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Let E be a real Banach space, and let A be a linear bounded operator acting
in E. If the spectrum of the operator A is contained in the disk |[A| < r, then,
as is known !, for every f € E (f # 0) the equation Ao = Ax + f, for |\| > r,
has a unique solution z*, to which the method of successive approximations
converges,

1
Lo+l = X(Axn+f) (n:()?lv"')v

starting from an arbitrary element z, € E. In connection with this, it is of
interest to estimate the spectrum of a linear bounded operator A. Such an
estimate is given, for example, by the norm ||A| of the operator A. The exact
value of the spectral radius r(A) of the operator A can be computed by the
formula !

r(4) = Tim /A7, 1)

Estimating the spectrum of an operator by means of its norm is, as a rule, crude,
while determining the spectral radius by formula (1) is very difficult.

In the present article a method is proposed for estimating the spectral radius of
linear integral operators acting in the spaces C(£2), L,(2) (p > 1), and also the
spectral radius of infinite matrices generating linear bounded operators acting
in one or another space of sequences. This method is based on the following

theorem 2.

(3

Theorem 1. Let the cone K be normal and reproducing ®*%, the linear operator

A be positive, ug-bounded above, and

Ay < Ay (ug € K).

Let, further, the linear operator A, satisfy the condition
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—A< Ay < A

Then the spectrum of the operator A lies in the disk

A< 3/ A

1. Let E = C(Q), where Q is a closed bounded set of a finite-dimensional space.
Let the function K(t,s) (t,s € Q) be such that the operators

Agz(t) = /Q Kt s)z(s)ds,  Ax(t) = /Q K (1, 5)[2(s) ds @)

act in C'(Q) and are bounded. We distinguish in C(€2) the cone K of nonnegative
functions. This cone is normal and solid. Put

wg(t) = /Q K (t, )| ds.

The operator A is uy(t)-bounded above, since for every x(t) € K

Ax(t) = /Q K (t,5)| 2(s) ds < max|z(s)| ug(t) = []uo- 3)

From Theorem 1 it then follows that

Theorem 2. Let \; be a real number such that

/ |K(t,s)] [)\0 — / |K (s, 7)] dT:| ds > 0. (4)
Q Q
Then the spectral radius of the operator A, does not exceed \,:
r(Ay) < Ap-
Remark. Relation (4) is always satisfied if for A, one takes the quantity
Ao = 4ol = max/ |K(s,7)|dT.
5 Jo

However, as a rule, Ay can be chosen considerably smaller.
A generalization of Theorem 2 is

Theorem 3. Let
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R, (ts) = / / K (8, 50)] - [K (51 85)| < | K (5,01, 8)] dsy s, 1,
Q Q

where m is an arbitrary positive integer, and let A, be such that

/|K(t,s)\ . [)\71” —/Rm(s,T) dT:| ds > 0. (5)
Q Q
Then the estimate holds

r(4y) < A

Remark. Inequality (5) is satisfied for

1/m
AL = [max/Rm(t,s) ds] .
toJa

If one takes a positive function from C(2) such that
min(t) = > 0,

teQ)

then the operator A will be ¥,(t)-bounded above, where

By (t) = (1) / K (1, )| ds = () (2).
Indeed, for any z(t) € K,

=1

[ o) o) ds < Iellogayu) < Fhut(e) = ate)do(n)

(a(m) - "?') .

Therefore r(A4,) < A, where ), is such that

/Q K(t,)] {AW@ —(s) /Q R, (s.7) dT} ds > 0.

Theorem 4. Let \, satisfy the inequality
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/QRm(t,s) {)\2 — /Q | K (s,7)| dT:| ds > 0.

Then

r(A4g) < Ag.

For the proof it is enough to note that the operator A is g,,(t)-bounded from
above, where

%@=L&%$w

Indeed, for any z(t) € K,

[ Rulto)a(s)ds < lelogn0).
Q

Let us note that the same arguments allow one to assert that r(Ay) < A, where
Ay (n,m) satisfies the condition

/QRm(t,s) {/\gzb(t) —(s) / R, (s,7) d7':| ds >0

Q

(n is an arbitrary natural number). We note that A, (n, m) is monotone in n, m
and lim Ay(n,m) =r(Ap).

n—00

2. Let now the space I = L, (Q2) be semiordered by the cone K of nonnegative
functions. This cone is normal and reproducing. Let the operators A, and
Aact in L,(2). It is clear that AK C K.

Theorem 5. Let

udw(éuqu@wm)weLgm (1+1:1)

p q

Then r(Ay) < po, where pg is such that

K (t,5)] |K@MMTW@<% m@ﬂ@1@
[ ([meorea) |

As py in this relation one may take the quantity
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o = [ / ( [ s ds) " dt] U

however, in concrete cases p, can be chosen in a better way, i.e. py < C.

We note that p can also be chosen from the relation

R, (ts)| | Re(s,7)dr 1/qu<)\6‘ R4 (t,5) ds "
Q Q Q

Here it is assumed that

u, (t) = ( /Q RY(t, s) ds)l/q € L,(Q).

3. We turn to estimating the spectral radius of an infinite matrix Ay = (a;;)
(i,7 =1,2,...). Let m be the space of bounded numerical sequences. Put
A= (‘aijl)'

The infinite matrices A,, A generate linear bounded operators acting in m if
and only if

o0
Z |ag| < M < +oo.
k=1

We construct the element

o o 50
190: <Z|a1k|’ Zla’Zk?”’vZ'aik',...) .
k=1 k=1 k=1

Obviously, ¥, € m, and the operator A is 9,-bounded above; moreover,

M2

>

J=1

|a’ij| : |ajk|

AY, < sup
i=1,2,...

9.

T
Nl

‘aij‘

<.
Il
—

In view of what has been said, the following holds.

Theorem 6. Let )\, satisfy the condition
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Then

r(A4y) < Ap-

Theorem 6 admits a generalization in the sense of Theorems 3 and 4.

?

4. Suppose that the matrix A = (|a;;|) satisfies the Riesz condition

AP/ < o0,
3 (;w ) N

Then the matrix A, generates a linear completely continuous operator acting in
the space [,,.

Theorem 7. The estimate

oo oo 1/q
S ay (zmjkw)
=1 k=1
g < sip
(zm«w)
=1

is valid.

One may also consider the operator A, acting in other Banach spaces semi-
ordered by normal and reproducing cones, and, with the aid of Theorem 1,
obtain various kinds of estimates for the spectrum of this operator. Moreover,
one may consider an operator A, such that AgFE; — E,, where E; and E, are
Banach spaces semi-ordered respectively by cones K; and K,, the first of which
is reproducing and the second normal.

We note that the results presented remain valid also in the case when a complex
Banach space E is considered.

In conclusion, the authors express their gratitude to M. A. Krasnosel’ skii for
his attention.
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