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N. M. MIKHAILOVA-GUBENKO

SINGULAR INTEGRAL EQUATIONS IN LIP-
SCHITZ SPACES

(Presented by Academician V. I. Smirnov on 28 V 1964)

In the paper (1) S. G. Mikhlin (see also (?)) investigated multidimensional singu-
lar integral equations in Lipschitz spaces. The main result of that paper consists
in the fact that, under certain smoothness conditions imposed on the data of the
equation, every solution of it satisfies a Lipschitz condition of order « € (0, 1).
However, this result was obtained under rather restrictive assumptions. For
example, if the characteristic does not depend on the pole, it is required that
it have square-summable generalized derivatives of order [ on the unit sphere,
where | > m/2 + 1 for even m and [ > (m + 1)/2 + 2 for odd m (m is the
dimension of the space). In the case of a characteristic depending on the pole,
additional restrictions arise.

The above-mentioned result of S. G. Mikhlin was obtained on the basis of his
theory of singular equations in L,. The purpose of the present note is to con-
struct a general theory of singular equations on manifolds in Lipschitz spaces.
As a final result, a theorem is obtained on the membership of solutions in a
Lipschitz space under assumptions weaker than in (1).

Let I' be an m-dimensional closed manifold of Lyapunov type, and let ¢ be a
function on I' whose support is mapped by means of a one-to-one smooth trans-
formation 7 onto a domain G' C E,,. We shall denote by ¢, " the operators
defined by the equalities

pru@) = (M @)u(t (@),  ¢Tu() = p(§) v(T(€)),
where £ and x are arbitrary points on I'" and G, respectively, and u(§) and v(z)
are functions given respectively on I' and G.

By Lip. o we shall denote the space of functions given on I' and satisfying a
Lipschitz condition of order o, 0 < v < 1.

Definition 1*. An operator A is called singular on T if the following conditions
are fulfilled:

1. For any functions ¢ and % from Lip, a with nonintersecting supports on
I', the operator @A is completely continuous in Lipp. c.
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2. For any functions ¢ and v from Lip o, whose supports can be mapped,
by means of a single one-to-one smooth transformation 7, onto a domain
of the space E,, (i.e., are situated within one coordinate system), the
equality

pAY =" AY, + T,

holds, where T' is an operator completely continuous in Lipp.«, and A is a
singular operator in F,_ , i.e.

m?

0
Au(x) = a(x)u(z) + lim f@. )u(y) dy,
€0 r>€ T
where
. y—x
a(x) € Lip, «, 0= , r=|y—x|.
() € Lipy,_ — ly—al

* This definition is analogous to the definition of a singular operator in L,,(T')
given by Seeley (3).

The symbol &, of the operator A, by definition, coincides with the symbol of
the operator A.

In what follows we follow the notation adopted in the monograph of S. G.
Mikhlin (2).

We formulate a theorem on the boundedness of a singular operator in Lippa.
Such a theorem for multidimensional singular integrals was first proved by J.
Giro (%) (see also (2), § 6) under considerably more restrictive conditions.

Theorem 1. If f(z,0) € Wfl>(5) and if

[f(@+h,0) = f(z,0)] s < Blh|% (1)

then the operator A is bounded in Lippa.

For operators defined on a two-dimensional manifold, one can obtain a more
precise result.

Theorem 1’. Let m = 2. If (1) holds and f(z,0) € L(S), and if
|f(z,6.,) = f(z.0)]Ls) < Bw’, 2)

where § > « and 0, is the rotation of the vector § through a constant angle w,
then the operator A is bounded in Lippc.
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Using a result of S. G. Mikhlin (°) (see also (?), § 31), from Theorem 1 one can
obtain a criterion for the boundedness of the operator A in terms of the symbol

Theorem 2. If & ,(z,0) € Wé”(S), where [ > (m + 2)/2, and if

|94 (2 + R, 0) — 4 (x,0) < B|n|?,

lwgs)

then the operator A is bounded in Lippa.
The following theorem on multiplication of symbols holds.

Theorem 3. Let 4, and A, be singular operators on I'. If @4 (z,0) € 171\/2(”(5),
where { > (m + 3)/2, and if

|®4,(z + 1, 0) — @4 (z,0) < Blh|* (i=1,2),

o)
then the operator A; A, — Ay A, is completely continuous in Lippc, and the
symbol of the product A; A, is equal to the product of the symbols ®, @, .

In the proof of Theorem 3 the following two lemmas are used.

Lemma 1. Let ®4(z,0) € WSD(S), where [ > (m + 3)/2, and

194 (2 + R, 0) = @ 4(,0)] ) < Blh|*.

Wi (s

Then the expansion of the symbol in a series in spherical functions,

kn

0= Vo),

0 k=1

corresponds to an expansion of the operator A into a series convergent in the
Lipa norm,

o0 k‘n k
EPMITE
n—0 k=1

where Aﬁf) are singular operators on I' corresponding to the operators Ag,k) in

E,,, where

(k) (k)
AV u(z) = b (xyu(z), A u(z) = br (2) / Yn.m(0) u(y) dy.
E

m
Tn ,m r
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Lemma 2. Let ¢ and 9 be functions from the space LipT'a with compact
supports on I', and let the function b(x) satisfy a Lipschitz condition of order «
in E,,. Then the operator @B, where B is the integral operator with kernel

b(y)—0b
ly—am "
is completely continuous in Lip I'a.

In the following theorem conditions are given under which every bounded solu-
tion of the equation Au = g, where g € LipT'a, belongs to the space LipT'a’,
o’ > 0.

Theorem 4. Let inf|® ,(x,0)| > 0, f(z,0) € W2(2>(S) NCM(S); let

|f($+h,9)—f(l‘,9)|<3‘h|’y (7>0)7 (3)

||f(IE +h, 0) - f(xa 9)‘|w‘21)(s) < B‘h|a

Then every bounded solution of the equation Au = g belongs to the space
Lipla'.

For m = 2, using Theorem 1, this result can be strengthened.

Theorem 4. Let inf|® ,(z,6)| > 0, f(z,0) € C'V(S). Suppose that (3) holds
and

||f(33+h,9>—f($79)HW§)(S) < B‘hlav (4)

where € > 0. Then every bounded solution of the equation Au = g belongs to
the space LipI'a’.
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