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Abstract
Full Text
Yu. A. TSERKOVNIKOV

SECOND SOUND IN A WEAKLY NONIDEAL
BOSE GAS

(Presented by Academician N. N. Bogolyubov on 30 VI 1964)

In the work of N. N. Bogolyubov (!), in the hydrodynamic approximation (the
frequency of oscillations of the system is much less than the frequency of col-
lisions between particles), expressions were obtained for one-particle Green’ s
functions having poles corresponding to two types of elementary excitations:
ordinary sound and second sound. In the present work the same problem is
considered in another limiting case, when the collision frequency is small.

The chain of equations for the one-particle Green’s function (a,; a;)) = —if(t—
t')([a,(t); af (t')]) has the form
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where p is the chemical potential; v(g) is the Fourier component of the interac-
tion potential between particles U(z);
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N is the total number of particles in the volume V; N, is the number of par-
ticles in the condensate (N, ~ N at temperature 6 below the phase-transition
temperature). In deriving the last of equations (1), the operator Zp aja, was
replaced by the average number of particles V.

We shall assume that the interaction is small and the gas density is large. In
this case, in equations (1) the sums over states with k # 0, ¢ may be discarded.

The chain of equations obtained after discarding the integral terms (the chemical
potential is found from the equation (iday/dt) = 0 and is then equal to p =
%U(O)) is completely equivalent to the random-phase approximation and can
be obtained directly from equation (2) of work (?). If in this chain, in the last
equation, one discards the term ((p}, a;)), proportional to the average kinetic
energy per particle, regarding it as small in comparison with the corresponding
potential energy, one immediately arrives at the expressions for the Green’ s

functions (5) and (6) of work (?).

We shall now consider the term ((p7, a/)) as a small perturbation. In calculating
the Green’ s functions, instead of the operators a,, py, p. it is convenient to
introduce new operators a, and f, (see relations (11) of work (*)), writing
them in the form

four-component vector A,—a column with components «, oﬂjq, By ﬂfq, where
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and u2 = 1402 = 3[1+(¢*/2m+ Nv(q)/V)/E,]. In the adopted approximation
the vector A, satisfies the equation

dA m p”
. q9 _ q
P = Pt g

dt
where L, is a diagonal matrix with elements ¢°/2m, —¢*>/2m, E,, and —E,;
A, is a column with components (No/N)"/2(1 — Ny/N)~1/2 —(Ny/N)?(1 —

No/N)2 —(u, +v,), u,+v,; AL is the corresponding row.

(2)

Let us introduce the fourth-order matrix Green’s function G, (t—t") = {(A,; A7),
where A7 (1) = (af (t'),a_,(t"), B4 ("), B_4(t")), which combines all the Green’
s functions of the zeroth approximation. For the function G, (t —t") we have the

equations:

dG
i—% = §(t—t')J + Lycq — Ay

= A7),

-
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i%«p;’;AI» = —"%«02%3» =0(t —t'){[pg, A1)+ (3)

+{(py; ANLy — (pys ) ) —=—5 AL,

where J is a diagonal matrix with elements 1, —1,1,—1. For the Fourier trans-
forms of the Green’ s functions (see, for example, ()) from (3) we obtain

m 1 .
(E - Lq>Gq(E) =J - AqgiN«pq Aq >>Ea
(ALY p(E — L) = —/N Ly (E)AL, (4)
where
(B =5 2 o (20) np+ () ey e 5

P

Eliminating the function ((p;|A;)) with the aid of the equations obtained, we
shall have

{E — Ly —ny(E)P)[J +ny(E)(E — L)' P71 }G(E) = J, (6)

where the matrix P, is formed by multiplying the column A, and the row Ag
(P, = AquT). Equation (6), within the random-phase approximation, repre-
sents an exact relation of the Green’ s functions entering the matrix G ,(E) with
the function ((p}|p;’)) p- Using the smallness of the quantity 1, (£), proportional
to the mean kinetic energy of a particle, we simplify expression (6), retaining
only the first term in the expansion of the inverse matrix G, ' (E) in n,(E). We
obtain

G,U(E) = J(E—L,) —n,(E)JP,,. (7)

Inverting the matrix (7), it is easy to find expressions for the Green’ s functions
(aglad ), (ot lad), {aylB8s), ete. Then, expressing by means of formulas (10)
of work (?) the operators gs Pgs Py through a, and B, we obtain

(aglag) = AN (E) { (1 - %) [(E + % - an> (E2 —E2— inq) + ;ixng]
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where x = (Ny/N)(1 — Ny/N)~!, and A, (E) is the determinant of the matrix
(7), equal to

2 2

7 2 2 .
A(B)= | E?— (m) = —xny(E) <E2 - E2— mnq(E)> - <m> X113 (E).
9)
Other Green functions are calculated analogously. For n = 0, expression (8)
coincides with the corresponding formula of work (2). For § = 6, (N, = 0), (8)

goes over into the expression for the Green function of an ideal gas. Expression
(8), as a function of E, is defined in the upper half-plane (Im E > 0).

In order to find the poles of the retarded function G (E), all of which have a
negative imaginary part and determine the asymptotic behavior of the function
G,(t) as t — oo (G,(t) ~ exp(iwt —7t), v being the damping), it is necessary
to analytically continue the determinant (9) of the matrix (7) into the lower
half-plane (Im £ < 0) and set it equal to zero.

For small ¢, equation (9) has roots of phonon type. Putting e2 = E? —
(q%/2m)? ~ c2¢?, for the square of the sound velocity ¢? we obtain the equation

c? cz—g@—in(c)< ?:?)1] +%( ?{?)1];1/(0)”1177(0)&

where n(c) = tlzig(l) n,(cq).

(10)
Assuming that n/m is smaller than Nv(0)/Vm (see (?)), we shall have
Nv(0) 1 N, No\ ' 1
G gt ), =2 (1-F) Sl

Here ¢, is the velocity of ordinary sound, which varies weakly with changes in
temperature. The quantity c, corresponds to second sound and goes to zero at
the critical point (0 = 6., N, = 0). Relations (11) are equations which deter-
mine, generally speaking, the complex quantities ¢; and ¢y, whose imaginary
parts correspond to the damping of elementary excitations.
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Let us consider the quantity 7,(E) in more detail. Using the Green function

(aya, g | a;, 4% ), found from the equation in the random-phase approxima-

tion (2) of work (%), and the definition of the operator p}, we find the Green

function ((p; | p; ")) g in the region Im E' > 0. Substituting it into (5), we obtain

the “exact” expression for 7, (E):

2 2
m ¢ N q
n,(E) = 52?%(5) < 2 mvz/(q)> {52 ———v(g)(1+ @q(e))} . (12)
where
2 2
1 m o, m e® — (%) + LA
(pq(g)—ﬁ a np{q26 %IHEQ_(M>2_ﬁﬂ_1 . (13)

In the last expression, integration has been performed over the angular variable
Y (p-q = pgcos?). Putting 2 ~ c%¢? and passing to the limit as ¢ — 0, we
obtain

p(c) = (lziir(l)gpq(cq) = ]tg&gnp (%)2 {CQ — (2)1 71, Ime >0. (14)

Let us estimate the quantity ¢(c) at a temperature 6 considerably below 6. In
the case of ordinary sound (see (11))

et o () [T ()] =3 S

is, in the adopted approximation (see (?)), a small quantity even at § = 6,,.

In the case of second sound,

N, N\ 1 2
d~y(1-%) vImln)

and, consequently,

plcy) ~ %Z”p (2)2/05 ~ (1—%> <1
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for  « 6,,. Thus, in the low-temperature region, using the smallness of the
quantity ¢(c), from (12) we obtain

3 oo 2 2
~ 2 _a 2 p c
77(6) >~ mc SO(C> - D) \Z p dpnp E W, Ime > 0, (15)

where a® = V//N, and n,, are the mean occupation numbers calculated in the
zeroth approximation (see formula (7) of paper 2). At a temperature equal to
zero, the quantity n, and consequently also the second-sound velocity c,, will
have a small but finite value due to the smearing of the condensate by the
interaction. In this case, however, one should take into account in equations (1)

the omitted integral terms, in the same way as was done in paper .

We shall assume that the temperature 6 is small compared with 6., but suf-
ficiently large that the small contribution to n due to the interaction may be
neglected, and we shall take for n, the ideal-gas expression

= (o)

Expression (15) then simplifies. Continuing it into the lower half-plane, we shall
have

Ime < 0.

n(c) =

a® (2m@)°/? /OO ztdr c? a® miceP

B v

272 m o er® — 1 02_%9272 2 eme?/20 _ 1’
(16)

Formulas (15) and (16) define the function 7(c), analytic in the entire complex

c-plane.

Substituting expression (16) into (11), we obtain equations for the quantities ¢;
and ¢y, which determine the asymptotic behavior of the Green function G (1)
as t — oco. Thus we have here a typical “plasma” problem 5.

The velocity of ordinary sound ¢; is of order
N v(0)
V om '’
Using the smallness of the parameter

0/ Tl0),

in n(c¢;) we may put
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N v(0)
¢ =1\ =—.

V m
In doing so, one must take into account the imaginary part of the first term of
expression (16), obtained on approaching the real axis from the lower half-plane.
As a result, for ¢; we shall have the expression

N v(0) {1+ VO a®(2m0)3/? /Oo zt dx } _a’m? (NV(CL)>26_1‘\/H/<1>.
0

a== V om Nv(0)  2n2 e — 1) '8

The equation for ¢,, obtained from (11) and (16), has the form

22 dx © rtdx 1 . 23
/0 ew2—1:/0 122 e Imz<0, (18)

where

It follows from equation (18) that the real and imaginary parts of ¢, are quan-
tities of the same order:

02 = 82 - Z’Yz,

where 7, is the damping,

Sg ~ Yy ~ 1/ 20/m.
Therefore, in the spectral intensities of the Green functions, the peak corre-
sponding to second sound will be strongly broadened.

In conclusion I express my deep gratitude to N. N. Bogoliubov, S. V. Tyablikov,
and D. N. Zubarev for valuable discussions.
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