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DESCRIBING ONE-DIMENSIONAL  UN-
STEADY GAS FLOWS

(Presented by Academician L. I. Sedov on 15 I 1964)

The idea of the systematic application of group theory in gas dynamics belongs
to L. V. Ovsyannikov and his students (}1=®). He also gave the group classi-
fication of one-dimensional flows with plane waves. In the present work we
shall consider one-dimensional flows with an arbitrary dependence of the cross-
sectional area of the flow tube on the coordinate. We shall assume the flow to
be adiabatic.

Consider the following system of equations describing one-dimensional unsteady
flows in the hydraulic approximation:

Dy

uy +uu, + == = 0; (1)
p
Dy + up, + Au, +uAF, =0; (2)

Here F(z) = In f(x); A = pS,/S,; f(x) is the cross-sectional area of the flow
tube; p is pressure; p is density; u is velocity; S is entropy; for a perfect gas
A = vp, v is the adiabatic exponent.

From the system (1)—(3), for f(z) = 2* (where k = 0,1,2) we obtain equations
describing one-dimensional flows with plane waves (k = 0), as well as flows with
cylindrical (k = 1) and spherical (k = 2) symmetry.

We note that the equivalence transformations for the system (1)—(3) have the
form:

P =Ap+Dpo; pr=Ap; A=A Fy = Flagr +by) + Fy, (3")

where A, ag, by, pg, ... are arbitrary constants.

We shall regard F(x) and A(p, p) as two arbitrary functions, whose arbitrariness
may affect the dimension of the group admitted by the system (1)—(3). To
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determine the group of transformations admitted by the system (1)—(3), we
write, as usual, the admitted operator in the form:

0 0
X:§0§+§1—+n—u+a—p+7—p. (4)

To obtain equations for the coefficients of the operator (4), we construct the
system of determining equations (%). This system has the following form:

G=¢=6=8=n,=n="1,=1,=0,=0,=0; (5a)
n=uly —uE) +&; T =plo, + 26 —28); (5b
Ao,=0A,+TA,;
N+ un, +0,/p=0;
oy 4 uo, + An, = —Wy;
Ty uT, + pny = —Wo;
here

W, = AW; W, = oW W= ulpx +nF, + ué'F,, . (10)

From the system (5)—(9) we find

0 =bt2 + (a+c))t +e, &L = bt + ax + dt + ¢,

o = pm(t) + n(t); (11)
m, + 3b = —W; (12)
n, +b(A—3p) = W(p—A), (13)

where m(t), n(t) are new unknown functions; a, b, e, d, ¢; are constants.
Let us examine more closely the expression for W:

Since m(t) depends only on ¢, and does not depend on u, from comparison of
(12) and (14), using the expression for £!, we obtain

W, = t[b(aF,, + F,) + dF,,] + [a(zF,, + F,) + cF,,] = tQ, + Q; = 0,

where the notation is obvious. The condition WQ =0 gives Qo = Q; =0.

In finding F(x) up to equivalence, it is sufficient to consider the following cases:
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1. b,d (a,c) arbitrary. Then zF,, + F, = 0; F,, = 0. Hence F = const,
which (see (3’)) may be taken equal to zero, corresponding to f(z) = 1.
This case was studied in detail in paper ().

2. b(a) arbitrary, d(¢) = 0. Then 2F,, + F, = 0. Hence F(z) = klnk,z.
Using (3'), this can be written in the form F(x) = In ¥, which corresponds
to

f(z) = 2t (15)

Both cases are combined by one formula f(z) = ¥, where k is any number or
zero.

3. b(a) =0, d(c) arbitrary. Then F,, = 0. Hence F' = a;x + b;. Using (3'),
we write: F'(x) = x. This corresponds to

f(z) =e€". (16)
4. b=d =a=c=0. In this case F(x) may be arbitrary.

Let us consider the case f(z) = z¥. For f(z) = z*, the condition W, = 0 is
satisfied identically, and W, = kb. The system (12)—(13) takes the form

m, = —b(3 + k); (17)
n, =b[(3+ k)p — A(1 + k)). (18)

The construction of the operator both for b = 0 and for b # 0 is carried out
simply. An extension of the group for b # 0, as is seen from (18), occurs (we
assume that k # —1) when

3+k 3+k

A=p i.e. when ~=

14+ %’

Tk (18a)

This formula is a generalization of the analogous formula obtained in (®) for
integer values of k.

Omitting the calculations, we write the operator X:

13} d 0
— 2
X=0bt"+(a+c)t+¢] 5 + (bxt + am)ax + (bx — cyu — but) 5

0 0
—[b(3+ k)t — mo]pa—p — b1+ k)t —my— 2cl]pa—p.

Here a,b, ¢;, mg, e are arbitrary constants.
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For f(xz) = e® the analysis is carried out analogously. Let us only note that the
system (12)—(13) takes the form:

my = —d; n, =d(p—A),
and, consequently, for A = p (i.e., v = 1) the constant d is preserved. In the

case of arbitrary f(z), only the constants ¢y, m, e remain in the operator. Thus,
for f(r) = x* the system (1)—(3) admits the widest group.

Let us now note that the values £ = 0, —1 are special. Indeed, substituting into
(8) the value W from (10) and 7, from (5b), we reduce (8) to the form

ot ulo, + A Py + G F) + A(G — &)l A (G + 6 F,) =0 (19)

Taking into account the conditions £L, = ¢, = 0, which are easily obtained
from (7), and also the fact that o, = 0, we immediately obtain from (19)

Hence it follows that

A, (8'F,, +&F,) =0. (20)

After this, from equation (19), using (5a), we obtain one more condition

A, (& +EF,)=0. (21)

The system (20), (21) reduces to the single equation

This equation is interesting in that it relates the functions A(p,p) and F(x),
which, it would seem, are in no way related to each other. For F(z) = klnz,
condition (22) has the form

€A, (k+1)k = 0. (23)

From (23) it is obvious that if k¥ # 0,—1, then either ¢! = 0, or A, = 0. For
k = 0,—1 condition (23) imposes no restrictions on A,,.
Let k # 0,—1. Then A, = 0. In the system (17)—(18) either b = 0 and A = A(p)

3

orb#0and A = pﬁz. For b = 0, as is easy to see, 0 = myp + n, and (6)
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takes the form mg(pA, — A) +nyA, = 0. Hence we obtain: a) if my = ny = 0,
then A = A(p) is arbitrary; b) if my = 0, ng # 0, then A =1 (see (3')); c) if
mg # 0, ng =0, then A = yp.

When applying group theory to the solution of equations, what is of interest
is not the form of the operator X itself, but the so-called system of optimal
subgroups [6]. Omitting all the calculations, we obtain the following system of
optimal subgroups H; of rank 1 for nonsingular values of v from (18a):

Hy =X, +eXy; Hy = X, + BXy; Hy = X3+ Xy;

H, =X, +aX;+ Xy Hy =X, + Xy — X5+ Xy, Hg=Xy;

where
X, =0/0t, X,=1t0/0t+x0/0x; X3=10/0t+2p0/0p—ud/Ou;

X, =pd/Op+pd/0p; e=0,1; «,p arbitrary.

The system of invariants for H;, as well as the corresponding system of ordinary
differential equations, is found easily.

For example, for the operator H,(a = —1) = X, — X5+ X, where the solution
can be sought in the form v = 2V (t),p = P 2R(t),p = 2°P(t) (V, R, P are
new unknown functions), system (1)—(3) reduces to a single equation

v (1+p2) dz

% (282+2—B) z

Here B = y(14+ k) +1—k; z = P/RV. This equation is solved elementarily,
and the dependence z(t), as is not difficult to show, is found from

- / A-B/2-B) (94, 49— B)4-B22-B) .

For v = (34 k)/(1 + k) the integral is taken in quadratures, after which it is
not difficult to find expressions for w, p, p.

In conclusion, I consider it my pleasant duty to express gratitude to L. V.
Ovsyannikov for critical remarks and a very valuable discussion of the work.
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