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Abstract
Full Text

MATHEMATICS
S. A. TERSENOV

THE RIEMANN–HILBERT PROBLEM FOR A
SYSTEM OF EQUATIONS DEGENERATING
ON THE BOUNDARY
(Presented by Academician M. A. Lavrent’ev, November 23, 1963)

As is known (see (1)), the problem of finding a solution of the system of equations
of elliptic type

𝑢𝑥 − 𝑣𝑦 + 𝑎𝑢 + 𝑏𝑣 = 𝑓1,
𝑦𝑢𝑦 − 𝑣𝑥 + 𝑐𝑢 + 𝑑𝑣 = 𝑓2

(𝑦 > 0) (1)

in a domain 𝐷 containing a segment 𝐴𝐵 of the 𝑥-axis (the line of degeneration),
satisfying on the boundary Γ a condition of the form 𝜆1𝑢+𝜆2𝑣 = 𝑓 , is, generally
speaking, ill-posed. In the present article this problem is investigated in the
modified formulation proposed in (1).
Let the coefficients and the right-hand sides of system (1) be Hölder-continuous
functions in 𝐷 + Γ, and let

𝑐(𝑥, 𝑦) = 𝛼 + 𝑦𝑐0(𝑥, 𝑦), (2)

where 𝛼 is a constant; the functions 𝜆𝑖, 𝑓 are continuous, with 𝜆1 and 𝜆2 not
vanishing simultaneously, and 𝜆1 ≠ 0 on 𝐴𝐵, so that without loss of generality
one may assume 𝜆2

1 + 𝑦𝜆2
2 = 1 on Γ. By means of a nonsingular change of

independent variables one can arrange that Γ = 𝜎+𝐴𝐵, where 𝜎 is the parabola
𝑥2 + 4𝑦 = 1, and 𝐴𝐵 is the segment (−1, 1) of the 𝑥-axis.

We rewrite system (1) in complex form:

𝑆𝛼(𝑤) + 𝐴𝑤 + 𝐵𝑤 = 𝐹, (3)

where

𝑤 = 𝑢 + 𝑖𝑣, 𝐹 = 𝑓1 + 𝑖𝑓2; 2𝐴 = 𝑎 + 𝑑 − 𝑖𝑏 + 𝑖𝑦𝑐0;
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2𝐵 = 𝑎 − 𝑑 + 𝑖𝑏 − 𝑖𝑦𝑐0.

In what follows, equation (3) with 𝐴 = 𝐵 = 𝐹 ≡ 0 will be denoted by (30).
Let 2𝜋𝑛 be the increment of the argument of the function 𝜆1 + 𝑖√𝑦 𝜆2 when the
contour Γ is traversed once in the positive direction. Then, by multiplying the
function 𝜆2 +𝑖𝜆1 by a completely determined function 𝜈(𝑥, 𝑦), nowhere equal to
zero on Γ, one can arrange that the function 𝜈(𝜆2 + 𝑖𝜆1) be the boundary value
from 𝐷, on Γ, of some function 𝜑(𝑥, 𝑦) satisfying equation (30) for 2𝛼 = 1, where
at a fixed point (0, 𝑦0) ∈ 𝐷 the function 𝜑 = 𝑂(𝑟−𝑛), 𝑟2 = 𝑥2 + 4(√𝑦 − √𝑦0)2.
Therefore, without restricting generality, we shall assume that the functions 𝜆𝑖
are defined in the whole domain 𝐷 + Γ and that 𝜆2 + 𝑖𝜆1 = 𝜑. By a solution
of equation (3) we shall mean a function 𝑤, continuously differentiable in 𝐷,
satisfying (3).

Theorem 1. Let 𝛼 < 0.

1) If 𝑛 ≥ 0, then there always exists a solution, continuous in 𝐷 + Γ, of
equation (3) satisfying the condition

Im(𝜑𝑤) = 𝑓 on Γ, (4)

and the homogeneous problem (𝐹 = 𝑓 = 0) has 2𝑛 + 1 linearly independent
solutions.

2) For 𝑛 < 0 the homogeneous problem has only the trivial solution, and for
the existence of a solution of the nonhomogeneous problem it is necessary
and sufficient that −2𝑛 − 1 conditions of the form

Re {∬
𝐷

𝜒′
𝑗𝐹 𝑑𝜉𝑑𝑡} + ∫

∘

Γ
𝑓𝜒″

𝑗 𝑑𝑠 = 0, 𝑗 = 1, … , −2𝑛 − 1, (5)

be fulfilled, where 𝜒′
𝑗, 𝜒″

𝑗 are linearly independent functions.

Theorem 2. Let 𝛼 < 1.

1) If 𝑛 ≥ 0, then there always exists a solution of equation (3), continuous in
𝐷 + Γ, satisfying the condition

Re{𝑤[(𝑦 + 1)𝜑 + (𝑦 − 1)𝜑]} = 𝑓 on Γ.

The homogeneous problem has 2𝑛 + 1 linearly independent solutions for 𝛼 ≤ 0
and 2𝑛 linearly independent solutions for 0 < 𝛼 < 1.

2) If 𝑛 < 0, then the homogeneous problem has only the trivial solution,
and for the existence of a solution of the nonhomogeneous problem it is
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necessary and sufficient that −2𝑛−1 conditions of the form (5) be fulfilled
if 𝛼 ≤ 0, and −2𝑛 conditions if 0 < 𝛼 < 1.

Theorem 3. Let 𝛼 ≥ 1.

1) For 𝑛 ≥ 0 there always exists a solution of equation (3), continuous in
𝐷 + 𝜎 and bounded in 𝐷 + Γ, satisfying one of the conditions:

Im(𝜑𝑤) = 𝑓 or Re{𝑤[(𝑦 + 1)𝜑 + (𝑦 − 1)𝜑]} = 𝑓 on 𝜎.

The homogeneous problem corresponding to the first boundary condition has
2𝑛 + 1 linearly independent solutions, while the homogeneous problem corre-
sponding to the second boundary condition has 2𝑛 + 1 linearly independent
solutions for 𝛼 > 1 and 2𝑛 linearly independent solutions for 𝛼 = 1.

2) For 𝑛 < 0 the homogeneous problems have only the trivial solution, and for
the existence of solutions of the nonhomogeneous problems it is necessary
and sufficient that −2𝑛 − 1 conditions of the form (5) be fulfilled in the
case of the first boundary condition, and −2𝑛 conditions for 𝛼 = 1 and
−2𝑛 − 1 for 𝛼 > 1 in the case of the second boundary condition.

This theorem, for 𝛼 = 1, 𝑎 = 𝑏 = 𝑑 = 𝑐0 ≡ 0, in the case of the second boundary
condition, is contained in the work (2).

Theorem 4. Let 𝛼 ≥ 1.

1) If 𝑛 ≥ 0, then there always exists a solution of equation (3), continuous in
𝐷 + 𝜎, satisfying the condition

𝑦𝛼 Im(𝜑𝑤) = 𝑓 on Γ,

where the functions 𝑦𝛼 Re 𝑤 and 𝑦𝛼−1 Im 𝑤 are continuous in 𝐷 + Γ. The homo-
geneous problem has 2𝑛 + 1 linearly independent solutions.

2) If, however, 𝑛 < 0, then the solution is always unique, and for its existence
it is necessary and sufficient that −2𝑛 − 1 conditions of the form (5) be
fulfilled.

Theorem 5. Let 𝛼 > 1.

1) For 𝑛 ≥ 0 there always exists a solution of equation (3), continuous in
𝐷 + 𝜎, satisfying the condition

𝑦𝛼−1 Re{𝑤[(𝑦 + 1)𝜑 + (𝑦 − 1)𝜑]} = 𝑓 on Γ,

where the functions 𝑦𝛼 Re 𝑤 and 𝑦𝛼−1 Im 𝑤 are continuous in 𝐷 + Γ. The homo-
geneous problem has 2𝑛 + 1 linearly independent solutions.
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2) If, however, 𝑛 < 0, then the solution is always unique, and for its existence
it is necessary and sufficient that −2𝑛 − 1 conditions of the form (5) be
fulfilled.

We shall give the proof of Theorem 1. The remaining theorems are proved in
approximately the same way.

Introduce the notation:

𝐸𝜈 = Γ(𝜈 − 1
2 )Γ(𝜈)

22−2𝜈√𝜋Γ(2𝜈 − 1)(𝑡𝑦)(1−𝜈)/2 ∫
∞

0
𝑒−|𝑥−𝜉|𝑧𝐽𝜈−1(2√𝑦 𝑧)𝐽𝜈−1(2

√
𝑡 𝑧) 𝑑𝑧,

𝑀𝜈 = Γ(𝜈 − 1
2 )Γ(𝜈)

22−2𝜈√𝜋Γ(2𝜈 − 1)𝑡(1−𝜈)/2𝑦𝜈 sign(𝜉−𝑥)⋅∫
∞

0
𝑒−|𝑥−𝜉|𝑧𝐽𝜈(2√𝑦 𝑧)𝐽𝜈−1(2

√
𝑡 𝑧) 𝑑𝑧,

𝐻 = 𝑦 − 𝛼 [𝐸1−𝛼(𝑥, 𝑦; 𝜉, 𝑡) − 𝜌2𝛼−1𝐸1−𝛼 (𝑥, 𝑦; 𝜉
𝜌2 , 𝑡

𝜌4 )] +

+ 𝑖 [𝑀1−𝛼(𝑥, 𝑦; 𝜉, 𝑡) − 𝜌2𝛼−1𝑀1−𝛼 (𝑥, 𝑦; 𝜉
𝜌2 , 𝑡

𝜌4 )] ,

2Φ1 = −𝑦−𝛼𝐸1−𝛼,𝑥 + 𝑦1−𝛼𝐸2−𝛼,𝑥 + 𝑖𝑦1−𝛼𝐸1−𝛼,𝑦 − 𝑖(𝑦1−𝛼𝐸2−𝛼)𝑦,

2Φ2 = −𝑦−𝛼𝐸1−𝛼,𝑥 − 𝑦1−𝛼𝐸2−𝛼,𝑥 + 𝑖𝑦1−𝛼𝐸1−𝛼,𝑦 + 𝑖(𝑦1−𝛼𝐸2−𝛼)𝑦,

Ψ1 = Φ1 − 1
2 ∫

𝛿
[Φ1(𝜉1, 𝑡1; 𝜉, 𝑡) + Φ2(𝜉1, 𝑡1; 𝜉, 𝑡)] (𝑡1𝐻𝑡1

𝑑𝜉1 − 𝐻𝜉1
𝑑𝑡1)+

+ 𝛼
2 ∫

1

−1
[Φ1(𝜉1, 0; 𝜉, 𝑡) + Φ2(𝜉1, 0; 𝜉, 𝑡)] 𝐻(𝑥, 𝑦; 𝜉1, 0) 𝑑𝜉1,

Ψ2 = Φ2 − 1
2 ∫

𝜎
[Φ2(𝜉1, 𝑡1; 𝜉, 𝑡) + Φ1(𝜉1, 𝑡1; 𝜉, 𝑡)] (𝑡1𝐻𝑡1

𝑑𝜉1 − 𝐻𝜉1
𝑑𝑡1)+

+ 𝛼
2 ∫

1

−1
[Φ2(𝜉1, 0; 𝜉, 𝑡) + Φ1(𝜉1, 0; 𝜉, 𝑡)] 𝐻(𝑥, 𝑦; 𝜉1, 0) 𝑑𝜉1,

𝐾(𝐹) = ∬
𝐷

[Ψ1(𝑥, 𝑦; 𝜉, 𝑡)𝐹(𝜉, 𝑡) + Ψ2(𝑥, 𝑦; 𝜉, 𝑡)𝐹(𝜉, 𝑡)] 𝑑𝜉 𝑑𝑡,

Ω(𝜇) = ∫
𝜎

𝜇 (𝑡𝐻𝑡 𝑑𝜉 − 𝐻𝜉 𝑑𝑡) − 𝛼 ∫
1

−1
𝜇𝐻(𝑥, 𝑦; 𝜉, 0) 𝑑𝜉,

𝑇 (Ψ) = 𝑖 [(𝑦 − 1)𝜑 + (𝑦 + 3)𝜑]Ψ + (𝑦 − 1)(𝜑 + 𝜑)Ψ
(𝑦 − 1)(𝜑2 + 𝜑2) + 2(1 + 𝑦)|𝜑|2

,

𝜌2 = 𝜉2 + 4𝑡.

For the properties of the functions 𝐸𝜈 and 𝑀𝜈 used here, see [3].
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The function Ω(𝜇) is a solution of equation (30) satisfying on Γ the condition
Re Ω = 𝜇. It is easy to verify that, if 𝑇 (Ψ) is a solution of equation (30), then
the function Ψ will be a solution of the equation

ℒ𝛼(Ψ) + 𝐴0Ψ + 𝐵0Ψ = 0, (6)

where 𝐴0 and 𝐵0 are expressed in terms of 𝜑 and 𝛼. Conversely, if Ψ is a solution
of equation (6), then 𝑇 (Ψ) will be a solution of (30), with Im(𝜑𝑇 (Ψ)) = Re Ψ
on Γ.

For any continuous function 𝜇, the equation

Ψ + 𝐾(𝐴0Ψ + 𝐵0Ψ) = Ω(𝜇) (7)

always has, and moreover has uniquely, a solution satisfying the condition
Re Ψ = 𝜇 on Γ.

Let 𝑛 ⩾ 0. If 𝑤 is a solution of equation (3) satisfying condition (4), then it
satisfies the integral equation

𝑤 + 𝐾(𝐴𝑤 + 𝐵𝑤) − 𝑇 (Ψ) = 𝐾(𝐹) + 𝑇 (Ψ0) + Φ, (8)

where Ψ(𝑤) and Ψ0 are solutions of the integral equation (7), i.e., also of equa-
tion (6), for 𝜇 equal to Im{𝜑𝐾(𝐴𝑤 + 𝐵𝑤 − 𝐹)} and 𝑓 , respectively, and Φ is
the general solution of equation (30) satisfying the homogeneous

condition corresponding to (4). The integral equation (8) is always solvable.
It follows from equation (8) that the number of linearly independent solutions
of the homogeneous problem is equal to the number of linearly independent
solutions of equation (30) under the homogeneous conditions corresponding to
(4). We shall prove that this number is equal to 2𝑛+1. For this purpose consider
the functions

𝑉𝑘 = 𝛼𝑘
𝑘

∑
𝜈=0

𝐶𝜈
𝑘 𝑥𝜈𝑖𝑘−𝜈𝑝𝑘−𝜈 + 𝛽𝑘

𝑘
∑
𝜈=0

𝐶𝜈
𝑘 𝑥𝜈𝑖𝑘−𝜈𝑞𝑘−𝜈, 𝑘 = 0, 1, … , 𝑛 − 1,

where 𝑝0 = 𝑦−𝛼,

𝑝2𝑘−1 = (2𝑘 − 1) ∫
𝑦

𝑦0

𝑝2𝑘−2 𝑑𝑡, 𝑝2𝑘 = 2𝑘𝑦−𝛼 ∫
𝑦

𝑦0

𝑡𝛼−1𝑝2𝑘−1 𝑑𝑡, 𝑞0 = 1,

𝑞2𝑘−1 = (2𝑘 − 1)𝑦−𝛼 ∫
𝑦

𝑦0

𝑞2𝑘−2𝑡𝛼−1 𝑑𝑡, 𝑞2𝑘 = 2𝑘 ∫
𝑦

𝑦0

𝑞2𝑘−1 𝑑𝑡.

For arbitrary real numbers 𝛼𝑘 and 𝛽𝑘, the functions 𝑉𝑘 are solutions of equation
(30) and have at the point (0, 𝑦0) a zero of order 𝑘. Let Ψ𝑘 be the solution of
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equation (7) for 𝜇 = Im(𝜑𝑉𝑘) on Γ. Then the general solution Φ of equation
(30) under the homogeneous conditions corresponding to (4) can be represented
in the form

Φ =
𝑛−1
∑
𝑘=0

(𝑉𝑘 − 𝑇 (Ψ𝑘)) + Φ𝑛,

where Φ𝑛 is a solution of equation (30) under the homogeneous conditions cor-
responding to (4), and having a zero of order 𝑛 at the point (0, 𝑦0). The latter
problem has one linearly independent solution. From the linear independence of
the functions Φ𝑛, 𝑉𝑘 − 𝑇 (Ψ𝑘) (𝑘 = 0, 1, … , 𝑛 − 1), the validity of our assertion
follows.

Let now 𝑛 < 0. Introduce the new unknown function 𝑤0 = 𝑇 −1(𝑤). In order
that 𝑤 be a solution of the problem, it is necessary and sufficient that 𝑤0 have
at the point (0, 𝑦0) a zero of order −𝑛 and satisfy the integral equation

𝑤0 + 𝐾(𝐴1𝑤0 + 𝐵1𝑤0) = 𝐾(𝐹0) + Ω(𝑓) + 𝑖𝐶, (9)

where 𝐶 is an arbitrary constant, while 𝐴1, 𝐵1, 𝐹0 are determined uniquely
through 𝐴, 𝐵, 𝜑, 𝐹 . Equation (9) is always solvable. In order that the solution
of equation (9) vanish at the point (0, 𝑦0) to the required order, it is necessary
to impose −2𝑛 conditions on 𝐹, 𝑓 , and 𝐶. The fulfillment of one of them can
be achieved by the choice of the arbitrary 𝐶. It is not difficult to prove that
these conditions have the form (5).

Remark. Theorems analogous to 1–5 also hold for the system

𝑢𝑥 − 𝑣𝑦 + 𝑎𝑢 + 𝑏𝑣 = 𝑓1,

𝑦𝑚𝑢𝑦 + 𝑣𝑥 + 𝑐𝑢 + 𝑑𝑣 = 𝑓2,

where 1 < 𝑚 < 2, 𝑐 = 𝑎𝑦𝑚−1 + 𝑜(𝑦𝑚−1).
For a system of the form

𝑦𝑚𝑢𝑥 − 𝑣𝑦 + 𝑎𝑢 + 𝑏𝑣 = 𝑓1,

𝑢𝑦 + 𝑣𝑥 + 𝑐𝑢 + 𝑑𝑣 = 𝑓2

Theorem 1 always holds for any 𝑚 > 0.
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