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Abstract
Full Text

O. A. LADYZHENSKAYA, N. N. URAL'TSEVA

ON HOLDER CONTINUITY OF SOLUTIONS
AND THEIR DERIVATIVES FOR LINEAR
AND QUASILINEAR EQUATIONS OF ELLIP-
TIC AND PARABOLIC TYPES

(Presented by Academician V. I. Smirnov, 2 I 1964)

One of the central parts of our works (1*~?) is the study of Hélder continuity

of solutions (and their derivatives) of linear equations of elliptic and parabolic
types

Liu = % (aij(x)uxj + ai(aj)u) +b;(2)u,, +c(x)u = f(z), (1)
Lou = % — 88331 (aij(x, t)uzj + aq,(x, t)u) +b;(x, t)u,, +c(z, thu = f(z,t), (2)

quasilinear equations with divergence principal part

Lau = o (a;(z,u,uy)) + alz,u,u,) =0, (3)
_Ou 0 B
Lou = i o (a;(z,t,u,uy,)) + a(z, t,u,u,) =0, (4)

certain classes of systems of such equations and general quasilinear equations

Lsu = a;;(, u,uz)uxixj +a(z,u,u,) =0, (5)

Leu = vy — a;;(w,t,u, uub)uhh +a(z,t,u,u,) =0 (6)

and the derivation of estimates of the Holder norms | - |, for u and w, in terms
of constants characterizing the functions entering the equations. With the aid
of specially constructed examples we showed that the conditions under which
this is done in (1¢=9) are, in a certain sense, unimprovable.
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Our approach to obtaining estimates of Holder norms (under the assumption
that the solution under consideration is bounded and possesses a certain smooth-
ness) consists, in general outline, of the following. We prove that: a) any so-
lution of equations (1) or (3), as well as any of its derivatives with respect to
xy, is a function of the so-called class B,,(£2,...); b) any solution of equations
(2) or (4) and any of its derivatives with respect to z;, is a function of the class
B5(Qr,...); ¢) the gradient with respect to z of any solution of equation (5) is
a vector-function belonging to the class %évl (€,...), and d) the gradient with
respect to = of any solution of equation (6) is a vector-function belonging to the
class EB;V (@, -..). The proof of all these facts, once they have been discovered,
is simple and is based on a special choice of an arbitrary function entering the
integral identities that replace equations (1)—(6), and on the application of the
Holder and Young inequalities. A function belongs to one of the classes B if it
satisfies certain inequalities containing free parameters.

For these functions—elements of *B—we prove that they are Holder continuous
and that their norms can be estimated in terms of the numerical parameters
entering the definition of the classes 9. As applied to differential equations,
this fact gives, in view of what was said above, the possibility

estimate the Holder norms of u and w,. Thus, Holder continuity and the exis-
tence of these estimates are due to a more general fact than being a solution
(or its derivative) of equations of elliptic or parabolic type, namely—belonging
to the classes ‘B.

However, the proof of Hélder continuity of functions of the classes B is not
simple, especially in the case when t enters. In view of this, it was desirable
to find a simpler way of obtaining estimates of Holder norms. We shall give it
here, using several propositions from our papers that are not difficult to prove,
and, for the nonstationary case, also a lemma (see below). We also make use
of Moser’ s idea (2} of considering, together with the solution of an equation,
its logarithm, which is a “subsolution.” The final results are the same as those
previously obtained by us in ‘=), Therefore we shall not formulate them all,
but shall illustrate the proposed method on the example of the equation

= o (g, By ) =0 @

and indicate those propositions from (), Part III, on which it is based for the
general case of equations (1)—(6). We shall restrict ourselves to an interior
estimate; for estimates near the boundary one must take the corresponding
lemmas from (Y, Part III.

Thus, let u(z,t) be a solution of equation (7), or, equivalently, of the corre-
sponding integral identity
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/ (um + aijuxj%i) dr =0, (8)

where 7 is a smooth function, finite in the domain under consideration, and let

v & <ay(xt)&8<ny &, v,u=const > 0. 9)
i=1 i=1

As is known (see (1)), in order to prove the Holder continuity of u(x,t) and
to obtain an estimate of its Holder norm |ul,, it is sufficient to show that the
oscillation of uw in an arbitrary cylinder of standard form is strictly greater
than its oscillation in a smaller coaxial cylinder with the same vertex. From
dimensional considerations for equations (7), it is sufficient to prove that for

any solution u(x,t) of it, defined in the cylinder Q, = K, x [0,a] = {|z] <
2, 0 <t < a} and varying in the interval [0,1], and for the cylinder Q; =
K, x [3/4a,a] = {|z| <1, 3/,a <t < a}, the inequality

osc{u, @} < n osc{u, Qy} =n, (10)

holds, where a and 7 are certain constants determined only by n, v, and p from
(9), with < 1. We shall prove (10), using for this only Lemma 7 from (1), Part
I, Lemma 2 from (), Part III, and the following lemma:

Lemma 1. For any function w(z) from W3 (K,), for which
mes{z € K, where w(z) <0} >bmesK,;, b>0,

and for any smooth function M(z) = 9(|z|), decreasing monotonically from 1
to 0 as |z| varies from 0 to 2, and equal to 1 for 0 < |z| < 3/,, the inequality

/ w?(2)N?(z) dx < B w?(z)N?(z) dz (11)
{reK,, w>0} {reK,, w>0}

holds with a constant 8 depending only on n and b.
Consider u(x,0) in the ball K. At least either

mes{z € K;, u(z,0) >1/,} >1/, mes K, (12)

or mes{z € Ky, u(x,0) <1/,} >1/, mes K. If the first case occurs

then in all further arguments we shall work with the function w(z,t). In the
opposite case we consider 1 — u(x, t).

Thus, let (12) be true. Substitute in (8) n(x,t) = £2(x) max{u(x,t) — k,0},
where {(z) is a smooth function finite in the sphere K, C K; of radius p, with
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0 < &(z) <1, and k is an arbitrary number. After simple estimates (see (11),
part I) we obtain

2

19 4
2 | @n-e@drry [ wed < [ ok,
200 S, A0 v Ja 0

(13)
where A ,(t) is the set of points z of K, at which u(x,t) > k.

By Lemma 7 of (11), part I, from (13) and (12) there follows* the existence of
such positive constants b and a (here and below all constants depend only on
v,n, and p) that

mes{z € K, u(z,t) > 1/8} > b mes K, t € [0,al. (14)

Consider in @, the function v(z,t) = —¢(u(z,t)), where ¥(u) = —In8u. It is
nonnegative where u(x,t) > 871, If we prove that in Q, v(x,t) does not exceed
some constant M, then in @Q; we shall have 8u > e~ and hence also (10).

Substituting in (8) n = ¢’ (u)((z,t), where ¢ is a smooth function finite in K,
we obtain the identity

’

/ (Utc + aijvzivxjg + a’ijva:jCzi> dr = 07 (15)
K.

2

similar to (8). From it follows inequality (13) for v. By virtue of Lemma 2 of
(11, part III, from (15) there follows the desired upper estimate for v in @, if
an upper estimate is known for ||v(z, t)HL2(Kr/4> for t € [a/2,a].

For this purpose put in (15) ¢ = M?(x)x?(t), where N(z) is a function of the
form indicated in Lemma 1, and y is equal to 0 for 0 <t < 8 'a, to 8ta™! — 1
for 8 'a <t <4 'a,and to 1 for 4 la < t < a, and integrate with respect to
t from O to a. Hence, and from Lemma 1, as a result of simple estimates we

obtain
A

Now put in (15) ¢ = v(x,1)&*(x), where {(x) is a function finite in Kj),, and
integrate the result first with respect to ¢ over the interval [¢',¢], and then with
respect to t’ over the interval a/4 <t < a/2, assuming t > a/2. As a result of
estimates by Cauchy’ s inequality and using (16), this gives the desired estimate
for ||v\|L2<K5/4) for ¢t € [a/2, al.

/ (v +02) dzdt < c(v, p,n). (16)
a/4

3/4
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Thus (10) is established. For the case of equations of general form (1)—(6), the
scheme of proof is the same, and all the stages for carrying it out are contained
in the papers (1¢7T). For the elliptic case it is still simpler, since for it the
estimate [[v], is obtained at once from an identity of type (15) and the known

estimate [w2dz for the solution. The boundedness of v from above follows
from Lemma 2 of (11), part III. For the elliptic case, the last lemma admits a
certain strengthening and is proved more simply (see (1V), part IIT), namely:

* Since in (13) there is no second term on the right of the form v mes'~>/7 4;
and k is arbitrary, the requirements on k£ and H indicated in Lemma 7 must be
discarded.

Lemma 2. If u(z) € W), (), m > 1, and u for any K, C  and any number
k > k, satisfies the inequality

/ |uw‘m£md$ <~ [/ <u _ k/,)mlgﬂg'mdx + km(mesAk’p)l—m/q , q>n,
A

k.p Ak,ﬂ

where {(7) is a function finite in K, and 0 < §(x) < 1, then for Q" C Q
max v(x)

is estimated from above by a constant depending only on kg, n,m, 7, ¢; |lulz (),
and the distance from Q' to the boundary of Q.

Let us formulate one of the results on solutions of equations (3).

Theorem. Let u(z) be a generalized solution from W} (), m > 1, of equation
(3), with [u|_ (o) = vraimaxg [u| < M. Suppose that for x € €2, [u| < M, the
functions a;(z,u,p), a(x,u,p) are measurable and satisfy the inequalities

a;(z,u,p)p; > v|p|™ — po(x), v = const > 0,
|a;(x,u,p)| < g [ (2)|p|™ 1% + ()], p = const,

la(z,u,p)| < p [@a(@)|p|™ % + ()],
where

Yo P4 € Lq/m(Q)7 P3 € Lq/(m—l)(Q)’ v € Lq/(S1 (Q)7 P2 € Lq/62 (Q)a q>n,

0<46, <m—1, 0<6, <m.
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Then u € C (), and for any 2" C €2 the norm |u, o is estimated from above

by a constant depending only on M. n, v, . |0, 24l (- lesl i, - 121l o @ le2ls, ..o

and the distance from " to the boundary of Q2. If S satisfies condition A (see
(1)), ulg € Cy 5(S), then u € C; (), 0 < a < B, and |ul, ¢ is estimated in
terms of the constants indicated above (they also determine a > 0), |ulz g, and

the constants from condition A.

From this theorem, in particular, follows the Hélder continuity of solutions of
equations (1) under admissible singularities in the coefficients (for (1), m = 2).
In (1) it is clarified under what conditions the boundedness [ul|, () can be
replaced by boundedness of |ul| L,

For equations (5) and (6), the Holder continuity of u, is established as follows:
one considers their combinations

wi:Banl(j:uwl+M)+Z4M’2(uxi+M)2, I=1,..,n,

i=1

where M = max; _|u, |. For each pair of standard domains @, and @, (balls

! l

or cylinders), one of these functions w, or w’ is chosen, with index [, for which

w; = osc{u, , @y, 2> max osc{u, ,Qs,}

and for it it is proved that either w; < Cp, or its oscillation in @, constitutes
a proper part of w;. This is done according to the scheme described above for
equation (7), using an identity of type (8), derived in (1), part III, for each of
the functions w! (see (8.2)) from (1), part III. From the same behavior of the
oscillations of w!, one derives the Hélder continuity of u, and an estimate of
their norm |u,, |, (this was done in (1), part III, pp. 172-174).

Leningrad Branch of the V. A. Steklov Mathematical Institute Academy of
Sciences of the USSR

Received 18 XII 1963

Ja

CITED LITERATURE

1. O. A. Ladyzhenskaya, N. N. Ural’ tseva, a) DAN, 135, No. 6 (1960); b)
UMN, 16, issue 1 (1961); ¢) DAN, 139, No. 3 (1961); d) Izv. AN SSSR,
Ser. Mat., 26, No. 5, part I (1962); 26, No. 5, part II (1962); 27, No. 1,
part IIT (1963); e) Vestn. LGU, No. 1 (1963).

2. J. Moser, Comm. Pure and Appl. Math., 14, No. 3 (1963).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196401.46491 Machine Translation


https://sovietrxiv.org/items/ru-196401.46491

	Abstract
	Full Text
	O. A. LADYZHENSKAYA, N. N. URAL’TSEVA
	ON HÖLDER CONTINUITY OF SOLUTIONS AND THEIR DERIVATIVES FOR LINEAR AND QUASILINEAR EQUATIONS OF ELLIPTIC AND PARABOLIC TYPES
	CITED LITERATURE


