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Abstract
Full Text

Kh. Sh. Mukhtarov
Investigation of a Class of Nonlinear Singular Equations
with Hilbert Kernel
(Presented by Academician I. N. Vekua, 11 VII 1963)

In the present article we study the equation

𝑢(𝑥) = 𝜆𝑎(𝑥)
2𝜋 ∫

+𝜋

−𝜋
𝑓(𝑠, 𝑢(𝑠)) ctg 𝑠 − 𝑥

2 𝑑𝑠 + 𝑏(𝑥) (1)

in the space 𝐻𝑘(𝜑), which is a generalization of the Hölder space 𝐻𝑘,𝛿.

Let 𝜑(𝜎) be a continuous monotonically increasing function satisfying the con-
dition: there exists a constant 𝑐 > 1 such that

1 < lim
𝜎→0

𝜑(𝑐𝜎)
𝜑(𝜎) ≤ lim

𝜎→0
𝜑(𝑐𝜎)
𝜑(𝜎) < 𝑐, 𝜑(0) = 0.

Definition. A periodic function 𝑢(𝑥) of period 2𝜋, defined on [−𝜋, 𝜋], is said
to belong to the space 𝐻𝑘(𝜑) if it satisfies the conditions:

|𝑢(𝑥)| ≤ 𝑘, |𝑢(𝑥 + Δ𝑥) − 𝑢(𝑥)| ≤ 𝑘𝜑(|Δ𝑥|),

where 𝑘 = const.

We note that an equation of the form (1) was studied in papers (1,2) in the space
𝐻𝑘,𝛿. It is not hard to see that 𝐻𝑘,𝛿 ∈ 𝐻𝑘(𝜑), and 𝐻𝑘(𝜑) is a complete compact
metric space in the sense of the metric 𝐶(−𝜋, 𝜋).
In 𝐻𝑘(𝜑) we introduce two metrics. If 𝑢(𝑥), 𝑣(𝑥) ∈ 𝐻𝑘(𝜑), then

𝜌𝐶(−𝜋,𝜋)(𝑢, 𝑣) = max |𝑢(𝑥) − 𝑣(𝑥)|, (2)

𝜌𝐿2(−𝜋,𝜋)(𝑢, 𝑣) = [∫
𝜋

−𝜋
|𝑢(𝑠) − 𝑣(𝑠)|2 𝑑𝑠]

1/2
. (3)

Since

𝜌𝐿2(−𝜋,𝜋)(𝑢, 𝑣) ≤
√

2𝜋 𝜌𝐶(−𝜋,𝜋)(𝑢, 𝑣),
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then, by virtue of Lemma 3 (3), 𝐻𝑘(𝜑) is complete with respect to the metric
(3).

We first give several lemmas.

Lemma 1. If a sequence {𝑢𝑛(𝑥)} ∈ 𝐻𝑘(𝜑) converges to 𝑢0(𝑥) ∈ 𝐻𝑘(𝜑) in the
sense of the metric (3), then the same sequence also converges in the sense of
the metric (2).

Proof. Let

𝑎𝑛 = ∫
𝜋

−𝜋
|𝑢𝑛(𝑥) − 𝑢0(𝑥)|2 𝑑𝑥, lim

𝑛→∞
𝑎𝑛 = 0.

Without loss of generality, let 𝑎𝑛 < 𝜋2. Introduce the following sets:

𝐸𝑛(𝑥0) = {[𝑥0, 𝑥0 + √𝑎𝑛], if − 𝜋 ≤ 𝑥0 ≤ 0,
[𝑥0 − √𝑎𝑛, 𝑥0], if 0 < 𝑥0 ≤ 𝜋.

Obviously, 𝐸𝑛(𝑥0) ⊂ [−𝜋, 𝜋].
Applying the theorem on the mean value of an integral, we obtain

𝑎𝑛 ≥ ∫
𝐸𝑛(𝑥0)

|𝑢𝑛(𝑥) − 𝑢0(𝑥)|2 𝑑𝑥 = |𝑢𝑛(𝜉𝑛) − 𝑢0(𝜉𝑛)|2 mes 𝐸𝑛(𝑥0).

Hence it follows that

|𝑢𝑛(𝜉𝑛) − 𝑢0(𝜉𝑛)| ≤ 4√𝑎𝑛.

Since 𝜉𝑛 ∈ 𝐸𝑛(𝑥0), we have |𝜉𝑛 − 𝑥0| ≤ √𝑎𝑛 and, consequently, 𝜑(|𝜉𝑛 − 𝑥0|) ≤
𝜑(√𝑎𝑛).
Taking the above into account, we have

|𝑢𝑛(𝑥0) − 𝑢0(𝑥0)| ≤

≤ |𝑢𝑛(𝑥0) − 𝑢𝑛(𝜉𝑛)| + |𝑢𝑛(𝜉𝑛) − 𝑢0(𝜉𝑛)| + |𝑢0(𝑥0) − 𝑢0(𝜉𝑛)| ≤

≤ 2𝑘𝜑(|𝜉𝑛 − 𝑥0|) + 4√𝑎𝑛 ≤ 2𝑘𝜑(√𝑎𝑛) + 4√𝑎𝑛.

Thus, for any 𝑥 ∈ [−𝜋, 𝜋] we have
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|𝑢𝑛(𝑥) − 𝑢0(𝑥)| ≤ 2𝑘𝜑(√𝑎𝑛) + 4√𝑎𝑛. (4)

If in inequality (4) we pass to the limit as 𝑛 → ∞ and take into account that
𝜑(0) = 0, we obtain the assertion of Lemma 1.

Lemma 2. If 𝑢(𝑥) ∈ 𝐻𝑘(𝜑), then

𝑉 (𝑥) = − 1
2𝜋 ∫

+𝜋

−𝜋
𝑢(𝑠) ctg 𝑠 − 𝑥

2 𝑑𝑠

satisfies the conditions

|𝑉 (𝑥)| ≤ 𝑙𝑘, |𝑉 (𝑥 + Δ𝑥) − 𝑉 (𝑥)| ≤ 𝑙𝑘𝜑(|Δ𝑥|),

where 𝑙 is a constant independent of 𝑘.

The assertion of Lemma 2 follows from work (4).

Lemma 3. If 𝑓(𝑠, 𝑢) is periodic in 𝑠 with period 2𝜋, defined for −𝜋 ≤ 𝑠 ≤ 𝜋,
−𝑘 ≤ 𝑢 ≤ 𝑘, and satisfies the conditions

|𝑓(𝑠1, 𝑢1) − 𝑓(𝑠2, 𝑢2)| ≤ 𝑙1𝜑(|𝑠1 − 𝑠2|) + 𝑙2|𝑢1 − 𝑢2|, (5)

𝑓(𝑠, 0) ∈ 𝐻𝑘0
(𝜑) (6)

and if 𝑎(𝑥) ∈ 𝐻∗
𝑙3

(𝜑), 𝑏(𝑥) ∈ 𝐻𝑘1
(𝜑) (𝑘1 < 𝑘), then the operator

𝐵𝑢 = 𝜆𝑎(𝑥)
2𝜋 ∫

+𝜋

−𝜋
𝑓(𝑠, 𝑢(𝑠)) ctg 𝑠 − 𝑥

2 𝑑𝑠 + 𝑏(𝑥)

for

|𝜆| < 𝜆0 = 𝑘 − 𝑘1
2𝑙𝑙3(2𝑙1 + 𝑙2𝑘 + 𝑘0)

acts from 𝐻𝑘(𝜑) into 𝐻𝑘(𝜑) and satisfies the Lipschitz condition, i.e.

𝜌𝐿2(−𝜋,𝜋)(𝐵𝑢, 𝐵𝑣) ≤ |𝜆| 𝑙3𝑙2 𝜌𝐿2(−𝜋,𝜋)(𝑢, 𝑣).

Hence it follows

Lemma 4. Under the conditions of Lemma 3, if
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|𝜆| < min {𝜆0, 1
𝑙3𝑙2

} ,

equation (1) has a unique solution 𝑢0(𝑥) ∈ 𝐻𝑘(𝜑), whose successive approxima-
tions converge in the sense of the metric (3).

If Lemma 1 is taken into account, then these successive approximations converge
in the sense of the metric (2).

Thus, we have proved

Theorem. If 𝑓(𝑠, 𝑢) satisfies conditions (5), (6), and 𝑎(𝑥) ∈ 𝐻𝑙3
(𝜑), 𝑏(𝑥) ∈

𝐻𝑘1
(𝜑) (𝑘1 < 𝑘), then the nonlinear singular integral equation (1) has a unique

solution in 𝐻𝑘(𝜑) (for small |𝜆|), and this solution can be found by the method
of successive approximations; the successive approximations will converge uni-
formly.
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Note: Figure translations are in progress. See original paper for figures.
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