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(Presented by Academician P. S. Aleksandrov on 25 XII 1963)

It is known that in some primitive classes of universal algebras there is a good
theory of free decompositions, i.e., the theorem on the freedom of subalgebras
of free algebras is valid; the theorem describing subalgebras of the free product
of algebras, and usually the theorem following from them on the existence of
isomorphic extensions for any two free decompositions. Let two primitive classes
of algebras be given, K; = (4, A;) and K, = (5, A,), in each of which there
is a good theory of free decompositions. The question arises: what will be the
theory of free decompositions in the class K = (£2; Uy, Ay U A,), which it is
natural to call the intersection of the classes K; and K,?

In the present note a theory of free decompositions is constructed in the intersec-
tion of such classes K; = (21, A;) and K, = (25, A,), the systems of operations
of which €, and €2, either do not intersect, or intersect in a nullary operation
O, and then the identities A; and A, contain all possible identities 00 --- 0w = 0,
w € €y and w € €y, respectively.

For simplicity of exposition all theorems are formulated and proved for the
intersection of two primitive classes, although by the same method they can be
proved for the intersection of any finite number of classes.

Let L be some primitive class of universal algebras with a system  of n(w)-ary
operations w, n(w) > 0, and a system of identities A. We shall consider two
cases: either all algebras of the class L possess a zero subalgebra, and then we
shall call it a class of algebras with zero, or not all algebras of the class L
possess a zero subalgebra. In the second case the empty set will be regarded as
a subalgebra of any L-algebra and called the zero subalgebra O, just as the
zero subalgebra in the first case.

A set G, will be called an ()-partial algebra if in it the elements a; ... a,w, w €
Q, n =n(w) > 0, are defined for some ordered systems of elements a4, ...,a,, €
G, and some w € €.

A subset X of an Q-partial algebra G|, will be called 2-pure if in it the element
aq ... a,w, w € Q,n=n(w) >0, is not defined for any set of elements a4, ..., a,, €
X and for any operations w € €.
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The L-closure of an (2-partial algebra GG, will mean the L-algebra

— 0L
G:GO 5

defined in the class L by the set G and by the relations holding in G, with
respect to the operations ) (see (1)).

If

Go=|JH, HeL icl, HNH; =0 fori#j

el

—L
then Gy is the L-free product

* L
1

iel

of the L-algebras H;, © € I. The L-closure of an Q-pure set X is the L-free
algebra F (X) with system of L-free generators X.

Let us list the conditions that in what follows we shall impose on the class L:

I,1. A subalgebra of an L-free algebra with one generator is L-free.

I,2. A subalgebra U of the L-free product of two L-free algebras F (X) and
F;(Y) is the L-free product of the subalgebra U N F(X) and an L-free algebra
whose set of L-free generators contains, in particular, every element of U NY.

II.

ITT.

The operation of L-free product is exact (see (2)), and to each L-algebra
G there is uniquely assigned a group of automorphisms A; (G) such that:

. The subalgebra U of the L-free product

G=[[.H, HeL icl,
iel
decomposes into the L-free product of the nonzero subalgebras U N H;,

1 € I, of certain nonzero subalgebras U N H;a, « € A;(G), i € I, and of
a certain L-free algebra.

For each nonzero intersection of the form U N Hya, o € A (G), i € I, the
subalgebra of the form (U N H,a)a', o’ € A, (U), enters into the L-free
decomposition for U considered in II,1.

The group of automorphisms A; (G) is such that:

. If U is a subalgebra of the L-algebra G, then for every automorphism

a € A;(U) there exists an automorphism a € A, (G) such that o and &
coincide on U.
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A subalgebra of the form Ua, o € A (G), will be called L-conjugate to the
subalgebra U in the L-algebra G.

2. If
G,CG,CC@qG,C-

is an increasing sequence of subalgebras of the L-algebra G and

G

(@

G:

n’

n=1

then for every automorphism a € A;(G) there exist an n and an o €
A (G) such that
ra = zo’

forall z € G,,.

3. For every homomorphism ¢ : G — H, G, H € L, and for every o € A (G)
there exists an automorphism o’ € Ay (H) such that

ap = pa’.

Let now K; = (©4,A) and K, = (25, A,) be two primitive classes of algebras.
We shall assume that the sets of operations €2; and €2, either do not intersect,
or intersect in a nullary operation 0, and in this case the identities A,,, n = 1,2,
contain identities of the form

Let
K=(9Q,UQ,,A; UA,).

We shall denote by F,(X) the K, -free algebra, n = 1,2, by F(X) the K-free
algebra, by

*

HnHi

iel

the K, -free product of K, -algebras H,, i € I, and by
[
icl

the K-free product.

Lemma. Let G, be an £, U (,-partial algebra such that

Gy C G, n=1,2,
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and the K, -free product of the K -algebra éé(_ " with arbitrary K, -free algebras
is localized (see (2)). Then the K-algebra G{ is the union of an increasing
sequence of Q; U Q,-partial algebras

GOC Gl C...C G2+l C G2k+2 C ...

)

where

2

GO = GyU0, G+ _GEF' ' GRRR2_GERT | h— 01,

Moreover, an element a ... a,w, w € Qy, n = n(w) > 0, is defined in G* only
in the case when ay,...,a, € G° and the element a; ... a,w was defined in G,
while G2¥ [G#*1]) k = 1,2,..., is such an Q- [Q,]-partial algebra that the
element a; ... a,w, w € Qy [w € Qy], n = n(w) > 0, is defined in it if and only if
a,...,a, € G*-1 [G?*] and

G? = Gy 5 Fy(GP\ GY),

G2k+1 — GQk—l 1 Fl (GQk \ G2k—1>7
G2k+2 — 2k 5 Fy(GPHHIN G?F), k=1,2,....

Theorem 1. Let the classes K; and K, satisfy conditions I,1 and I,2. Then a
K-subalgebra U of a K-free algebra F(X) is K-free, and the set of its K-free
generators contains the set U N X.

Theorem 2. Let conditions I,1; II,1 and III,1 hold for the classes K; and K,.
If

¢ =]]=.
iel
is the K-free product of K-algebras H,, i € I, then a K-subalgebra U C G is
representable in the form of a K-free product of nonunit intersections U N H,
i € I, of K-closures of some of its ,, -pure K,,_-algebras UN H,«o, « € A, (G),
1 2 2
ny,ny = 1,2, ny # ny, and of a certain K-free algebra.

Theorem 3. Let conditions I,1; I1,1; I1,2; III,1; ITI,2 hold for the classes K; and
K,. Then, in the K-free decomposition of the subalgebra U of the K-algebra

"

el

obtained in Theorem 2, for every nonzero intersection U N H,o, a € A, (G),
there occurs the K-closure of a K, -algebra of the form (UNH,a)a’, o’ € A, (U),
n=12.
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Theorem 4. Let conditions I,1; II,1—2; III,1-3 hold for classes with zeros
K, and K,. Then for any two K-free decompositions of a K-algebra G one can
construct such continuations whose factors correspond bijectively to one another,
and the corresponding factors either coincide, or are K-closures of mutually K, -
conjugate K, -algebras, n = 1,2, or are isomorphic K-free algebras.

It is known that conditions I,1—2; II,1—2; ITI,1—3 are satisfied in the following
primitive classes: in the class of groups, if as A; (G) one takes the group of inner
automorphisms of the given group G (3), and also in the classes of nonassociative
algebras (+%), loops (®), multioperator algebras (7), if as A, (G) for an algebra
G of any of the listed classes one takes the group consisting of a single identity
automorphism. It is easy to show that conditions I,1—2; II,1—2; III,1-3 are
also satisfied in the class of algebras L, = (€2, A), whose system of identities
is either empty, or whose system of operations () contains the single nullary
operation O, while the system of identities A consists of all possible identities
of the form 00...0w = 0, w € Q, and as A, (G) one must again take the identity
automorphism. Moreover, conditions I,1—2 are satisfied in the class of abelian
groups.

Let us now take as the class K the class of groups, written additively, and as
K, the class of algebras L, with zero. Theorems 1—4, as applied to these classes,
turn into the corresponding theorems of A. G. Kurosh for multioperator groups
(see Theorems 4, 5, 6 (®)). If as K, one takes the class of abelian groups, and as
K, the same class of algebras L, with zero, then Theorem 1 turns into Theorem
4’ (8). In general, by combining the operations and identities of a finite number
of the above-listed classes of algebras satisfying conditions I,1-2; II,1-2; III,1
—3, we obtain a class of algebras in which Theorems 1, 2, 3, 4 are valid. In
particular, we obtain the theory of free decompositions of Q-loops, which was
considered by Higgins (°).
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