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Abstract
Full Text

N. I. KALENPEROV
A BOUNDARY-VALUE PROBLEM WITH A COMPLEX
WEIGHT FUNCTION
(Presented by Academician P. S. Novikov, 2 VII 1964)

In the present note we investigate the completeness of the system of eigen- and
associated elements of certain classes of non-self-adjoint differential operators.

1. Consider in the Hilbert space 𝐿2(−∞, +∞) the differential equation

−𝑦″ + 𝑞(𝑥)𝑦 = 𝜆𝑝(𝑥)𝑦, (1)

where 𝑝(𝑥) = 𝑞1(𝑥) + 𝑖𝑞2(𝑥) is a complex function of the real parameter 𝑥, and
𝑞(𝑥), 𝑞1(𝑥), 𝑞2(𝑥) are real functions summable on every finite interval of the real
axis.

Let us write equation (1) in the form

𝐴𝑦 = 𝜆𝑝(𝑥)𝑦, (2)

where

𝐴 = − 𝑑2

𝑑𝑥2 + 𝑞(𝑥).

For 𝑞(𝑥) ≥ 1, 𝐴−1 is a self-adjoint positive operator (see (3), p. 75).

Put 𝑦 = 𝐴−1/2𝑧, after which equation (2) is written as

𝐴𝐴−1/2𝑧 = 𝜆(𝑞1(𝑥)𝐴−1/2𝑧 + 𝑖𝑞2(𝑥)𝐴−1/2𝑧). (3)

Acting on equation (3) with the operator 𝐴−1/2 and taking into account that 𝐴
and 𝐴−1/2 commute, we obtain:

𝑧 = 𝜆(𝐴−1/2𝑞1(𝑥)𝐴−1/2𝑧 + 𝑖𝐴−1/2𝑞2(𝑥)𝐴−1/2𝑧),

or

𝑧 = 𝜆𝐿𝑧,

sovietrxiv.org/items/ru-196401.45815 Machine Translation

https://sovietrxiv.org/items/ru-196401.45815


where we have put

𝐿 = 𝐿𝑅 + 𝑖𝐿𝐼 , 𝐿𝑅 = 𝐴−1/2𝑞1(𝑥)𝐴−1/2, 𝐿𝐼 = 𝐴−1/2𝑞2(𝑥)𝐴−1/2.

It is easy to verify that if 𝑞𝑗(𝑥) ≥ 0 (𝑗 = 1, 2), then the real and imaginary
components of the operator 𝐿 are positive definite. We note that, for

lim
|𝑥|→∞

𝑞(𝑥)
|𝑥|𝛼 ≥ 𝐶 > 0 and 𝛼 ≥ 2

3,

𝐴−1 is an operator of Hilbert–Schmidt type (see (6), p. 6).

Assume that 𝑞1(𝑥) is a bounded function. Then the operator 𝑞1(𝑥)𝐴−1, being
the product of the bounded 𝑞1(𝑥) and the Hilbert–Schmidt operator 𝐴−1, is an
operator of Hilbert–Schmidt type. Using the inequality (see (4), p. 12)

𝑁2(𝐴−1/2𝑞1(𝑥)𝐴−1/2) ≤ 1
2𝑁2(𝐴−1𝑞1(𝑥)) + 1

2𝑁2(𝑞1(𝑥)𝐴−1),

where 𝑁(𝐴) is the absolute norm of the operator 𝐴, we conclude that the opera-
tor 𝐴−1/2𝑞1(𝑥)𝐴−1/2 is of Hilbert–Schmidt type. By an analogous argument we
obtain that 𝐴−1/2𝑞2(𝑥)𝐴−1/2 is a Hilbert–Schmidt operator under the condition
that 𝑞2(𝑥) is bounded.

Consequently, 𝐿 is an operator of Hilbert–Schmidt type.

Applying Theorem 2 of V. B. Lidskii (2), we arrive at the following result.

Theorem 1. If 𝑞(𝑥) ≥ 1 and a) 𝑞1(𝑥), 𝑞2(𝑥) are nonnegative and bounded
functions, b)

lim
|𝑥|→∞

𝑞(𝑥)
|𝑥|𝛼 ≥ 𝐶 > 0

for 𝛼 ≥ 2
3 , then the eigenvectors and associated vectors of the operator 𝐿,

corresponding to nonzero points of the spectrum, form a system complete in the
range of values of the operator 𝐿.

Remark. If 𝑞1(𝑥) > 0 and 𝑞2(𝑥) > 0, then the eigenvectors and associated
vectors of the operator 𝐿, corresponding to nonzero points of the spectrum,
form a system complete in 𝐿2(−∞, +∞).

2. We now consider an equation of the form
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−𝑦″ + 𝑞(𝑥)𝑦 = 𝜆𝑝1(𝑥)𝑦 + 𝑝2(𝑥)
𝜆 𝑦 + 𝑝3(𝑥)𝑦, (4)

where 𝑝𝑗(𝑥) = 𝑞𝑗(𝑥) + 𝑖𝑞′
𝑗(𝑥), 𝑗 = 1, 2, 3, are complex functions of the real

parameter 𝑥, and 𝑞(𝑥), 𝑞𝑗(𝑥), 𝑞′
𝑗(𝑥) are real functions summable on every finite

interval of the real axis.

We shall show that, under certain restrictions on 𝑞(𝑥) and 𝑝𝑗(𝑥), the system of
eigenvectors and associated vectors of equation (4) is complete in 𝐿2(−∞, +∞).
In what follows we shall use a theorem of D. E. Allakhverdiev (5).
Let 𝐴, 𝐵, 𝐶 be completely continuous operators in a Hilbert space ℌ; suppose
(𝐸 −𝐴)−1 exists and is bounded; 𝐴 and 𝐶 have finite order, respectively 𝜌1 and
𝜌2. Suppose, moreover, that the resolvents of the operators 𝐴 and 𝐶 are bounded
respectively on rays 𝛼1, 𝛼2, … , 𝛼𝑛 and 𝛽1, 𝛽2, … , 𝛽𝑛, such that the angle between
neighboring rays is respectively less than 𝜋/𝜌1 and 𝜋/𝜌2, and the operators 𝐴∗

and 𝐶∗ are invertible. Then the system of eigenvectors and associated vectors
of the equation

𝑦 = 𝜆𝐴𝑦 + 𝐵
𝜆 𝑦 + 𝐶𝑦

is 2-fold complete in the Hilbert space ℌ.

Recall that the order of an operator 𝐴 is the lower bound of the numbers 𝛼 for
which

∞
∑
𝑛=0

𝜀𝛼
𝑛(𝐴) < +∞,

where

𝜀0(𝐴) = ‖𝐴‖; 𝜀𝑛(𝐴) = inf
𝐴(𝑛)

‖𝐴 − 𝐴(𝑛)‖ for 𝑛 ≥ 1;

𝐴(𝑛) runs through the set of all 𝑛-dimensional operators acting in ℌ (see (4);
there D. E. Allakhverdiev also proves that 𝜀𝑛(𝐴) = 1/√𝜆𝑛+1, where {𝜆𝑘} are
the eigenvalues of the operator 𝐴𝐴∗). Thus, the order of the operator 𝐴 (in the
sense of (4)) coincides with the order of the operator (𝐴𝐴∗)1/2 in the sense of
M. V. Keldysh.

We transform equation (4) to the form:

𝑧 = 𝜆𝐴−1/2𝑝1(𝑥)𝐴−1/2𝑧 + 𝐴−1/2𝑝2(𝑥)𝐴−1/2

𝜆 𝑧 + 𝐴−1/2𝑝3(𝑥)𝐴−1/2𝑧.
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For 𝛼 > 2
3 , 𝐴−1 is an operator of finite order less than 2. As we noted, the order

of the operator 𝐴−1/2𝑝𝑗(𝑥)𝐴−1/2 coincides with the order of the operator

(𝐴−1/2𝑝𝑗(𝑥)𝐴−1/2𝐴−1/2𝑝𝑗(𝑥)𝐴−1/2)1/2 ,

and the order of the latter, according to the result—

there, by M. V. Keldysh, does not exceed the order of the operator 𝐴−1 (see
(4)). Thus, 𝐴−1/2𝑝𝑗(𝑥)𝐴−1/2 is an operator of finite order less than 2.

Suppose that 𝑞𝑗(𝑥) and 𝑞′
𝑗(𝑥) have a definite sign. Let, for example, 𝑞𝑗(𝑥) ≥ 0

and 𝑞′
𝑗(𝑥) ≤ 0. Then the values of the quadratic form (𝐴−1/2𝑝𝑗(𝑥)𝐴−1/2𝑓, 𝑓) lie

in the second quadrant, and for 𝜌1 < 2 and 𝜌2 < 2, on the basis of a lemma
of V. B. Lidskii (see (7)), on rays issuing from the origin and not falling into
the second quadrant, the resolvent (𝐸 − 𝐴−1/2𝑝1(𝑥)𝐴−1/2)−1 and the resolvent
(𝐸 − 𝐴−1/2𝑝3(𝑥)𝐴−1/2)−1 exist and are bounded.

Thus, we have proved the following theorem.

Theorem 2. If 𝑞(𝑥) ≥ 1 and

a) lim
|𝑥|→∞

𝑞(𝑥)
|𝑥|𝛼 ≥ 𝐶 > 0 for 𝛼 > 2

3 ;

b) 𝑝𝑗(𝑥) ≠ 0 almost everywhere and 𝑞𝑗(𝑥), 𝑞′
𝑗(𝑥) are bounded functions of

definite sign;

c) the equation 𝐴𝑧 = 𝑝1(𝑥)𝑧 has no solutions other than the zero solution,

then the system of eigen- and associated elements of equation (4) is complete
in 𝐿2(−∞, +∞).
The author expresses deep gratitude to Prof. M. A. Naimark and D. E. Al-
lakhverdiev for their attention to the present work.
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