = 𝑝(𝑧)| grad[𝑞(𝑧)]|−1 ∫
∞

−∞
𝑓(𝑡)𝜇𝑞(𝑡) 𝑑𝑡+𝜆(𝑧)𝑚𝛿2𝜔(𝛿),

where |𝜆(𝑧)| ≤ 𝑐7.

Proof.

∬
𝑆(𝛿,𝑧)

𝑝(𝑢, 𝑣)𝑓(𝑞(𝑢, 𝑣)) 𝑑𝑢 𝑑𝑣 = 𝑝(𝑧) ∬
𝑆(𝛿,𝑧)

𝑓(𝑞(𝑢, 𝑣)) 𝑑𝑢 𝑑𝑣+

+𝑂(1)𝑚𝛿2𝜔(𝛿) = 𝑝(𝑧) ∫
∞

−∞
{𝑓(𝑡) ∫

𝑒(𝑞,𝑡)∩𝑆(𝛿,𝑧)
| grad[𝑞(𝑢, 𝑣)]|−1√(𝑑𝑢)2 + (𝑑𝑣)2} 𝑑𝑡+

+𝑂(1)𝑚𝛿2𝜔(𝛿) = 𝑝(𝑧)| grad[𝑞(𝑧)]|−1×

× ∫
∞

−∞
{𝑓(𝑡) ∫

𝑒(𝑞,𝑡)∩𝑆(𝛿,𝑧)
√(𝑑𝑢)2 + (𝑑𝑣)2} 𝑑𝑡 + 𝑂(1)𝑚𝛿2𝜔(𝛿) =

= 𝑝(𝑧)| grad[𝑞(𝑧)]|−1 ∫
∞

−∞
𝑓(𝑡)ℎ1(𝑒(𝑞, 𝑡) ∩ 𝑆(𝛿, 𝑧)) 𝑑𝑡 + 𝑂(1)𝑚𝛿2𝜔(𝛿) =

= 𝑝(𝑧)| grad[𝑞(𝑧)]|−1 ∫
∞

−∞
𝑓(𝑡)𝜇𝑞(𝑡) 𝑑𝑡 + 𝑂(1)𝑚𝛿2𝜔(𝛿)

(see Lemma 4). The lemma is proved.
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Lemma 6. Let a number 𝛼 > 0 and functions 𝑝(𝑧), 𝑞(𝑧), 𝑓(𝑡), satisfying the
conditions of Lemma 5, be given. Then, if for every integer

𝑘 {min
𝑧∈𝐺

𝑞(𝑧) ≤ 𝑡𝑘 = 𝑘𝛿 𝛼
𝑚 ≤ max

𝑧∈𝐺
𝑞(𝑧)}

and every integer

𝑙 {min
𝑧∈𝐺

| grad[𝑞(𝑧)]| ≤ 𝑡′
𝑙 = 𝑙 𝛼

𝑚 ≤ max
𝑧∈𝐺

| grad[𝑞(𝑧)]|}

the inequality

∣∫
𝑡𝑘+𝑡′

𝑙𝛿

𝑡𝑘−𝑡′
𝑙𝛿

𝑓(𝑡)√𝛿2 − (𝑡 − 𝑡𝑘
𝑡′
𝑙

)
2

𝑑𝑡∣ ≤ 𝛼𝛿2,

then for every disk 𝑆(𝛿, 𝑧) ∈ 𝐺

∣∬
𝑆(𝛿,𝑧)

𝑝(𝑢, 𝑣)𝑓(𝑞(𝑢, 𝑣)) 𝑑𝑢 𝑑𝑣∣ ≤ 𝑐8(𝑎𝛿2 + 𝑚𝛿2𝜔(𝛿)).

The proof is easily obtained from Lemma 5. Denote by 𝐹 = 𝐹(𝑚, 𝑝1, 𝑝2, … , 𝑝𝑛, 𝑞1, 𝑞2, … , 𝑞𝑛)
the set of functions of the form 𝑓(𝑧) = ∑𝑛

𝑖=1 𝑝𝑖(𝑧)𝑓𝑖(𝑞𝑖(𝑧)), where {𝑝𝑖}, {𝑞𝑖}
are fixed functions satisfying conditions a), b) (the constants 𝑀, 𝑚′, 𝑀 ′ do
not depend on 𝑖), and the 𝑓𝑖(𝑡) are arbitrary measurable functions uniformly
bounded in modulus by the constant 𝑚.

Put

𝑅(𝑓(𝑧), 𝛿) = max
𝑆(𝛿,𝑧)∈𝐺

∣ 1
𝜋𝛿2 ∬

𝑆(𝛿,𝑧)
𝑓(𝑢, 𝑣) 𝑑𝑢 𝑑𝑣∣ .

Denote by ℋ𝛿
𝜀(𝐹) the 𝜀-entropy of the space 𝐹 , taking as the distance between

functions 𝑓1(𝑧), 𝑓2(𝑧) ∈ 𝐹 the number 𝑅(𝑓1(𝑧) − 𝑓2(𝑧), 𝛿).
Theorem 2. There exist constants 𝐴 and 𝐵 such that, if 𝜀 ≥ 𝐴𝑚𝜔(𝛿), then

ℋ𝛿
𝜀(𝐹) ≤ 𝐵

𝛿 (𝑚
𝜀 )

2
,

where 𝐴 and 𝐵 do not depend on 𝑚, 𝜀, 𝛿.

Proof. Without loss of generality, we may assume that the functions {𝑓𝑖(𝑡)}
are continuous and are equal to zero outside the intervals {[𝑎𝑖, 𝑏𝑖]}, where 𝑎𝑖 =
min𝑧∈𝐺 𝑞𝑖(𝑧), 𝑏𝑖 = max𝑧∈𝐺 𝑞𝑖(𝑧). In order to compute

sovietrxiv.org/items/ru-196401.49341 Machine Translation

https://sovietrxiv.org/items/ru-196401.49341


𝑓𝛿(𝑧) = 1
𝜋𝛿2 ∬

𝑆(𝛿,𝑧)∈𝐺
𝑓(𝑢, 𝑣) 𝑑𝑢 𝑑𝑣

to accuracy 𝜀, it is sufficient to specify the values

𝑣𝑖(𝑡𝑘, 𝑡′
𝑙) = 1

𝜋𝛿2 ∫
𝑡𝑘+𝑡′

𝑙𝛿

𝑡𝑘−𝑡′
𝑙𝛿

𝑓𝑖(𝑡)√𝛿2 − (𝑡 − 𝑡𝑘
𝑡′
𝑙

)
2

𝑑𝑡

to accuracy 𝛼 = 𝜋𝜀/2𝑛𝑐8, and to assume 𝛿 so small that 𝜀 ≥ 2𝑛𝑐8𝑚𝜔(𝛿)/𝜋 =
𝐴𝑚𝜔(𝛿) (see Lemma 6). To record the numbers 𝑣𝑖(𝑡𝑘, 𝑡′

𝑙) (𝑖, 𝑙 fixed) to accuracy
𝛼, it is sufficient to have 𝑁𝑖,𝑙 = 𝑐9[log 𝑚/𝛼+(𝑏𝑖 −𝑎𝑖)𝑚/𝛿𝛼] binary digits. Here it
should be taken into account that 𝑣𝑖(𝑡𝑘, 𝑡′

𝑙) and 𝑣𝑖(𝑡𝑘+1, 𝑡′
𝑙) are sufficiently close;

therefore, for storing 𝑣𝑖(𝑡𝑘+1, 𝑡′
𝑙) − 𝑣𝑖(𝑡𝑘, 𝑡′

𝑙) it is sufficient to have a number of
digits not depending on 𝑚/𝛼. Consequently, the total number of digits sufficient
for recording the function 𝑓𝛿(𝑧) is

𝑁 = ∑
𝑖,𝑙

𝑁𝑖,𝑙 ≤ 𝐵(𝑛)𝑐10 (log 𝑚
𝛼 + 𝑚

𝛿𝛼) 𝑚
𝛼 (𝑀 ′ − 𝑚′) ≤ 𝐵

𝛿 (𝑚
𝜀 )

2
.

Consequently,

ℋ𝛿
𝜀(𝐹) ≤ 𝐵

𝛿 (𝑚
𝜀 )

2
.

The theorem is proved.

Corollary. If the functions 𝑝1, 𝑝2, … , 𝑝𝑛 continuous in the whole plane, the
functions 𝑞1, 𝑞2, … , 𝑞𝑛 continuously differentiable, and a number 𝑀 > 0 are
fixed, then for every closed region 𝐺 the set of superpositions of the form

𝑛
∑
𝑘=1

𝑝𝑘𝑓𝑘(𝑞𝑘),

where {𝑓𝑘} are arbitrary continuous functions uniformly bounded by the constant
𝑀 , is nowhere dense in the space of all functions continuous on 𝐺.

Received
28 III 1964

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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