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Abstract

Full Text

Academician of the Academy of Sciences of the Armenian SSR M. M. DJR-
BASHIAN

ON INTEGRAL TRANSFORMATIONS IN
THE COMPLEX DOMAIN

1°. In the author’s paper (1) a theory was developed of integral transformations
with special kernels formed by means of functions of Mittag-Leffler type

Ep(z;u)=§:r'27 (>0, p>0). (1)

The concluding result of the theory of such transformations was the construction,
in closed form, of an operator of Fourier-Plancherel type for functions summable
with square on an arbitrary finite system of rays issuing from the point z = 0
of the complex plane.

In another paper by the author, jointly with A. E. Avetisyan (), a parametric
representation was established for the class My(a;w) (1/2 < a< o0, —1 <w <
1) of functions F'(z) analytic in the angular domain

Aa) : {Jarg 2| < 7/2a, 0 < |2] < o0} (2)
and satisfying there the condition

sup / |F(re)2rvdr < +o0. (3)
0

lpl<m/2c

Namely, the following theorem was proved, which is an essential generalization
of the well-known Paley-Wiener theorem on the representation of functions of
the class H, in a half-plane (3):

The class My(a;w) coincides with the set of functions admitting a representation
of the form

F(z) = / E, (e 2 zrl/P; ) @1(7)7“’1617—}—/ E, (e7™/2v27YP;s 1) oy (T)TH M,
0 0

z € Ala), (4)
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where p > a/(2a —1), 1/y=1/a+1/p, p= (1+w+ p)/2p, and the functions
©12(7) € Ly(0,+00) are arbitrary.

Thus, by this theorem the general form of the Paley-Wiener operator was es-
tablished for an angular domain of arbitrary opening.

In connection with the indicated results the following general problem arises
quite naturally:

To construct an operator of Fourier-Plancherel and Paley-Wiener
type for any plane sets consisting of a finite number of nonoverlapping
rays issuing from the point z = 0, and angular domains with vertex
at the same point.

In the present note a complete solution of the posed problem is given.

2°. Let us introduce a number of necessary notations and definitions. For
arbitrary « (1/2 < a < o0) and ¥ (—7 < ¥ < 7), denote by A(a;9) the set of
points coinciding with the angular domain {| Argz — 9| < 7/2a, 0 < |z| < oo}
for 1/2 < a < oo, and with the ray {Argz = 9, 0 < |2| < oo} for @ = +o0.
Henceforth we shall assume that the collections of numbers {9, }}: —7 < 9, <
Uy < -+ <V, <7 {oy 1 1/2 <y, < +o0 (k=1,2,...,p), where

p > 1, such that all possible intersections Z(akl i) ﬂZ(akQ; Uy,) (ki # ky) of
the closed sets {A(ay,J;)}} contain only the single point—the origin.*

Finally, consider, in the z-plane, the point set

p
M{1917 ceey ’ﬂp7 Qe ap} = M{ﬁ7 Oé} = UA(ak’ 19](7)7 (5>
1

consisting of rays issuing from the origin (if among the numbers «;, there are
some equal to +00), and of angular domains with vertex at the same point z = 0
(if among the numbers «;, there are some distinct from +00).

The complement of the closed set M{¥;a}, evidently, consists of angular do-
mains of the form A(py;vy), 1/2 < p, < 400 (k=1,2,...,p), =7 < ¢ <y <
-+ <, < m, and, evidently,

f:(ofk+1>=2. (6)

k=1 Pk
Next denote
= 7
Pm gggp{pk} (7)
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and note that this number may serve as a metric characteristic of the com-
plement CM{¥; a} of the set M{1; a}, since the opening of the smallest of the
angles {A(py; ¥,) 1y, complementary to the set M{d; a}, is equal to 7/p,,. Here
it is evident that p,, > p/2 > 1/2.

With the point set M{d;a} of the z-plane we shall associate the closed set

£(0;a) = U (1o =00l < 5 ) (5)

ZOék

—the sum of nonoverlapping intervals [191@ —7/2ay, 9 + ﬁ] (k=1,2,...,p)
(degenerating to the point ¥, when «; = +00). In addition, let us single out
the set

EH{Y; ) C E{Y; al,

consisting of all isolated and interior points of the set £{¢; a}. Finally, we shall
agree to understand by Z(a; 9¥) the domain A(a;¥) for a < +00, and the empty
set for & = +oo. Then, if at least one of the numbers {a;}] is distinct from
400, the open set

M{9;a} = JA(ay9,) € M{v;a} (9)

)—‘C'E

contains, evidently, the totality of all interior points of the set M{dJ; a}.

3°. Let there be in the z-plane an arbitrary set of the form M{dJ;a} =
M{¥, ..., Uy, .., ap}, consisting of a finite number p > 1 of nonoverlapping
sets {A(WY;a2)}, and let p,, have the preceding meaning (7).

We now denote by ]—[("9(1)"“’192>[a1, e w] (=1 <w < 1) the class of functions
F(z), defined on the set M{¥; a} and such that:

* It is easy to see that this condition is equivalent to the chain of inequalities

T (1 1
g — 0 - | — k=1,2,..
k+1 k > 9 (0% + ak+1> ( 3 4y 7p>,

where it is put that a,,,.; = ay, 9, =9, + 2.

A. For p € &{¥;a}
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In(p) = / Ia (rew)|2 r“dr < Cp < +o0,
0

where C does not depend on .

B. If the set M {¥; a} is nonempty, then the function F(z) is holomorphic in
each domain A(ay;¥9;,) (1/2 < af < +00).

The following main theorem on the parametric representation of the class

%(2191,,“,19,,)[0[1, - s a3 w] is established.

Theorem 1. Let the parameters p, u, and -, satisfy the conditions

1+w+p 1 1 1
p>p ) b= —F"" - = 7+77 (k: 1a2a"'7p)' (10)
M 2p T P oo

Then the following assertions are valid:

) o . .
a) The class }[(2 ! p>[a1, .., a3 w] coincides with the set of functions ad-
mitting a representation of the form

d

+— [7““ /O E, (e_”/2'7kewrl/”7'1/p; o+ 1) vgg(r)ﬂ‘_l dT] } )
(11)

v € E{V;al, r € (0, +00),

where {UEB (t)}] are arbitrary functions from the class Ly (0, 00).

Here formula (11) defines the function F (r/Pe’#) for every r € (0,+00), if ¢
is an interior point of the set £{J; a}, and for almost all r € (0, 4+00), if ¢ is a
boundary or isolated point.

b) If the set M{9;a} is nonempty, then on it the function defined by formula
(11) also admits a representation of the form

P

F(z) = Z {/ E, (ei”/QVkZTl/P; u) 1)27))(7)7”71 dr + / E, (6’”/2%27'1/”; ,u) vE%(T)T“’l dT} ,
1 W 0

T
(12)

4°. The problem of inverting transformation (11), when the function F(z) €

}[gﬂl""’ﬂp)[al, oy w] is given and {Ugi)>(7')}11) are the sought functions from

§ox
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the class Ly(0,+00), has a unique solution. To formulate the corresponding
result, we make several remarks.

Let F(z) € }[éﬂl""’ﬂ”)[al, ~say;w]. Then, taking into account the definition

of the set £*{¥; a} and conditions A and B satisfied by the function F(z), we
conclude:

If, for a given k (1 < k < p), we have o, = +00, then the function F'(z) is defined
and measurable on the ray Argz = ¥, and satisfies the condition In(9;) < Cp.

If, for a given k (1 < k < p), we have ), < +o00, then the function F(z) is
holomorphic in the domain A(ay;9,) and satisfies the condition

ITp(Oy +¢) = / | (reiwkﬂo))f rdr < Cp, ol < =
0 2a,

But then, as is known (2), the function F(z) will have boundary values
F (reiw’ﬂiﬂ/zo‘k)) almost everywhere on the boundary of the domain A(«y;9,),
for which also Ix (9, + 7/20y) < Cp.

Thus, for the function F(z), or for its boundary values, there exist all the
integrals

> . 2

Ip (ﬁk + ”) :/ |F (rei@sm/200) [ 9 dr < Cp (K =1,2,...,p), (13)
2qy, b

where for o, = +00 one should set e*™/2%: = 1.

Putting, for an arbitrary value p > 1/2, p = (1+w+ p)/2p, we write conditions
(13) in the form

F (eiPtm/200)41/p) g1 € L,(0,400) (k=1,2,...,p). (13)

Then with the function F(z) one can associate the collection of functions

F (el@Fm/200)g1/p) gu=1 g (14)

(k) (7_. F) _ ej:i‘n'/Q(l—/L) i /OO eTiTt _q
’ 2rp  dT +it

(k=1,2,...,p) of the class Ly(—00, +00).

Under assumption (10) the following is established.

Theorem 2. If F(2) € }[/2)(191,...,19;))

(11) of Theorem 1 the functions {UEB(T)}f are unique and almost everywhere
are determined by the formulas

[@q, .., @ w], then in the representation
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k k k k
’UE )(T) = UEJr))(T; F), ’l}Ej)(T) = UE )

7>(T;F) (k=1,2,...,p). (15)

R

5°. Suppose again that F(z) € }[g( [@q, ..., ;w] and that the functions

p?
UE?)(T; F) are defined by formulas (14). We introduce the functions

oo
Lgf)(z; F,o)= / E, (eﬁ”/2"fk"271/"; ,u) UEi%(T; F)yr*tdr (k=1,2,....p),
0
(16)

which are entire functions of growth (p, o).* From Theorems 1 and 2, under the
same conditions (10), the following approximation theorem follows.

Theorem 3. Let F(z) € }[5“91"""9?)[@1, oy w], and let E{J;a} be a closed
collection associated with the set of its definition M{J;a}.

Then for every p > p,, the entire functions of growth (p, o)
p . .
F(z0) = Z {Lzﬂ (e7rz; Fyo) + L§€_> (e 2; F U)} (17)
k=1

approximate in the mean the function F(z) on the closed set M{J;a} in the
sense that

g—+00 pe&{V;a}

lim{ sup / |F(7ﬂei¢’)—Fp(rew;a)fr“’dr}:0. (18)
0

In conclusion we note that various special cases of the general theorems for-
mulated above, under particular assumptions concerning the set M{J; o} and

. - . .
the definition of the class .7{5( ! p>[041, ey Qs w], are of independent interest;
however, we shall not enumerate them.
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