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Abstract
Full Text

Cybernetics and Control Theory
Academician B. N. Petrov, S. V. Emel’yanov, V. I. Utkin

The Principle of Constructing Invariant Automatic Control
Systems with Variable Structure
A principle is considered for constructing one class of invariant automatic control
systems with variable structure. It is assumed that the system has a low order of
astatism (down to zero) and that disturbing actions are applied to various points
of the controlled plant. The control law must ensure complete reproducibility,
by the controlled coordinate, of the control action. In (1) it was shown that
the stated problem can be solved by means of a two-channel invariant linear
automatic control system.

In the present work an attempt is made to make use of certain properties of
automatic control systems with variable structure in order to ensure complete
reproducibility, by the controlled coordinate, of the control action. It is assumed
that the disturbing and control actions belong to a sufficiently broad class of
functions—the class of polynomials of any, but finite, degree in time 𝑡. The con-
trol law must be formulated without measuring the disturbances or any internal
coordinates of the plant. We shall require that this law satisfy the conditions
of physical realizability, and that the conditions of complete reproducibility be
insensitive to changes in the parameters of the plant.

Let, in a region 𝐺 of the 𝑛-dimensional phase space (𝑥1, … , 𝑥𝑛), the motion of
the automatic control system be described by the system of differential equations

𝑑x
𝑑𝑡 = f(x, ⃗𝜓, 𝑡), (1)

where

x = (𝑥1, … , 𝑥𝑛); ⃗𝜓 = (𝜓1, … , 𝜓𝑛−1); f = (𝑓1, … , 𝑓𝑛);

𝑓𝑖 = 𝑥𝑖+1 (𝑖 = 1, 2, … , 𝑛 − 1); 𝑓𝑛 = −
𝑛

∑
𝑖=1

𝑎𝑖𝑥𝑖 −
𝑛−1
∑
𝑖=1

𝜓𝑖( ̄𝑥)𝑥𝑖 − Φ(𝑡);

𝜓𝑖(𝑥) = {𝜔𝑖, when 𝜎𝑥𝑖 > 0,
𝜆𝑖, when 𝜎𝑥𝑖 < 0, (𝑖 = 1, 2, … , 𝑛 − 1)∗; (2)
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Fig. 1

Figure 1: Fig. 1

𝜎 =
𝑛

∑
𝑖=1

𝑐𝑖𝑥𝑖;

𝜔𝑖, 𝜆𝑖, 𝑐𝑖 are constant quantities, 𝑐𝑛 = 1.

∗ In the case 𝜎𝑥𝑖 = 0

𝜓𝑖 = 𝜔𝑖 when 𝜎𝑥𝑖 → +0; 𝜓𝑖 = 𝜆𝑖 when 𝜎𝑥𝑖 → −0.

Let the object be controlled by an astatic regulator with rigid feedback (Fig. 1);
then 𝑎𝑖 are quantities linearly dependent on 𝑘, the coefficient of rigid feedback
of the regulator,

Φ(𝑡) = 𝑘𝐺(𝑡) + 𝑝𝐺(𝑡), 𝐺(𝑡) =
𝑚

∑
𝑖=0

𝑄𝑖(𝑝)𝑔𝑖(𝑡). (3)

Here 𝑔0 is the control action; 𝑔1, … , 𝑔𝑚 are disturbances applied at 𝑚 different
points of the object; 𝑄1, … , 𝑄𝑚 are polynomials in 𝑝, 𝑝 = 𝑑/𝑑𝑡.
We note that the function 𝐺(𝑡) is related to the coordinates 𝑥1, … , 𝑥𝑛 and to
the output coordinate of the regulator 𝜇 by the relation

𝐺(𝑡) = 𝜇 +
𝑛

∑
𝑖=1

𝑏𝑖𝑥∗
𝑖 ; (4)

𝑏1, … , 𝑏𝑛 are constant coefficients.

Fig. 1

It is known (3) that in such systems, in some region 𝑈 of the phase space
(𝑥1, … , 𝑥𝑛) belonging to the discontinuity boundary 𝑆 (𝑆 is a hyperplane given
by the equation 𝜎 = 0), the motion is described by a homogeneous differential
equation. An essential feature of this differential equation is that it depends nei-
ther on the parameters of the object nor on the function Φ(𝑡), but is determined
only by the coefficients 𝑐1, … , 𝑐𝑛 of the hyperplane 𝑆.
The region 𝑈 is determined by the following relations (2):

c𝑑𝑥
𝑑𝑡 > 0 for 𝜎 < 0, c𝑑𝑥

𝑑𝑡 < 0 for 𝜎 > 0, (5)
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where c = (𝑐1, … , 𝑐𝑛).
According to the equations of motion (1), condition (5) can be written in the
form

𝑛−1
∑
𝑖=1

𝑐𝑖𝑥𝑖+1 + [−
𝑛

∑
𝑖=1

𝑎𝑖𝑥𝑖 −
𝑛−1
∑
𝑖=1

𝜓𝑖(𝑥)𝑥𝑖 + Φ(𝑡)] > 0 for 𝜎 < 0,

𝑛−1
∑
𝑖=1

𝑐𝑖𝑥𝑖+1 + [−
𝑛

∑
𝑖=1

𝑎𝑖𝑥𝑖 −
𝑛−1
∑
𝑖=1

𝜓𝑖(𝑥)𝑥𝑖 + Φ(𝑡)] < 0 for 𝜎 > 0. (6)

As follows from (6), the boundaries of the region 𝑈 vary in time with the change
in the quantity Φ(𝑡). Let us choose such a sequence of changes of the system
structure for which the region 𝑈 always coincides with the hyperplane 𝑆. For
this purpose, according to (3), (4), (6), the switched rigid feedback

* Objects are considered whose transfer function contains no zeros.

the regulator 𝑘(𝜇, x) must have the form

𝑘(𝜇, x) =

⎧{{
⎨{{⎩

𝑘1, for 𝜎 (𝜇 +
𝑛

∑
𝑖=1

𝑏𝑖𝑥𝑖) < 0,

−𝑘2, for 𝜎 (𝜇 +
𝑛

∑
𝑖=1

𝑏𝑖𝑥𝑖) > 0∗,
(7)

where 𝑘1 and 𝑘2 are constant positive quantities, and the control vector ⃗𝜓 must
satisfy the conditions indicated in (4):

𝜔𝑖 > max
𝑎𝑖,𝑎𝑛

(𝑐𝑖−1 − 𝑎𝑖 − 𝑐𝑛−1𝑐𝑖 + 𝑎𝑛𝑐𝑖) ,

𝜆𝑖 < min
𝑎𝑖,𝑎𝑛

(𝑐𝑖−1 − 𝑎𝑖 − 𝑐𝑛−1𝑐𝑖 + 𝑎𝑛𝑐𝑖) . (𝑖 = 1, 2, … , 𝑛 − 1). (8)

In this case, after the representative point reaches the hyperplane 𝑆, the subse-
quent motion in the system is determined by the coefficients 𝑐1, 𝑐2, … , 𝑐𝑛 of the
homogeneous differential equation.

Consequently, when conditions (7) and (8) are simultaneously satisfied, the
system ensures complete reproducibility, in the regulated coordinate 𝜑, of the
control action 𝑔0(𝑡).
In the system under consideration, the motion is independent of the right-hand
side Φ(𝑡) only in a certain region 𝑈 of the phase space (𝑥1, … , 𝑥𝑛). This feature
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leads to the fact that the system turns out to be insensitive to changes in the
parameters of the controlled object, since the independence conditions are based
on inequalities. In conclusion, it should be noted that the required law can be
realized with the aid of fairly simple technical means.
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∗ In the case 𝜎 (𝜇 +
𝑛

∑
𝑖=1

𝑏𝑖𝑥𝑖) = 0

𝑘(𝜇, x) = 𝑘1 for 𝜎 (𝜇 +
𝑛

∑
𝑖=1

𝑏𝑖𝑥𝑖) → +0,

𝑘(𝜇, x) = −𝑘2 for 𝜎 (𝜇 +
𝑛

∑
𝑖=1

𝑏𝑖𝑥𝑖) → −0.

Note: Figure translations are in progress. See original paper for figures.
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