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Abstract
Full Text
L. Ya. Plyanzina

ON THE APPROXIMATION OF SOLUTIONS
OF BOUNDARY-VALUE PROBLEMS FOR
PARABOLIC AND HYPERBOLIC EQUA-
TIONS BY MEANS OF SOLUTIONS OF THE
CAUCHY PROBLEM
(Presented by Academician L. S. Pontryagin on 15 XI 1963)

In the present paper, solutions of boundary-value problems for parabolic and
hyperbolic equations of second order are obtained as limits, as 𝜀 → 0, of solutions
of the Cauchy problem for certain equations with coefficients depending on 𝜀.
Similar problems were considered in works (1−3), etc.

1. In the cylinder 𝑄− = {Ω− × [0𝑇 ]}, where Ω− is a bounded domain of the
space 𝐸𝑛 with boundary Γ, a parabolic equation is given

𝑎(𝑥, 𝑡)𝜕𝑢
𝜕𝑡 +

𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑏𝑖𝑗(𝑥, 𝑡) 𝜕𝑢
𝜕𝑥𝑗

) +
𝑛

∑
𝑖=1

𝑐𝑖(𝑥, 𝑡) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑑(𝑥, 𝑡)𝑢 = 𝜑(𝑥, 𝑡). (1)

Let 𝑎, 𝑏𝑖𝑗, 𝑐𝑖, 𝑑, 𝜑, 𝜕𝑎/𝜕𝑡, 𝜕𝑏𝑖𝑗/𝜕𝑡, 𝜕𝑑/𝜕𝑡 (𝑖, 𝑗 = 1, 2, … , 𝑛) be bounded measur-
able functions, 𝑑(𝑥, 𝑡) ⩽ 0,

𝑎(𝑥, 𝑡) ⩽ ̄𝑎 < 0, 𝜆̄1
𝑛

∑
𝑖=1

𝜉2
𝑖 ⩾

𝑛
∑
𝑖,𝑗=1

𝑏𝑖𝑗(𝑥, 𝑡)𝜉𝑖𝜉𝑗 ⩾ 𝜆1
𝑛

∑
𝑖=1

𝜉2
𝑖 (2)

for any real vector 𝜉 = (𝜉1, 𝜉2, … , 𝜉𝑛), 𝜆̄1 ⩾ 𝜆1 > 0. The boundary of the
cylinder 𝑆 = {Γ × [0𝑇 ]} belongs to the class 𝐴2

2 (see (4)). We introduce, as

usual, the functional spaces 𝑊 1,1
2 (𝑄−),

0
𝑊 1,1

2 (𝑄−), 𝑊 1
2 (Ω−),

0
𝑊 1

2(Ω−) (see (5,6),
p. 93).

For equation (1) the following problems in 𝑄− are considered:

1) the first boundary-value problem with conditions

𝑢(𝑥, 𝑡)∣𝑡=0 = 𝑓(𝑥), 𝑓(𝑥) ∈
0

𝑊 1
2(Ω−); (3)
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𝑢(𝑥, 𝑡)∣𝑆 = 0; (4)

2) the second boundary-value problem with condition (3) and

𝜕𝑢
𝜕𝜈 ∣

𝑆
= 0, where 𝜕𝑢

𝜕𝜈 =
𝑛

∑
𝑖,𝑗=1

𝑏𝑖𝑗
𝜕𝑢
𝜕𝑥𝑗

cos(𝑛𝑥𝑖); (5)

3) the third boundary-value problem with condition (3) and

𝜕𝑢
𝜕𝜈 + 𝐹𝑢∣

𝑆
= 0, (6)

where 𝑛 is the outward normal to 𝑆; 𝐹(𝑥, 𝑡) > 0, 𝐹 ⊂ 𝐶1 in {𝐸𝑛 × [0𝑇 ]}.

In the case of problems (1), (3), (5) it is also assumed that the functions 𝜕𝑎/𝜕𝑥𝑘,
𝜕𝑏𝑖𝑗/𝜕𝑥𝑘, 𝜕𝑐𝑖/𝜕𝑥𝑘, 𝜕𝑑/𝜕𝑥𝑘, 𝜕𝜑/𝜕𝑥𝑘 (𝑖, 𝑗, 𝑘 = 1, 2, … , 𝑛) are measurable and
bounded.

By a generalized solution of problem (1), (3), (4) we shall mean a function

𝑢(𝑥, 𝑡) ∈
0

𝑊 1,1
2 (𝑄−) such that 𝑢(𝑥, 0) = 𝑓(𝑥) and, for any function Φ(𝑥, 𝑡) ∈

0
𝑊 1,1

2 (𝑄−), Φ(𝑥, 𝑇 ) = 0, the integral identity

Ψ(𝑢, Φ) ≡ ∫∫
𝑄−

[𝑎𝜕𝑢
𝜕𝑡 Φ −

𝑛
∑
𝑖,𝑗=1

𝑏𝑖𝑗
𝜕𝑢
𝜕𝑥𝑗

𝜕Φ
𝜕𝑥𝑖

+
𝑛

∑
𝑖=1

𝑐𝑖
𝜕𝑢
𝜕𝑥𝑖

Φ + 𝑑𝑢Φ − 𝜑Φ] 𝑑𝑥 𝑑𝑡 = 0.

(7)

By a generalized solution of problem (1), (3), (5) we shall mean a function
𝑢(𝑥, 𝑡) ∈ 𝑊 1,1

2 (𝑄−) such that 𝑢(𝑥, 0) = 𝑓(𝑥) and, for any function Φ(𝑥, 𝑡) ∈
𝑊 1,1

2 (𝑄−), Φ(𝑥, 𝑇 ) = 0, the integral identity (7) is satisfied.

By a generalized solution of problem (1), (3), (6) we shall mean a function
𝑢(𝑥, 𝑡) ∈ 𝑊 1,1

2 (𝑄−) such that 𝑢(𝑥, 0) = 𝑓(𝑥) and, for any function Φ(𝑥, 𝑡) ∈
𝑊 1,1

2 (𝑄−), Φ(𝑥, 𝑇 ) = 0, the integral identity is satisfied:

Ψ(𝑢, Φ) − ∫
𝑆

𝐹𝑢Φ 𝑑𝑠 = 0. (8)

Let us extend the coefficients of equation (1) to 𝑄+ = {Ω+ × [0𝑇 ]}, where
Ω+ = 𝐸𝑛/Ω−, as functions (𝑡, 𝑥, 𝜀) in such a way that, in the case of problem
(1), (3), (5),

|𝑎| ≤ 𝐾𝜀𝛼, |𝜕𝑎/𝜕𝑡| ≤ 𝐾𝜀𝛼, |𝑏𝑖𝑗| ≤ 𝐾𝜀𝛽, |𝜕𝑏𝑖𝑗/𝜕𝑡| ≤ 𝐾𝜀𝛽, (9)

|𝑐𝑖| ≤ 𝐾𝜀𝛾, |𝑑| ≤ 𝐾𝜀𝛿, |𝜕𝑑/𝜕𝑡| ≤ 𝐾𝜀𝛿, |𝜑| ≤ 𝐾𝜀𝜂 (𝑖, 𝑗 = 1, 2, … , 𝑛),
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where 𝜑(𝑥, 𝑡, 𝜀) = 0 outside a certain finite domain, 𝑑(𝑥, 𝑡, 𝜀) ≤ 0,

𝜂 ≥ 𝛼/2, 𝛾 ≥ (𝛽 + 𝛼)/2, 𝛼 ≤ 𝛽, (10)

the constant 𝐾 does not depend on 𝜀,

𝑎(𝑥, 𝑡, 𝜀) ≤ ̃𝑎(𝜀) < 0, 𝜀𝛽𝜆̄2
𝑛

∑
𝑖=1

𝜉2
𝑖 ≥

𝑛
∑
𝑖,𝑗=1

𝑏𝑖𝑗(𝑥, 𝑡, 𝜀)𝜉𝑖𝜉𝑗 ≥ 𝜀𝛽𝜆2
𝑛

∑
𝑖=1

𝜉2
𝑖 ,

𝜆̄2 ≥ 𝜆2 > 0. (11)

For problem (1), (3), (5), we assume, in addition, that in 𝑄+

|𝜕𝑎/𝜕𝑥𝑘| ≤ 𝐾𝜀𝛼, |𝜕𝑏𝑖𝑗/𝜕𝑥𝑘| ≤ 𝐾𝜀𝛽, |𝜕𝑐𝑖/𝜕𝑥𝑘| ≤ 𝐾𝜀𝛾,

|𝜕𝑑/𝜕𝑥𝑘| ≤ 𝐾𝜀𝛿, |𝜕𝜑/𝜕𝑥𝑘| ≤ 𝐾𝜀𝜂. (12)

For problem (1), (3), (6) the coefficients of equation (1) are extended to 𝑄+ so
that inequalities (9), (10), (11) are satisfied. In doing so we put

𝑑(𝑥, 𝑡, 𝜀) = −𝐹 2(𝑥, 𝑡)𝜀−𝛽; 𝑏𝑖𝑗(𝑥, 𝑡, 𝜀) = 𝜀𝛽 for 𝑖 = 𝑗;
𝑏𝑖𝑗(𝑥, 𝑡, 𝜀) = 0 for 𝑖 ≠ 𝑗. (13)

By 𝐴ℎ, 𝐵ℎ
𝑖𝑗, 𝐶ℎ

𝑖 , 𝐷ℎ, Φℎ we denote the averages of the thus obtained discontinu-
ous functions 𝑎, 𝑏𝑖𝑗, 𝑐𝑖, 𝑑, 𝜑 with averaging radius ℎ = 𝜀|𝛿| for problem (1), (3),
(4), ℎ = 𝜀|𝛽| for problem (1), (3), (5), and ℎ = 𝜀𝜇, 𝜇 > |𝛽|, for problem (1), (3),
(6).

In the case of problem (1), (3), (5) the averaging is carried out in a special
manner. We cover 𝑄−

by a finite number of domains 𝑅𝑖 (𝑖 = 1, 2, … , 𝑁) such
that in 𝑅𝑘 containing points 𝑆 = {Γ × [0𝑇 ]} it is possible to pass to coordinates
𝑡, 𝑦𝑘

1 , … , 𝑦𝑘
𝑛, 𝑦𝑘

𝑖 = 𝜑𝑖(𝑥1, … , 𝑥𝑛) (𝑖 = 1, 2, … , 𝑛), in which a piece of the boundary
𝑆 is transformed into a piece of the plane 𝑦𝑘

𝑛 = 0, and in 𝑅ℓ ∩ 𝑅𝑘

𝑦𝑘
𝑛 = 𝑦ℓ

𝑛.
Denote

𝑅𝑁+1 = {𝐸𝑛 × [0𝑇 ]} −
𝑁

∑
𝑖=1

𝑅𝑖.

Let 𝜒𝑘(𝑥) be smooth functions, 𝜒𝑘(𝑥) = 0 outside 𝑅𝑘, 0 ≤ 𝜒𝑘 ≤ 1,
𝑁+1
∑
𝑘=1

𝜒𝑘 = 1.

Put:

𝐴ℎ =
𝑁+1
∑
𝑘=1

𝜒𝑘(𝑎)ℎ
𝑘 , 𝐵ℎ

𝑖𝑗 =
𝑁+1
∑
𝑘=1

𝜒𝑘(𝑏𝑖𝑗)ℎ
𝑘 , 𝐶ℎ

𝑖 =
𝑁+1
∑
𝑘=1

𝜒𝑘(𝑐𝑖)ℎ
𝑘 ,
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𝐷ℎ =
𝑁+1
∑
𝑘=1

𝜒𝑘(𝑑)ℎ
𝑘 , Φℎ =

𝑁+1
∑
𝑘=1

𝜒𝑘(𝜑)ℎ
𝑘 ,

where (𝑎)ℎ
𝑘 , (𝑏𝑖𝑗)ℎ

𝑘 , (𝑐𝑖)ℎ
𝑘 , (𝑑)ℎ

𝑘 , (𝜑)ℎ
𝑘 denote the averages of the corresponding

functions in the domain 𝑅𝑘 with respect to the variables 𝑡, 𝑦𝑘
1 , … , 𝑦𝑘

𝑛.

Consider the Cauchy problem for the equation

𝐴ℎ(𝑥, 𝑡, 𝜀)𝜕𝑢
𝜕𝑡 +

𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝐵ℎ
𝑖𝑗(𝑥, 𝑡, 𝜀) 𝜕𝑢

𝜕𝑥𝑗
) +

𝑛
∑
𝑖=1

𝐶ℎ
𝑖 (𝑥, 𝑡, 𝜀) 𝜕𝑢

𝜕𝑥𝑖
+

+𝐷ℎ(𝑥, 𝑡, 𝜀)𝑢 = Φℎ(𝑥, 𝑡, 𝜀) (14)

with the condition

𝑢(𝑥, 𝑡)∣𝑡=0 = 𝑓ℎ(𝑥), (15)

where 𝑓ℎ(𝑥) ∈
0
𝐶(∞)(Ω−), 𝑓ℎ(𝑥) = 0 outside Ω−, and

‖𝑓ℎ(𝑥) − 𝑓(𝑥)‖ 0
𝑊 1

2(Ω−)
→ 0

as ℎ → 0.

For the solution of problem (14), (15), estimates have been obtained, uniform
in ℎ and 𝜀, by means of which the following is proved.

Theorem 1. The solution 𝑢ℎ
𝜀 of problem (14), (15) converges as 𝜀 → 0 in the

mean in the domain 𝑄−
𝜎 , for any 𝜎 > 0, to the generalized solution 𝑢0 of problem

(1), (3), (4), if 𝛿 ⩽ 𝛼, 𝛽 < −𝛿, 𝛿 < 0; to the generalized solution of problem (1),
(3), (5), if 𝛿 ⩽ 𝛼, 𝛽 > −𝛿, 𝛽 > 0; to the generalized solution of problem (1), (3),
(6), if −𝛽 < 𝛼, 𝛽 = −𝛿, 𝛽 > 0;

2. Suppose that in the cylinder 𝑄− there is given the hyperbolic equation

𝑎(𝑥, 𝑡)𝜕2𝑢
𝜕𝑡2 +

𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑏𝑖𝑗(𝑥, 𝑡) 𝜕𝑢
𝜕𝑥𝑗

) +
𝑛

∑
𝑖=1

𝑐𝑖(𝑥, 𝑡) 𝜕𝑢
𝜕𝑥𝑖

+

+𝑔(𝑥, 𝑡)𝜕𝑢
𝜕𝑡 + 𝑑(𝑥, 𝑡)𝑢 = 𝜑(𝑥, 𝑡). (16)

The functions 𝑎, 𝑏𝑖𝑗, 𝑐𝑖, 𝑔, 𝑑, 𝜑, 𝜕𝑎/𝜕𝑡, 𝜕𝑏𝑖𝑗/𝜕𝑡, 𝜕𝑑/𝜕𝑡 (𝑖, 𝑗 = 1, 2, … , 𝑛) are
bounded and measurable; 𝑎(𝑥, 𝑡) is a continuous function. The inequalities (2)
are satisfied, 𝑆 ⊂ 𝐴2. For equation (16) consider mixed problems with the
initial conditions:
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𝑢(𝑥, 𝑡)∣𝑡=0 = 𝑓0(𝑥), 𝜕𝑢
𝜕𝑡 ∣

𝑡=0
= 𝑓1(𝑥), (17)

where 𝑓0(𝑥) ∈
0

𝑊 1
2(Ω−), 𝑓1(𝑥) ∈ 𝐿2(Ω−), and 1) the boundary condition of the

first kind (4); 2) the boundary condition of the second kind (5); 3) the boundary
condition of the third kind (6).

For problem (16), (17), (5), the functions 𝜕𝑎/𝜕𝑥𝑘, 𝜕𝑏𝑖𝑗/𝜕𝑥𝑘, 𝜕𝑐𝑖/𝜕𝑥𝑘, 𝜕𝑔/𝜕𝑥𝑘,
𝜕𝑑/𝜕𝑥𝑘, 𝜕𝜑/𝜕𝑥𝑘, 𝜕𝑐𝑖/𝜕𝑡, 𝜕𝑔/𝜕𝑡, 𝜕𝜑/𝜕𝑡, 𝜕2𝑏𝑖𝑗/𝜕𝑡2 (𝑖, 𝑗, 𝑘 = 1, 2, … , 𝑛) are also

bounded and measurable, 𝑆 ⊂ 𝐴3, 𝑓0(𝑥) ∈
0

𝑊 2
2(Ω−), 𝑓1(𝑥) ∈

0
𝑊 1

2(Ω−), where
0

𝑊 2
2(Ω−) is the space obtained by completing the functions of the class 𝐶(∞)

0 (Ω−)
in the norm 𝑊 2

2 .

By a generalized solution of problem (16), (17), (4) we shall mean a function

𝑢(𝑥, 𝑡) ∈
0

𝑊 1,1
2 (𝑄−) such that 𝑢(𝑥, 0) = 𝑓0(𝑥) and, for any function Φ(𝑥, 𝑡) ∈

0
𝑊 1,1

2 (𝑄−), Φ(𝑥, 𝑇 ) = 0, the integral identity holds:

Ψ̃(𝑢, Φ) ≡ ∬
𝑄−

[−𝑎𝜕𝑢
𝜕𝑡

𝜕Φ
𝜕𝑡 −

𝑛
∑
𝑖,𝑗=1

𝑏𝑖𝑗
𝜕𝑢
𝜕𝑥𝑗

𝜕Φ
𝜕𝑥𝑖

+
𝑛

∑
𝑖=1

𝑐𝑖
𝜕𝑢
𝜕𝑥𝑖

Φ − 𝜕𝑎
𝜕𝑡

𝜕𝑢
𝜕𝑡 Φ+

+𝑔 𝜕𝑢
𝜕𝑡 Φ + 𝑑𝑢Φ − 𝜑Φ] 𝑑𝑥 𝑑𝑡 − ∫

Ω−
𝑎(𝑥, 0)Φ(𝑥, 0)𝑓1(𝑥) 𝑑𝑥 = 0. (18)

By a generalized solution of problem (16), (17), (5) we shall mean a function
𝑢(𝑥, 𝑡) ∈ 𝑊 1,1

2 (𝑄−) such that 𝑢(𝑥, 0) = 𝑓0(𝑥) and, for any function Φ(𝑥, 𝑡) ∈
𝑊 1,1

2 (𝑄−), Φ(𝑥, 𝑇 ) = 0, the integral identity (18) is satisfied.

By a generalized solution of problem (16), (17), (6) we shall mean a function
𝑢(𝑥, 𝑡) ∈ 𝑊 1,1

2 (𝑄−) such that 𝑢(𝑥, 0) = 𝑓0(𝑥) and, for any function Φ(𝑥, 𝑡) ∈
∈ 𝑊 1,1

2 (𝑄−), Φ(𝑥, 𝑇 ) = 0, the integral identity

Ψ̃(𝑢, Φ) − ∫
𝑆

𝐹𝑢Φ 𝑑𝑠 = 0. (19)

We extend the functions 𝑎, 𝑏𝑖𝑗, 𝑐𝑖, 𝑔, 𝑑, 𝜑 to 𝑄+ for problem (16), (17), (4) so
that inequalities (9), (11) and

|𝑔(𝑥, 𝑡, 𝜀)| ⩽ 𝐾𝜀𝜔, (20)
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are satisfied; for problem (16), (17), (6), conditions (9), (11), (13), (20); for
problem (16), (17), (5), inequalities (9), (11), (12), (20) and

|𝜕2𝑏𝑖𝑗/𝜕𝑡2| ⩽ 𝐾𝜀𝛽, |𝜕𝑐𝑖/𝜕𝑡| ⩽ 𝐾𝜀𝛾, |𝜕𝑔/𝜕𝑡| ⩽ 𝐾𝜀𝜔,
|𝜕𝜑/𝜕𝑡| ⩽ 𝐾𝜀𝜂, |𝜕𝑔/𝜕𝑥𝑖| ⩽ 𝐾𝜀𝜔 (𝑖, 𝑗 = 1, 2, … , 𝑛).

𝐴ℎ, 𝐵ℎ
𝑖𝑗, 𝐶ℎ

𝑖 , 𝐺ℎ, 𝐷ℎ, Φℎ denote the averages of the corresponding discontinuous
functions 𝑎, 𝑏𝑖𝑗, 𝑐𝑖, 𝑔, 𝑑, 𝜑 with averaging radius: ℎ = 𝜀|𝛿| for problem (16), (17),
(4); ℎ = 𝜀|𝛽| for problem (16), (17), (5); ℎ = 𝜀𝜇, 𝜇 > |𝛽|, for problem (16), (17),
(6). In the case of problem (16), (17), (5), the averaging is carried out as for
problem (1), (3), (5).

The exponents of powers of 𝜀 satisfy the conditions

𝛾 ⩾ (𝛽 + 𝛼)/2, 𝜂 ⩾ 𝛼/2, 𝛽 > 𝛼, 𝜔 ⩾ 𝛼.

Consider the Cauchy problem for the equation

𝐴ℎ(𝑥, 𝑡, 𝜀)𝜕2𝑢
𝜕𝑡2 +

𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝐵ℎ
𝑖𝑗(𝑥, 𝑡, 𝜀) 𝜕𝑢

𝜕𝑥𝑗
) +

𝑛
∑
𝑖=1

𝐶ℎ
𝑖 (𝑥, 𝑡, 𝜀) 𝜕𝑢

𝜕𝑥𝑖

+𝐺ℎ(𝑥, 𝑡, 𝜀)𝜕𝑢
𝜕𝑡 + 𝐷ℎ(𝑥, 𝑡, 𝜀)𝑢 = Φℎ(𝑥, 𝑡, 𝜀) (21)

with initial conditions

𝑢(𝑥, 𝑡)∣𝑡=0 = 𝑓ℎ
0 (𝑥), 𝜕𝑢

𝜕𝑡 ∣
𝑡=0

= 𝑓ℎ
1 (𝑥), (22)

where

𝑓ℎ
0 (𝑥), 𝑓ℎ

1 (𝑥) ∈
0
𝐶(∞)(Ω−), 𝑓ℎ

0 (𝑥) = 𝑓ℎ
1 (𝑥) = 0 outside Ω−;

‖𝑓ℎ
0 (𝑥) − 𝑓0(𝑥)‖ 0

𝑊 1
2(Ω−)

+ ‖𝑓ℎ
1 (𝑥) − 𝑓1(𝑥)‖𝐿2(Ω−) → 0 as ℎ → 0.

Theorem 2. The solution 𝑢𝜀 of problem (21), (22) converges as 𝜀 → 0, in the
mean in the domain 𝑄𝜎 for 𝜎 > 0, to the generalized solution 𝑢0 of problem
(16), (17), (4), if 𝛼 ⩽ 𝛿, 𝛽 < −𝛿, 𝛿 < 0; to the generalized solution of problem
(16), (17), (6), if 𝛼 > −𝛽, 𝛽 = −𝛿, 𝛽 > 0; to the generalized solution of problem
(16), (17), (5), if 𝛼 ⩽ 𝛿, 𝛽 > −𝛼, 𝛽 > 0 and

‖𝑓ℎ
0 (𝑥) − 𝑓0(𝑥)‖ 0

𝑊 2
2(Ω−)

+ ‖𝑓ℎ
1 (𝑥) − 𝑓1(𝑥)‖ 0

𝑊 1
2(Ω−)

→ 0 as ℎ → 0.
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If 𝛽 > 0, 𝛼 > 0, 𝛾 > 0, 𝛿 > 0, 𝜂 > 0, 𝜔 > 0, then for problem (16), (17), (5)

Theorem 2 is true under the condition that 𝑓0(𝑥) ∈
0

𝑊 1
2(Ω−), 𝑓1(𝑥) ∈ 𝐿2(Ω−).

The author expresses deep gratitude to Prof. O. A. Oleinik for assistance in
writing this work.
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