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MATHEMATICS
G. M. MIRAKYAN

APPROXIMATION OF CONTINUOUS FUNC-
TIONS BY S. N. BERNSTEIN POLYNOMIALS
(Presented by Academician S. N. Bernstein on 27 I 1964)

For estimating the approximation of an arbitrary function 𝑓(𝑥), continuous on
the segment 0 ⩽ 𝑥 ⩽ 1, by means of the S. N. Bernstein polynomials

𝐵𝑛(𝑥) =
𝑛

∑
𝑘=0

𝑓 ( 𝑘
𝑛) 𝑏𝑘(𝑥) (𝑏𝑘(𝑥) = 𝐶𝑘

𝑛𝑥𝑘(1 − 𝑥)𝑛−𝑘) (1)

the estimate, valid on this segment for any natural 𝑛, is

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ⩽ 5
4 𝜔 ( 1√𝑛) , (2)

where here and below 𝜔(𝛿) denotes the modulus of continuity of 𝑓(𝑥). Inequality
(2) was established by Popoviciu (1). Under the same assumptions, Li Wen-ching
obtained the more precise estimate (2)

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ⩽ 19
16 𝜔 ( 1√𝑛) . (3)

Below an upper estimate is obtained for the best asymptotic (as 𝑛 → ∞) value
𝑆𝑛 for

max
[0,1]

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ∼ 𝑆𝑛.

Keeping in mind the identity

𝑛
∑
𝑘=0

𝑏𝑘(𝑥) ≡ 1, (4)
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we successively find

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ⩽
𝑛

∑
𝑘=0

∣𝑓(𝑥) − 𝑓 ( 𝑘
𝑛)∣ 𝑏𝑘(𝑘) ⩽

𝑛
∑
𝑘=0

𝜔 (∣𝑥 − 𝑘
𝑛∣) 𝑏𝑘(𝑥). (5)

Denote by 𝑣 the integer part of the number |𝑥 − 𝑘/𝑛|
𝛿 , where 𝛿 denotes an

arbitrary positive number,

𝑣 = E (|𝑥 − 𝑘/𝑛|
𝛿 ) . (6)

It follows that

𝑣 ⩽ |𝑥 − 𝑘/𝑛|
𝛿 < 𝑣 + 1. (7)

From (7) we find
|𝑥 − 𝑘/𝑛| < (𝑣 + 1)𝛿,

and, by the property of 𝜔(𝛿), we have

𝜔(|𝑥 − 𝑘/𝑛|) ⩽ 𝜔[(𝑣 + 1)𝛿] ⩽ (𝑣 + 1)𝜔(𝛿).

With the aid of (5) and the last inequality we find

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ⩽ 𝜔(𝛿)
𝑛

∑
𝑘=0

[1 − 𝑣 (𝑥, 𝑘
𝑛)] 𝑏𝑘(𝑥).

The last inequality, using (4), can be put in the form

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ⩽ 𝜔(𝛿) [1 +
𝑛

∑
𝑘=0

𝑣 (𝑥, 𝑘
𝑦 ) 𝑏𝑘(𝑥)] . (8)

Next we estimate 𝑛
∑
𝑘=0

𝑣 (𝑥, 𝑘
𝑛) 𝑏𝑘(𝑥). (9)

From the left-hand side of the double inequality (7) we obtain

𝑣 (𝑥, 𝑘
𝑛) ⩽ |𝑥 − 𝑘/𝑛|𝛼

𝛿𝛼 , (10)

where 𝛼 ⩾ 1. From (9) and (10) we have
𝑛

∑
𝑘=0

𝑣 (𝑥, 𝑘
𝑛) 𝑏𝑘(𝑥) < 1

𝛿𝛼

𝑛
∑
𝑘=0

∣𝑥 − 𝑘
𝑛∣

𝛼
𝑏𝑘(𝑥). (11)

sovietrxiv.org/items/ru-196401.49141 Machine Translation

https://sovietrxiv.org/items/ru-196401.49141


Let us find the asymptotic value of the right-hand side of (11) as 𝑛 → ∞. For
this purpose it is convenient to represent the sum on the right-hand side of
(11) in the form of an integral over a simple piecewise-smooth closed contour 𝐶,
which in the complex 𝑧-plane encloses the segment [0, 1] of the real axis 𝑂𝑥:

𝑛
∑
𝑘=0

∣𝑥 − 𝑘
𝑛∣

𝛼
𝑏𝑘(𝑥) = 𝑛!

2𝜋𝑖 ∫
𝐶

|𝑧 − 𝑥|𝛼 (𝑥 − 1)𝑛(1−𝑧)𝑥𝑛𝑧

𝑧(𝑛𝑧 − 1)(𝑛𝑧 − 2) … (𝑛𝑧 − 𝑛) 𝑑𝑧.

As a result of applying Stirling’s formula we obtain

𝑛
∑
𝑘=0

∣𝑥 − 𝑘
𝑛∣

𝛼
𝑏𝑘(𝑥) = √ 𝑛

2𝜋 ∫
𝐶

(1+𝜌′
𝑛)|𝑧−𝑥|𝛼 1

√𝑧(𝑧 − 1)
[(𝑥 − 1

𝑧 − 1 )
1−𝑧

(𝑥
𝑧 )

𝑧
]

𝑛

𝑑𝑧,

(12)
where here 𝑛𝜌′

𝑛 remains bounded as 𝑛 → ∞, and, moreover, we assume 0 < 𝑥 <
1 (3).

Applying to the right-hand side of (12) Perron’s method (4) for finding the
asymptotic value of integrals, we obtain, as 𝑛 → ∞ and 0 < 𝑥 < 1,

𝑛
∑
𝑘=0

∣𝑥 − 𝑘
𝑛∣

𝛼
𝑏𝑘(𝑥) ∼ 1√𝜋 [2𝑥(1 − 𝑥)]𝛼/2Γ (𝛼 + 1

2 ) 1
𝑛𝛼/2 .

Hence we conclude that, in the interval 0 < 𝑥 < 1,

max
(0,1)

𝑛
∑
𝑘=0

∣𝑥 − 𝑘
𝑛∣

𝛼
𝑏𝑘(𝑥) ∼ 1√𝜋

Γ((𝛼 + 1)/2)
2𝛼/2

1
𝑛𝛼/2 . (13)

Thus, from (8), (11), and (13) we obtain on the segment 0 ⩽ 𝑥 ⩽ 1

max
[0,1]

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ∼ 𝑆𝑛 ⩽ [1 + 1√𝜋
Γ((𝛼 + 1)/2)

2𝛼/2
1

(𝛿√𝑛)𝛼 ] 𝜔(𝛿),

since 𝑓(0) − 𝐵𝑛(0) = 0 and 𝑓(1) − 𝐵𝑛(1) = 0.

Putting here 𝛿 = 1/√𝑛, we obtain

max
[0,1]

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ∼ 𝑆𝑛 ⩽ [1 + 1√𝜋
Γ((𝛼 + 1)/2)

2𝛼/2 ] 𝜔 ( 1√𝑛) . (14)

Put in (14) 𝛼 = 2; then

max
[0,1]

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ∼ 5
4 𝜔 ( 1√𝑛) = 1.25 𝜔 ( 1√𝑛) ;

this is a result due to Popoviciu. If, however, we put 𝛼 = 4, then we obtain
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max
[0,1]

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ∼ 19
16 𝜔 ( 1√𝑛) = 1.1875 𝜔 ( 1√𝑛) ;

this is the estimate obtained by Li Wen-ching.

Having in the right-hand side of (14) a general expression for arbitrary 𝛼 ⩾ 1,
it is not difficult to obtain for the constant

1 + 1√𝜋
Γ((𝛼 + 1)/2)

2𝛼/2 (15)

the best value. For this it is necessary to find such a number 𝛼 = 𝜉 for which
expression (15) is the least. This number 𝜉 is the unique positive root of the
equation

Γ′((𝜉 + 1)/2)
Γ((𝜉 + 1)/2) − ln 2 = 0. (16)

Solving this equation, we find

𝜉 = 2.958 … .

Consequently, we have the upper estimate of the best asymptotic (as 𝑛 → ∞)
value 𝑆𝑛

max
[0,1]

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ∼ 𝑆𝑛 ⩽ [1 + 1√𝜋
Γ((𝜉 + 1)/2)

2𝜉/2 + 𝑜(1)] 𝜔 ( 1√𝑛) =

= [1.1761 … + 𝑜(1)] 𝜔 ( 1√𝑛) . (17)

One may suppose that

𝑆𝑛 ≈ [1 + 1√𝜋
Γ((𝜉 + 1)/2)

2𝜉/2 ] 𝜔 ( 1√𝑛)

and, moreover,

|𝑓(𝑥) − 𝐵𝑛(𝑥)| ⩽ [1 + 1√𝜋
Γ((𝜉 + 1)/2)

2𝜉/2 ] 𝜔 ( 1√𝑛)

is fulfilled for 0 ⩽ 𝑥 ⩽ 1 for all natural 𝑛.
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