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Abstract
Full Text

M. B. KAPILEVICH
ON A METHOD OF BASIS EXPANSIONS
(Presented by Academician I. N. Vekua on 3 February 1964)

Let us consider, in a bounded domain Ω (𝑃 ∈ 𝐺, 0 ≤ 𝑡 ≤ 𝑡0),
[𝑃 = 𝑃(𝑥1, … , 𝑥𝑚)], of the (𝑚 + 1)-dimensional space (𝑥1, … , 𝑥𝑚, 𝑡), the
equation

Λ𝑃 [𝑢] = 𝑢𝑡𝑡 + 𝑎
𝑡 𝑢𝑡 + 𝑐(𝑡)𝑢 (𝑎 = 2𝛽 = const), (1)

where Λ𝑃 [𝑢] is a linear differential operator with respect to the function 𝑢(𝑃 , 𝑡),
independent of 𝑡. In applications (1−3), (1) also occurs in the form Λ𝑃 [𝑣] =
𝑣𝑡𝑡 + 𝐵(𝑡)𝑣𝑡, where 𝑣𝑇 = 𝑡𝛽𝑢, 𝑇 𝐵(𝑡) = 2𝑇 ′, 𝑐(𝑡) = 𝛽(𝛽 − 1)𝑡−2 − 𝑇 ″/𝑇 , and
𝑇 (𝑡), 𝐵(𝑡), and 𝑐(𝑡) are defined by series in integral or fractional powers of 𝑡.
We shall call the integrals of the equation

Λ𝑃 [𝑧] = 𝑧𝑡𝑡 + 𝑎
𝑡 𝑧𝑡, (2)

for which the relation

𝑡𝑧𝑡(𝑃 , 𝑡, 𝑎) = (𝑎 − 1)[𝑧(𝑃 , 𝑡, 𝑎 − 2) − 𝑧(𝑃 , 𝑡, 𝑎)] (3)

holds, basis functions 𝑧(𝑃 , 𝑡, 𝑎).
We shall seek 𝑢(𝑃 , 𝑡) in the form of a series in the basis functions 𝑔𝑛(𝑃 , 𝑡) ≡
𝑧(𝑃 , 𝑡, 𝑎 + 2𝑛):

𝑢(𝑃 , 𝑡) =
∞

∑
𝑛=0

𝐴𝑛(𝑡)𝑔𝑛(𝑃 , 𝑡). (4)

Then, with the aid of the equality 𝑡(𝑔𝑛)𝑡 = (𝑎 + 2𝑛 − 1)(𝑔𝑛−1 − 𝑔𝑛), we obtain

𝐴′
0(𝑡) = 0; 2(𝑎 + 2𝑛 + 1) (𝐴′

𝑛+1 − 𝑛 + 1
𝑡 𝐴𝑛+1) =

= 2(𝑎 + 2𝑛 − 1) (𝐴′
𝑛 − 𝑛

𝑡 𝐴𝑛) − 𝑡𝐴″
𝑛 − 𝑎𝐴′

𝑛 − 𝑡𝑐(𝑡)𝐴𝑛 (𝑛 = 0, 1, 2, …). (5)
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Integrating (5) with respect to 𝑡, we arrive at the recurrence sequence

𝐴0(𝑡) = 1; 2(𝑎 + 2𝑛 + 1)𝐴𝑛+1 = (𝑎 + 3𝑛 − 2)𝐴𝑛 − 𝑡𝐴′
𝑛+

+(𝑛 − 1)(2 − 𝑎 − 𝑛)𝑡𝑛+1 ∫ 𝑡−𝑛−2𝐴𝑛(𝑡) 𝑑𝑡 − 𝑡𝑛+1 ∫ 𝑡−𝑛𝑐(𝑡)𝐴𝑛(𝑡) 𝑑𝑡. (6)

The values 𝐴𝑛(𝑡) determined by these equalities do not depend on the number
of dimensions 𝑚 or on the form of the operator Λ𝑃 [𝑢]. Moreover, if 𝑐(𝑡) = 0,
then, putting 𝑛 = 1, 2, 3, … in (6), we successively find 𝐴1 = 0, 𝐴2 = 0, …, so
that the series (4), for 𝑐(𝑡) = 0, indeed terminates at its first term 𝑧(𝑃 , 𝑡, 𝑎).
Formulas (6) make it possible once and for all to tabulate the values 𝐴1, 𝐴2, …
for those 𝑐(𝑡) which occur in applications. Thus, for example, in the well-known
Chaplygin equation (3), where 𝑎 = 1/3,

𝑐(𝑡) =
∞

∑
𝑛=−1

𝑐𝑛𝑡2𝑛/3, 𝜂 = − (3/2 𝑡)2/3 ,

restricting ourselves to the principal term 𝑐(𝑡) ≅ 𝑐−1𝑡−2/3, we find
𝐴1 = − 1

2 𝑐−1(3/2)2/3𝜂2, 𝐴2 = 1
20 𝑐 2

−1(3/2)4/3𝜂4, 𝐴3 = 1
4 𝐴2 − 3

640 𝑐 3
−1𝜂6. In

another important case, when 𝑐(𝑡) = 𝑏2 = const, we obtain

𝑛!(𝛽 + 1/2)𝑛𝐴𝑛(𝑡) = (−1)𝑛(𝑏𝑡/2)2𝑛 (𝑛 = 0, 1, 2, …). (7)

We give several examples illustrating the application of the series (4) to the
solution of singular problems for equations of hyperbolic and parabolic types.

1. Suppose that the operator Λ𝑃 [𝑢] admits (for 𝑎 ≥ 0) existence and unique-
ness of the solution of the singular Cauchy problem:

𝑢(𝑃 , 0) = 𝑓(𝑃), 𝑢𝑡(𝑃 , 0) = 0, 𝑓(𝑃 ) ∈ 𝐶2(𝐺). (8)

Choose as a basis {𝑧(𝑃 , 𝑡, 𝑎)} the solution of the same problem (8) for equation
(2), and assume that in a neighborhood of the line 𝑡 = 0, 𝑐(𝑡) = 𝑂(𝑡𝜇) (𝜇 > −1).
Then, for 𝑎 > 𝑎1 ≥ 0, 𝜇0Γ(𝛽−𝛽1)Γ(𝛽1+1/2) = 2Γ(𝛽+1/2), and any 𝑚 = 1, 2, …,
the series (4) generates the connection formula:

𝑢(𝑃 , 𝑡, 𝑎) = 𝜇0 ∫
1

0
𝑧(𝑃 , 𝜉𝑡, 𝑎1)𝜉𝑎1(1 − 𝜉2)𝛽−𝛽1−1𝑅0(𝜉, 𝑡) 𝑑𝜉, (9a)

𝑅0(𝜉, 𝑡) =
∞

∑
𝑛=0

[(𝛽 + 1/2)𝑛/(𝛽 − 𝛽1)𝑛]𝐴𝑛(𝑡)(1 − 𝜉2)𝑛. (9b)
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Conversely, the transformation

𝑢(𝑃 , 𝑡, 𝑎) = 𝑧(𝑃 , 𝑡, 𝑎) + ∫
1

0
𝑧(𝑃 , 𝜉𝑡, 𝑎)𝜉𝑎𝑅1(𝜉, 𝑡) 𝑑𝜉 (10a)

leaves the parameter 𝑎 unchanged, where

𝑅1(𝜉, 𝑡) =
∞

∑
𝑛=1

2[(𝛽 + 1/2)𝑛/(𝑛 − 1)!]𝐴𝑛(𝑡)(1 − 𝜉2)𝑛−1. (10b)

Since, by virtue of (6), for 𝜇 > −1 the 𝐴𝑛(𝑡) have the initial data

𝐴𝑛+1(0) = 0, 𝐴′
𝑛(0) = 0 (𝑛 = 0, 1, 2, …), (11)

we have 𝑅0(𝜉, 0) = 1, 𝑅0𝑡(𝜉, 0) = 𝑅1(𝜉, 0) = 𝑅1𝑡(𝜉, 0) = 0, which ensures
fulfillment of the conditions (8) for the functions (9a) and (10a). In particular,
when 𝑐(𝑡) = 𝑏2, we arrive at the connections found in (4, 5); here (7), (9b), and
(10b) give 𝑅0 = ̄𝐽𝛽−𝛽1−1(𝜁), 𝑅1√1 − 𝜉2 = −𝑏𝑡𝐽1(𝜁), 𝜁 = 𝑏𝑡√1 − 𝜉2.

Let 𝑓(𝑃 ) ∈ 𝐶2(𝐺), and let Λ𝑃 be the Laplace operator Λ𝑃 [𝑢] = Δ𝑃 [𝑢] =
∑𝑚

𝑖=1 𝑢𝑥𝑖𝑥𝑖
. Then, for 𝑎1 = 𝑚 − 1, 𝑎 > 𝑚 − 1 > 0, (9a) is transformed into the

solution of the problem (1), (8):

𝑢(𝑃 , 𝑡) = 𝜇1 ∫
1

0
𝑀(𝑃, 𝜉𝑡; 𝑓) 𝜉𝑚−1(1 − 𝜉2)(𝑎−𝑚−1)/2𝑅2(𝜉, 𝑡) 𝑑𝜉. (12a)

Here 𝑀(𝑃 , 𝑡; 𝑓) = 𝑧(𝑃 , 𝑡, 𝑚 − 1) is the mean value of the function 𝑓(𝑃 ) over
the sphere of radius 𝑡 with center at the point 𝑃 , 𝜇1Γ(𝑚/2)Γ(𝛽 + 1/2 − 𝑚/2) =
2Γ(𝛽 + 1/2), and

𝑅2(𝜉, 𝑡) =
∞

∑
𝑛=0

[(𝛽 + 1/2)𝑛/(𝛽 + 1/2 − 𝑚/2)𝑛]𝐴𝑛(𝑡)(1 − 𝜉2)𝑛. (12b)

An analogous representation also holds in the plane case (𝑚 = 1, Λ𝑃 [𝑢] = 𝑢𝑥𝑥),
where, putting 𝛾1Γ2(𝛽) = Γ(𝑎), 𝛽 > 0, we find

𝑢(𝑥, 𝑡) = 𝛾1 ∫
1

0
𝑓[𝑥 + 𝑡(2𝜉 − 1)][𝜉(1 − 𝜉)]𝛽−1𝑅3(𝜉, 𝑡) 𝑑𝜉, (13a)

𝑅3(𝜉, 𝑡) =
∞

∑
𝑛=0

[(𝛽 + 1/2)𝑛/(𝛽)𝑛]𝐴𝑛(𝑡)[4𝜉(1 − 𝜉)]𝑛. (13b)
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For 𝑐(𝑡) = 𝑏2, the series (12b), (13b) have infinitely large domains of convergence
and, by virtue of (7), reduce to the holomorphic functions 𝑅2 = ̄𝐽𝑎−𝑚−1(𝜁),

𝑅3 = ̄𝐽𝛽−1 [2𝑏𝑡√𝜉(1 − 𝜉)] ,

indicated in (5,6 ). In the general case, when 𝑐(𝑡) = 𝑂(𝑡𝜇) (𝜇 > −1, 𝑡 → 0),
(12b) and (13b) converge to functions continuous and bounded at all points
(𝜉, 𝑡) ∈ 𝐷 (0 ≤ 𝜉 ≤ 1, 0 ≤ 𝑡 ≤ 𝑡0).

2. Let now 𝑚 = 1, Λ𝑃 [𝑢] = 𝑢𝑥𝑥, 0 ≤ 𝑡 ≤ 𝑥. We use as a basis {𝑧(𝑥, 𝑡, 𝑎)}
the solutions of the singular Tricomi problem:

𝑧(𝑥, 0) = 𝑓(𝑥) ∈ 𝐶2(0 ≤ 𝑥 ≤ 𝑥0), 𝑧(𝑥, 𝑥) = 0, 𝑓(0) = 0, (14)

which are also connected by the recurrence relation (3). Then, starting from (4)
and putting 𝑎 > 0, 𝜇2 = 22−𝑎𝛾1 cos 𝛽𝜋, we arrive at the solution of problem (1),
(14):

𝑢(𝑥, 𝑡) = 𝜇2𝑡1−𝑎 ∫
𝑥−𝑡

0
𝑓(𝜉) [(𝑥 − 𝜉)2 − 𝑡2]𝛽−1 𝑅4(𝜉, 𝑥, 𝑡) 𝑑𝜉, (15a)

𝑅4(𝜉, 𝑥, 𝑡) =
∞

∑
𝑛=0

(−1)𝑛 [(𝛽 + 1
2 )𝑛/(𝛽)𝑛] 𝑡−2𝑛𝐴𝑛(𝑡) [(𝑥 − 𝜉)2 − 𝑡2]𝑛 , (15b)

where now, if 𝑐(𝑡) = 𝑏2, then (7), (15b) give

𝑅4 = ̄𝐼𝛽−1 [𝑏√(𝑥 − 𝜉)2 − 𝑡2] (6).

3. Finally, let us turn to the parabolic case 𝑚 = 1, Λ𝑃 [𝑢] = 𝑢𝑥, and consider
in the domain 𝑥 ≥ 0, 𝑡 ≥ 0 the mixed singular problem

𝑢(0, 𝑡) = 0 (𝑡 ≥ 0), 𝑢(𝑥, 0) = 𝑓(𝑥) (𝑥 ≥ 0), 𝑓(0) = 0. (16)

Its solution for arbitrary noninteger 𝑎 is the integral

𝑢(𝑥, 𝑡) = 1
Γ( 1

2 − 𝛽) ( 𝑡
2)

1−𝑎
∫

𝑥

0
𝑓(𝜉)(𝑥 − 𝜉)𝛽−3/2𝑒−𝑡2/4(𝑥−𝜉)𝑄1(𝜉, 𝑥, 𝑡) 𝑑𝜉,

𝑄1(𝜉, 𝑥, 𝑡) =
∞

∑
𝑛=0

(−1)𝑛(𝛽 + 1
2 )𝑛𝐴𝑛(𝑡) [4(𝑥 − 𝜉)/𝑡2]𝑛 . (17)
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This time, for 𝑎 > 𝑎1 ≥ 0, 𝜇3Γ( 1
2 − 𝛽)Γ(𝛽 − 𝛽1) = 2Γ( 1

2 − 𝛽1), the relations

𝑢(𝑥, 𝑡, 𝑎) = 𝜇3 ∫
∞

1
𝑧(𝑥, 𝜉𝑡, 𝑎1)𝜉𝑎1(𝜉2 − 1)𝛽−𝛽1−1𝑄2(𝜉, 𝑡) 𝑑𝜉, (18a)

𝑄2(𝜉, 𝑡) =
∞

∑
𝑛=0

(−1)𝑛 [(𝛽 + 1
2 )𝑛/(𝛽 − 𝛽1)𝑛] 𝐴𝑛(𝑡)(𝜉2 − 1)𝑛. (18b)

If, however, the parameter 𝑎 remains unchanged, then

𝑢(𝑥, 𝑡, 𝑎) = 𝑧(𝑥, 𝑡, 𝑎) + ∫
∞

1
𝑧(𝑥, 𝜉𝑡, 𝑎)𝜉𝑎𝑄3(𝜉, 𝑡) 𝑑𝜉, (19a)

𝑄3(𝜉, 𝑡) =
∞

∑
𝑛=0

2(−1)𝑛+1 [(𝛽 + 1
2 )𝑛+1/𝑛!] 𝐴𝑛+1(𝑡)(𝜉2 − 1)𝑛. (19b)

In particular, when 𝑐(𝑡) = −𝑏2, from (7), (17), and (18b) we find 𝑄1 = exp[𝑏2(𝜉−
𝑥)], 𝑄2 = ̄𝐽𝛽−𝛽1−1 (𝑏𝑡√𝜉2 − 1).

Having determined from the Volterra-type integral equations (9), (10), (18)
and (19) 𝑧(𝑃 , 𝑡, 𝑎1), we arrive at inverse relations which, in the particular case
𝑎1 = 𝑚 − 1, Λ𝑃 = Δ𝑃 , give the inversion of formula (12a) with respect to the
means 𝑀(𝑃, 𝑡; 𝑓). If 𝑧(𝑃 , 𝑡, 𝑎) is the solution of the Cauchy problem (2), (8) for
𝑎 > 𝑚 − 1, Λ𝑃 = Δ𝑃 , and 𝑓(𝑃 ) ∈ 𝐶2(𝐺) is a subharmonic func-

positive in the domain 𝐺 (Δ𝑃 𝑓 ⩾ 0 or 𝑓″(𝑥) ⩾ 0, when 𝑚 ⩾ 2 or 𝑚 = 1), then,
as shown in (7), 𝑧𝑡(𝑃 , 𝑡) ⩾ 0 everywhere in Ω, and 𝑧(𝑃 , 𝑡, 𝑎) tends uniformly
to 𝑓(𝑃 ) as 𝑎 → ∞. Thus, in the series (4) lim𝑛→∞ 𝑔𝑛 = 𝑓(𝑃), and, moreover,
from (3) and the condition 𝑧𝑡 ⩾ 0 it follows that 𝑔𝑛 ⩾ 𝑔𝑛+1 (𝑛 = 0, 1, 2, …), so
that (4) is an expansion in terms of a nonincreasing sequence of basis functions
𝑔𝑛(𝑃 , 𝑡), bounded below.

We arrive at the same conclusions also in the mixed problems (14), (16), but
here, for their validity, it is sufficient to require that 𝑓 ′(𝑥) ⩾ 0 (𝑥 ⩾ 0). With the
aid of the expressions found, one can (more simply than in (3, 8–10)) compute
corrections to the known Poisson—Appell solutions, and also estimate the error
in the approximate replacement of 𝑢(𝑃 , 𝑡) by 𝑧(𝑃 , 𝑡).
Of special interest in problems of transonic gas dynamics are the automodel
solutions of the two-dimensional Euler—Poisson equation. They arise if one sets
in (13) 𝑅3 = 1, 𝑓(𝑥) = 𝑥𝜈, which gives

𝑔(𝜈)
𝑛 (𝑥, 𝑡) = 𝑥𝜈

2𝐹1(−𝜈/2, 1/2 − 𝜈/2, 𝛽 + 𝑛 + 1/2; 𝑡2/𝑥2).

Such integrals 𝑔(𝜈)
0 (𝑥, 𝑡) were used earlier for 𝜈 = 𝑛, 𝜈 = 1/3, 𝜈 = −5/3, and

other values of 𝜈 (1, 3, 11). Passing from 𝑐(𝑡) = 0 to the Chaplygin equation, one
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can, by formulas (13), compute correction terms 𝐴𝑛𝑔(𝜈)
𝑛 for all these functions

𝑔(𝜈)
0 (𝑥, 𝑡). In an analogous way, in the parabolic case

𝑧𝑥 = 𝑧𝑡𝑡 + 𝑎
𝑡 𝑧𝑡

with the aid of (17), corrections are determined for the automodel solutions
considered earlier in (2, 9) for 𝑎 = 1/3 and 𝑎 = 0. Along with (1) and (2),
the method of basis expansions (4) is also applicable to more general pairs of
equations of the same or of two different types with singular coefficients. Thus,
for example, instead of (2) the equation

Δ𝑃 [𝑧] = 𝑧𝑡𝑡 + 𝑎
𝑡 𝑧𝑡 + 𝑏2𝑧,

which also has solutions with the recurrent dependence (3), may serve as the
basis.

Moscow Evening
Metallurgical Institute
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