Soviet-era science, translated into English

CYBERNETICS AND
CONTROL THEORY

Academician V. S. KULEBAKIN, Zh. B. LINKOVSKII

1964

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-196401.39658

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196401.39658

Abstract
Full Text

CYBERNETICS AND CONTROL THEORY

Academician V. S. KULEBAKIN, Zh. B. LINKOVSKII

ON THE OPTIMAL LINEARIZATION OF
A NONLINEAR CONTROL OBJECT WITH
UNKNOWN PARAMETERS BY A LINEAR
SYSTEM WITH CONSTANT PARAMETERS
IN THE ABSENCE OF DISTURBANCES

In many cases it is necessary to solve problems of controlling objects whose pa-
rameters are unknown or difficult to determine. For cases in which it is possible
to determine the output signals for a prescribed family of input signals, optimal
linearization in the absence of disturbances is of practical interest. Suppose
we have a nonlinear control object with one input and one output and with
an unknown mathematical description, i.e., it is a “black box.” We consider a
continuous input signal x(¢) and an output signal y(¢), which are deterministic
(nonrandom) functions of time ¢; the object is initially unexcited, i.e., at least
y(0) = 0. There may be available one realization (z(t),y(t)) or several realiza-
tions (x,(t),y;(t)), ¢ = 1,2,...,N, t € [0,T], where T is a prescribed number.
Linearization by one realization will be called partial linearization; it is of
particular interest for small changes of the input signal. Then optimal lineariza-
tion (as in the case of disturbances) is understood in the sense of ensuring a

minimum of the mean square error €, equal to

T T t 2
oy = ;/0 () — (02 dt = ;/0 [y(t)/o k(tf)x(T)dTl dt, (1)

where (t) is the output signal of a fictitious initially unexcited linear object (1);
k(t), t > 0, is its impulse response function; x(0) # 0 and accordingly k(0) = 0.

The optimal impulse response function k. (t) in the present case ensures ., = 0
and satisfies the Volterra integral equation of the first kind

/ £t — )k (€)dE = y(t), 120, 2)
0
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with difference kernel z(t — &), defined in the region G{0 < £ <t < T}. In
practice, the functions z(¢) and y(t) are often continuously differentiable, and
for some forms it is possible to obtain an exact solution of equation (2). In
most cases the sought k. (t) can be found with any degree of accuracy by the
method of series in the form of the approximate value
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where

) YED(0) — 3 RO0)alt-91(0)
woy= O o) = i1 @)

This is easily obtained by successive differentiation of (2) with respect to t,
taking t = 0. Let the integer 7 > 1 be the first number for which £ (0) = 0.
Then the order n of the fictitious linear system with constant parameters is
equal to n = r + 2. The error is

()
I+ 1)
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€(t) = kopt(t) - opt(t) =

0 < n < t, and can be made negligibly small by choosing large [, provided the
derivatives are bounded. The corresponding “transfer” function will be:

~ e’} . l (1)
R = [ erFpar =y 2 9

If there are several realizations of the input and output signals, then for each of
them one can find k, ;(t) as above and choose as k(t) the quantity

N
Fapi (1) = 12 D K1) (6)

i=1

One can also apply another method of using several realizations. Let us find
the mean values of the input and output signals over the realizations

1 & 1 &
R = a0, T = 53w 7)
and solve the following Volterra integral equation:

/ Tt — Ok (6 dE = (1), 20, (®)
0
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which determines a somewhat different impulse response function k. (t), re-
ferred to the mean values of the realizations.

Let us note that, instead of solving the Volterra equation (2), one may use
another method—the Ritz method of minimizing €,,, especially when y(¢) is
discontinuous (necessarily), and also when z(¢) and y(t) are not continuously
differentiable and when x(0) = 0. For this purpose we approximate the contin-

uous function &, (t), t € [0,T], by a “generalized polynomial”

l
%opt (t) = Z aiwi(t)v

i=0

where ag,aq,...,a; are constant coefficients to be determined, and w;(t), i =
0,1,...,1, is a system of chosen linearly independent basis functions. Then

1 T l 2
Cav = T/o ly(t) - ;azfz(t)‘| dt7 (9)

where

fi(t) = / #(t— T, (r)dr,  te[0,T) (10)

The coefficients a,; that ensure the minimum of ¢,, are found from the system
of linear algebraic equations

Zbijaizcj’ J=0,1,...1, (11)

obtained from the conditions

Oe
—&Y = ,=0,1,...
80/ O <Z 07 ) ’1)7

(2

where

cjz/ YO dt G=01,.. 1L (12)
0

The solution of system (11) is given by Cramer’s formulas: a; = D, /D, assuming,
of course, that the determinant D of the system is nonzero.
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Thus, it has been shown that the optimization problem in the absence of distur-
bances can be solved on the basis of the solution of a linear Volterra integral
equation of the first kind or by the Ritz method.
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