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§ 1. In Nevanlinna theory the growth of entire functions is characterized by the
quantity

27
T(r) = %/ In" |f (re’)| df
0

and the order (lower order) of growth is called

Tim [In7] ' In T(r) ( lim [In7]~!In T(r)) . (1,1)

T—00 700

In the classical theory of entire functions, for this purpose the quantity

— 0
M(r) = max [f (re’)]

is used, and the order (lower order) is called

Tim [In7] "t Inln M (r) ( lim [In7] "' Inln M(r)) : (1,2)

=00 =00

The relation between the quantities T'(r) and In M (r) was investigated in works
(173:58) and at present has not been fully studied.

R. Nevanlinna () proved the inequality

kE+1
T(r) < In M(r) < % CTkr) (> 1),
from which it follows that both definitions (1,1), (1,2) of order and lower order
are equivalent. (We agree to denote by p the order of a meromorphic function,
and by X its lower order.) Paley (?) proved that for any 0 < p < co there exists
an entire function of order p for which the equality
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Tim [T(r)] " In M (r) = +00

=00

holds, and put forward the hypothesis: for an entire function of order p the
inequality

—InM <p<LO0.
o (r) < {ﬂp cscmp, 0<p<0.5, (1,3-1,4)

r—00 T(’I’) P, p > 0.5.

This hypothesis was proved by Valiron () only for 0 < p < 0.5. For p > 0.5 the
question remains open. A. A. Gol dberg (°) obtained the following result:

lim [7'(r)] In" [f (re’)| <7p (p>0.5,0< < 2m). (1,5)

From this result follows the validity of Paley’s hypothesis for functions satisfying
the condition |f (re’?)| ~ M(r) for some fixed .

A. A. Gol' dberg and I. V. Ostrovskii (*7) strengthened Valiron’ s result by
proving that, for entire functions of lower order A < 0.5, in inequality (1.3) one
may replace p by A.

In the present paper we prove that, for an entire function of lower order A\ > 0.5,
in inequality (1.5) one may replace p by A. This result is a special case of a
more general result obtained in this paper*:

Theorem. Let f(z) be a meromorphic function of finite lower order A > 0.5.
The inequality

lim [T(r)] P In™ | f(re®)| < wA

T—00

holds.

§ 2. We shall carry out the proof of the theorem for the case A < p. First we
establish several auxiliary relations. Let

Gor=1{2:0<|2| <R, |argz| < a},

where 0 < a <7, R > 0; let g, g(2,() be the Green function for G, p.

Lemma. For a function meromorphic in G,  the following inequality holds

1 [ . .
In" |f(r)] < 7/ {In" |f(te'™)| + " | f(te™)[} P(t,r, @) dt+
T Jo
R A i0 7+ b7
+27r/a1n |f(Re)| P(R,r,0,0)df + > In | (2.1)

b€G, R
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where 0 = 0.51a !,

P(t,r,a) = ma 1t 1po (129 4 p29) =L,

4R°r° cos o
R0 — 2R209¢20 cos 206 + 140’

P(R,r,a,0) = o(R?* — %)
and b, are the poles of f(z).

This lemma follows from the known representation for In|f(z)| in the sector
G, r and from the following relations:

79 - ga,R<t6iwa T) < P(ta T Ot),
‘t@np o—tor
ig (Re,r) = R'P(R,r,a,0)
OR a,R ) y &, Uj,

9or(r,0) <In ’(r" +a%)(r° — a”)’ll )
We now proceed to the proof of the theorem. Without loss of generality, we shall

assume ¢ = 0, |f(0)] < 1. Choose 7 so that A < v < p, and take o < 7(27)~};
then from inequality (2.1) we find:

0.5R R 0.5R
[t <o 7 e e i
T 0 T

0 0

1 0.5R « )
a0 P didr 4 o [ [ R PR ) dr o
™
To -

0.5R
+ Z / r~7~1n |(r" + g)(r” — bg)_1| dr (2.2)

bkEGa,R 0

where 0 < rj < 0.5R.

* We use the standard notation of Nevanlinna theory.

Noting that*

0.5R 0.5Rt™ !
/ 7"_’7_1P<t7 r, Oé) dr = t_’y_l / S_’Y_lp(la S, Oé) ds <
- T

0 ot™t

o
<t ! / s IP(1,s,a)ds = mt 7 Lsecary,
0

0.5R
/ r~71ln
-

0

—o
r7 4+ by,
7 — b7

77 + |by |7

dr
77— |bg|”

0.5R
dr < / =7 1ln
T

0
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0.5R|b,|
= |bk|_7/ s M n|(s” +1)(s” = 1) ds <

olbrl™

< |bk|’7/ s Hin(s +1) —In|s” — 1|} ds = 7y~ |b,| 7 tan oy,
0

P(R,r,a,0) < Cia 'r°R™7 for 0<r<O05R,

from (2.2) we find

0.5R 0.5R
2 cos ow/ r 7 1nt [f(r)|dr < / 7"'Y’1{ln+ \f(rem)|—|—ln+ |f(re )|} dr+

0 0

+27y~ L sin ary Z |67 + Cy Z b7+

ro<|by|<0.5R |6y |<rq

+C5 Y |bk|*”+7"0/ P I [ f(ret)| + " | f (re )|} dr+
0

0.5R<|b,|<R

R
+C,T(R)R + / I | f(re’®)| + In" | f(re )|} dr.
0.5R

Integrating the resulting inequality with respect to a over the interval from 0
to m(27y)~!, we find

0.5R 0.5R
(my)~t / r It f ()| dr < / r " Im(r, 00) dr+
T T

0 0

0.5R
+y72 / r~Ydn(r,00) + C;T(2R)R™" + Cy =

[¢]

05R 05R
:/ " m(r, 00) dr—l—/ r Y IN(r,00)dr+C;T(2R)R™7 + Cy. (2.3)

0 0

Since v < p, as R — oo,

0.5R
/ r I (r) dr — oo,
T

0
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* Throughout the article, by the letter C' with subscripts we shall denote positive
constants independent of R, r, and «a.

on the other hand, since v > A, we have

lim RT(R) = 0.

R—o00

Therefore from (2.3) we find

0.5R 0.5R -1
Rlim (/ r1nt |f(r)|dr> {/ r T (r) dr} < my,
—00
TO T

0

whence
lim [T(r)] ! In* [f(r)| < 7.
T—00

Letting now ~« tend to A\, we obtain the assertion of the theorem for the case
A< p.
For A = p one should apply the method of work 6.

Remark. From the results of A. A. Gol' dberg and I. V. Ostrovskii 47 there
follows the following assertion, generalizing inequalities (1, 3) to meromorphic
functions:

Let f(z) be a meromorphic function of finite lower order A < 0.5. The inequality
holds

lim [T(r)] " In M (r) < A cse A (1 — cos (1 — A(00))),

r—00

where

A(oco) =1— lim N(r,o00)[T(r)] .

=00
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