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ON THE LAYERED NATURE OF A DIFFU-
SION FLUX NEAR THE CRITICAL POINT OF
A BINARY SOLUTION
(Presented by Academician M. A. Leontovich on May 6, 1964)

In papers (1,2) it was found that, near the critical point of demixing of a binary
liquid solution, diffusion proceeds not only extremely slowly, as had been noted
earlier, but also possesses qualitatively new properties in comparison with or-
dinary diffusion. The most interesting finding was the discovery of a layered
structure of the diffusion flux: the relative concentration of the components of
the solution changes along the direction of the flux in an oscillatory manner. In
the present paper a theory of this phenomenon will be given.

Let there be a binary solution at constant temperature and pressure, but whose
relative concentration of components can undergo local fluctuations: 𝑐(r) =
𝑐0 + 𝛿𝑐(r). From the theory of light scattering by solutions it is known (3)
that, near the critical point of demixing, concentration fluctuations are strongly
developed and strongly correlated in space. In the generally accepted theory of
light scattering, this corresponds to the following expression for the deviation
of the entropy density from its equilibrium value, equal to (3,4)

𝛿𝑠(r) = −1
2{𝑎(𝛿𝑐)2 + 𝑏(∇⃗𝛿𝑐)2}, (1)

where 𝑎, 𝑏 are positive constants. The quantity 𝑎 is proportional to the derivative
of the appropriately chosen chemical potential with respect to the concentration
𝑐: 𝑎 ∼ (𝜕𝜇/𝜕𝑐)𝑝,𝑇 , and at the critical point itself it vanishes. Differentiating (1)
with respect to time and using the continuity equation for the concentration:

̇𝛿𝑐 + div j = 0, (2)

where j is the vector of diffusion-flux density, we obtain, by the usual method
(5), the expression for the density of entropy production in the form
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𝜎 = −j∇⃗(𝑎𝛿𝑐 − 𝑏Δ𝛿𝑐), (3)

where Δ is the Laplace operator. Consequently, the vector factor multiplying j
is the thermodynamic force conjugate to the flux j, and we may write the linear
law (see (5))

j = −𝐿∇⃗(𝑎𝛿𝑐 − 𝑏Δ𝛿𝑐), (4)

where 𝐿 is a constant coefficient. Denoting 𝐿𝑎 = 𝐷, 𝐿𝑏 = 𝐻, from (2) and (3)
we obtain the generalized Fick laws in the form

j = −𝐷∇⃗𝛿𝑐 + 𝐻∇⃗Δ𝛿𝑐, (5)

̇𝛿𝑐 = 𝐷Δ𝛿𝑐 − 𝐻ΔΔ𝛿𝑐. (6)

At the critical point itself 𝐷 = 0. Therefore, sufficiently close to the critical
point, the differential diffusion equation is written as

in the form

𝜕𝑛
𝑑𝑡 + 𝐻ΔΔ𝑛 = 0, (7)

where, for brevity, 𝛿𝑐 ≡ 𝑛. It is assumed here not only that proximity to the
critical point is ensured at 𝑛 = 0, but also that 𝑛 itself is sufficiently small.
Otherwise, in equation (7) terms nonlinear in 𝑛, as well as terms with still
higher spatial derivatives, would have to be taken into account.

Let us now find the solution of equation (7), idealized to correspond to the
conditions of the experiments described in (1,2). Suppose there is an unbounded
tube located along the 𝑂𝑥 axis, and suppose that at the initial instant 𝑡 = 0
to the right and to the left of the cross section 𝑥 = 0 there were constant, but
mutually unequal, distributions of concentration close to the critical value:

𝑛 = 𝑛′
0 > 0 for 𝑥 < 0 and 𝑡 = 0,

𝑛 = 𝑛″
0 < 0 for 𝑥 > 0 and 𝑡 = 0. (8)

This leads to the following problem for equation (7):

𝜕𝑛
𝜕𝑡 + 𝐻 𝜕4𝑛

𝜕𝑥4 = 𝛿(𝑡){𝜃(−𝑥)𝑛′
0 − 𝜃(𝑥)|𝑛″

0 |}, (9)
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where 𝛿(𝑡) is the Dirac 𝛿-function and 𝜃(𝑥) is the unit step. Equation (9) is
solved by a double Fourier transform, in 𝑡 and 𝑥. It is not difficult to verify that
the solution is

𝑛(𝑥, 𝑡) = 𝛿𝑐(𝑥, 𝑡) = 𝜃(𝑡){ 1
2 (𝑛′

0 − |𝑛″
0 |) − (𝑛′

0 + |𝑛″
0 |)𝐹 (𝑢)}, (10)

𝐹(𝑢) = 1
𝜋 ∫

∞

0
𝑒− 1

4 𝑠4 sin(𝑢𝑠) 𝑑𝑠
𝑠 , 𝑢 = 𝑥

4√4𝐻𝑡
. (11)

The function 𝐹(𝑢) is odd and, for small values of 𝑢, has the rapidly convergent
expansion

𝐹(𝑢) = 1
2𝜋

√
2

∞
∑
𝑛=0

(−1)𝑛2𝑛

(2𝑛 + 1)! Γ(𝑛
2 + 1

4) 𝑢2𝑛+1 (12)

and for 𝑢 = ±∞ is equal, respectively, to ± 1
2 . These limiting values are ap-

proached nonmonotonically. The asymptotic expression for 𝐹(𝑢) at large posi-
tive 𝑢, obtained by the method of steepest descent, is

𝐹(𝑢) ≃ 1
2 − 4

21/6
√ 3

𝜋 𝑢−2/3𝑒− 3
8 𝑢4/3 cos (3

√
3

8 𝑢4/3 + 𝜋
6 ) . (13)

For 𝑢 < 0 we obtain 𝐹(−𝑢) = −𝐹(|𝑢|).
Thus, the distribution of the excess concentration 𝑛 ≡ 𝛿𝑐 for 𝑡 > 0, in contrast
to ordinary diffusion, proves to be nonmonotonic and has an oscillating, or
layered, structure. With time the layers slowly move in both directions from
the middle cross section 𝑥 = 0 according to the law 𝑥 ∼ 4√4𝐻𝑡. Obviously,
the same oscillating behavior will also occur for the optical refractive index:
𝛿𝜀 = (𝜕𝜀/𝜕𝑐) 𝛿𝑐, and this layered structure of the solution can be observed
visually, as was done in (1,2).
The expression for the diffusion flux is obtained from (5) and (10) at 𝐷 = 0 and
proves to be equal to

𝑗 = 𝜃(𝑡)𝐻(𝑛′
0 + |𝑛″

0 |)
𝜋(4𝐻𝑡)3/4 ∫

∞

0
𝑒− 1

4 𝑠4 cos(𝑢𝑠)𝑠2 𝑑𝑠. (14)

The flux is also nonmonotonic. For example, for large positive 𝑢 we have, anal-
ogously to (13),

𝑗 ≃ 4
21/6

√ 3
𝜋

𝐻𝜃(𝑡)
(4𝐻𝑡)3/4 (𝑛′

0 + |𝑛″
0 |)𝑢1/3𝑒− 3

8 𝑢4/3 cos (3
√

3
8 𝑢4/3 − 5𝜋

6 ) . (15)
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However, the mean flux is invariably directed in the positive direction of the
𝑂𝑥 axis, as is seen, for example, from the expression for the flux in the middle
section: at 𝑥 = 0, from (14) we have

𝑗𝑥=0 = 𝜃(𝑡)𝐻1/4

4𝜋𝑡3/4 Γ(3
4) (𝑛′

0 + |𝑛″
0 |) > 0. (16)

The asymptotic estimates (13) and (15) are in fact valid down to comparatively
very small values of 𝑢. If this is used for approximate estimates of the layered
structure, then for the positions of the extrema of the function 𝐹(𝑢) we obtain

𝑢𝑛 ≅ 3.2616 (2/3 + 𝑛)3/4, 𝑛 = 0, 1, 2, … , (17)

with even 𝑛 corresponding to maxima of 𝐹(𝑢), and odd 𝑛 to minima, so that
the distance between an adjacent pair of layers of concentration excess turns
out to be approximately equal to

Δ𝑥 ≅ 3.2616 {(8/3 + 𝑛)3/4 − (2/3 + 𝑛)3/4} 4√4𝐻𝑡; (18)

it slowly increases with time and is slightly different for different layers. The
thicknesses of the first few layers are

Δ𝑥1 ≅ 4.40 4√4𝐻𝑡, Δ𝑥2 ≅ 3.54 4√4𝐻𝑡, Δ𝑥3 ≅ 3.18 4√4𝐻𝑡. (19)

These expressions may be used for experimental determination of the magnitude
of the coefficient 𝐻.

Unfortunately, the experiments described in (1,2 ) were qualitative in character,
and they cannot be used for reliable estimates. Very roughly it follows that, near
the upper critical point of demixing of the solution CH3OH-𝑛-C6H12, according
to (2), 𝐻 ∼ 10−11 ÷ 10−12 cm4/sec. The quantity 𝑎 ∼ (𝐻/𝐷)1/2, where 𝐷 is
the diffusion coefficient far from the critical point, is a certain characteristic
length connected either with the correlation radius of the fluctuations or with
the linear dimensions of a typical fluctuation. In our case, for 𝐷 ∼ 10−5 cm2/sec,
one obtains 𝑎 ∼ 10−3 ÷ 10−4 cm, which appears satisfactory.

Thus, the layered nature of the diffusion flux near the critical point observed
in works (1,2 ) is a natural consequence of the strong correlation of fluctuations
of the solution concentration and can be approximately estimated from the
same differential quadratic form (1) that is also used in the theory of critical
opalescence.
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