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Abstract
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LAX THEOREMS FOR NONLINEAR EVOLU-
TION EQUATIONS

L. I. Yakut
(Presented by Academician A. Yu. Ishlinskii on 31 I 1964)

In the note (1), Lax’ s theorem (see (2)) on the convergence of stable difference
schemes was refined and generalized to certain classes of evolution equations.
However, in application to nonlinear equations, the results of (!) allowed one
only to consider nonlinearities of a special structure, and the stability condition
was formulated in a form that could be verified for partial differential equations
only in the presence of a maximum principle. In the present article broader
classes of nonlinear equations are studied: equations with a linear principal
part

du/dt + A(t)u = p(t,u) (1)

(u(t) is the unknown function) and the quasilinear equation

du/dt + B(t,u)u = 0. (2)

Let us first consider an equation of the form

du/dt + A(t)u = f(t) 0<t<T), (3)
where A(t), for each ¢ € [0,T], is a linear unbounded closed operator acting in a

Banach space E, with dense domain of definition D(A), independent of ¢; f(t)
is a given function satisfying the initial condition

u(0) = uy. (4)
Suppose that the space E contains narrower Banach spaces E; and F, such that
E, C E, C E and D(A%(t)) C E, for some a > 0, and moreover

lolg, < CilA*(E)vlp (v e DIA%(@)]). ()

Let there exist a sequence of bounded operators A,,(¢) acting in E, such that
the following consistency condition holds:

C. For every v € Ej,
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sup [(A,(t) — A A ()], < pulvlg,,
0<t<T 1

where p,, does not depend on v and p,, — 0 as n — oo.

Let the subspace L,, of the space E,, consisting of all elements of E, on which
the operator A, (t) vanishes, be independent of ¢t. By S, denote the quotient
space of the space E, by the subspace L,,: S, = F5/L,. We introduce the norm
in the space S,, by the formula

[ols, = inf ol 5,

We shall assume that, for elements of the space F,, one can introduce a degen-
erate norm (seminorm) | - |[|,, such that:

1°. |jv|l,, = 0 if and only if v € L,,.
2°. |lvfl,, < Cylvll, (Cy does not depend on n).
3 ol < vl +ealvle, (6, = 0asn— o).

From 1° it follows that in the space S, the norm may also be introduced in the
following way: ||v|,, = |v|,,, where v € v. By virtue of property 2°, the norm

| Ils,, majorizes the norm [ - [, [v],, < Cyfv]s, -

Let, in addition, the following hold:

1
4. v)g < —|vl,,, where v,, — 0 as n — co.
" Tn

The operator A, (f) naturally generates in the space S, an operator A, (f) by
the formula A, (t) v = A, ()v.

We shall assume that f(t) is a function with values in F, and u, € Fy; then in
the space S,, one can construct a finite-difference analogue of problem (3)—(4):

R+ AL RAL) 0 = i (6)

Ty = . (7)

For problem (6)—(7) there are two types of theorems: in theorems of weak type,
the fulfillment of the stability condition in the norm | |,, implies the convergence
of approximate solutions to the exact one in the norm || |,,; in theorems of strong
type, stability in the weak norm implies convergence in the norm | | .

We shall consider problem (3)—(4) under the assumption that the operator A(?),
for any A with Re A > 0, has a resolvent (A(¢) + AI)~1, and
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-1
I(A@®) +AD 7, < BES!

(see (3)) and that condition (5) is fulfilled for « = v; < 7, € (0,1). Under these
assumptions the following theorem of strong type holds.

Theorem 1. Suppose that the consistency condition C and the stability condi-
tion

. Hl—A;An(t)Hn<1+CA$L for t € [0, 7).

are fulfilled.

Suppose that the function f(t) is uniformly bounded in E, and continuously
differentiable in E.

Suppose that the operator A(t)A=1(0) is strongly continuously differentiable in
E. Then, if
ug € D[AY2(0)], f(0) € D[A™(0)]
and
pn=0(1,), AL =0(v,), €, 40777 = 0(v,),
then the solution of problem (6)—(7) converges to the solution of problem (3)—
(4) in the sense that, as Al — 0,

[ =2, =0

uniformly with respect to t € [0,T].

Let us now turn to problem (1)—(4). Suppose that the operator A in equation
(1) satisfies the conditions stated above. For the construction of finite-difference
equations, let us assume that the right-hand side of equation (1) has the follow-
ing property:

Let v be some equivalence class from the space S,,: v € S,,. All elements v € v
with norm [v] p, < R, are mapped by the operator ¢(t, v), for each fixed ¢, into
one and the same class from S,,.

In this case problem (1)—(4) corresponds, in the space S,,, to the finite-difference
problem

Uk+1 —

v - _ _ _ _
At £+ AU = Py vy = u(0),
n

where ¢, = (kAL 1,), and v, € V.
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Theorem 2. Suppose u(t) is a solution of equation (1) such that
u(0) = uy € D[AT2(0)],

and the function f(t) = ¢(t,u(t)) and the operators A(t), A, (t) satisfy all the
conditions of Theorem 1. Suppose, in addition, that on the ball of the space E,;
of radius R > R, where

R, = max |u(t)]p,,

Y 0t<T

the function ¢(t,v) satisfies the condition

lo(t, v) = o(t, w)l,, < Crllv —wl,.
If
EnAfLV2771 = O(’yn)’ Pn = 0(7n)7 AZ’YZ = O(/Yn) (72 > Y15 V2o N1 € (07 1>)a

then the solution of the finite-difference problem for (1)—(4) converges to the
solution

u(t) in the sense that, as At — 0,
lu(t) =5y, [|, =0
uniformly in ¢ € [0, 7.
Theorem 3. Let u(t) be a solution of equation (1) such that u(0) = u, €

D[A™"(0)], and let the function f(t) = (¢, u(t)) satisfy all the conditions of
Theorem 1. Suppose that the consistency condition C and the stability condition

Y. =2t A1), <1+CAt forallte[0,T]

are fulfilled. Let the operator A(t)A~!(0) be strongly continuously differentiable
in E. Suppose, moreover, that on the ball of the space E; of radius R, > R,
the function (¢, v) satisfies the condition

lp(t, 0) = @t w)| g, < Cg, v —wlg,-

Then the solution of the finite-difference problem for (1)—(4) converges to the
solution u(t) in the sense that, as At — 0,

u(t) — 77’%Hsn -0

uniformly in ¢ € [0, 7.
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We now consider equation (2). Let u(t) be a solution of this equation with
values in the ball of radius R, of the space Ey: |u(t)|g, < R,. Assume that
the operator A(t) = B(t,u(t)) satisfies, for all ¢ € [0,T], the conditions stated
above. We shall suppose that the operator B(¢,w) is defined on D(A(0)) for
any w € F,. Suppose that in the space E; there exists a sequence of continuous
bounded operators B, (t,w), depending on elements w € E;, such that the
following consistency condition holds:

C. For any v € E, and w from the ball T, of radius R; > R,, of the space E|,

sup (B, (t,w) — B(t,w) A~ (t)], < pylvlg,
0<t<T 1

where p,, does not depend on v and p,, — 0 as n — oo.

Introduce the operator B,,(t,v) by the formula

and we shall assume that the operator B,,(¢,v) is defined in the same way for
any v € v, and construct in the space S,, the finite-difference problem

A B (A0 B =0 (v € T, ®)

Uy = Ug- (9)

Theorem 4. Suppose that the consistency condition C and the stability con-
dition

Y. [1-4,tB,tv)| <1+CAt forallte0,T]andveT,
are fulfilled. Suppose that in the ball T|, the condition
[B(t,v) — B(t,w)] A~ (8)2]| < Cr lv—wl,lzlg (2 € E)

is satisfied. Then, if u, € D[A'"2(0)] and £,A,t"2"71 = o(v,), p, = o(V,),
A, 72 = o(7,,), the solution of the finite-difference problem (8)—(9) converges
to the solution u(t) in the sense that, as At — 0,

[o® =2, 5, =0

uniformly in ¢ € [0, T.
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The results obtained are applied to the proof of convergence of stable finite-
difference schemes for solving problems

ou/ot + Lu = f,

where £ is a strongly elliptic operator of order 2m with sufficiently smooth
coefficients, defined in a bounded domain GG of s-dimensional space. The space
E is the space L,(G), B, = C(G), E, = C""%(G). Let K,, be some cubulation
of s-dimensional space; then

1/p
lulls, = max _|u(z)], lullpp = lhs > IU(I)IP] :

zeK,CG veK.CG

where h is the edge of an elementary cube of the cubulation K,,.

For the application of the abstract results to concrete equations, one has to use
the embedding theorems of S. L. Sobolev (%), a priori estimates for solutions
of elliptic equations (%), estimates of the resolvent of elliptic operators (°), and
theorems on fractional powers of elliptic operators (7).

We shall state one theorem for the first boundary-value problem for equations
of the form

ou/ot + L(x,t,u)u =0, (10)

where £(z,t,u) is a quasilinear elliptic operator with coefficients depending only
on the unknown function wu.

We shall say that the finite-difference operators £,,(¢,v), constructed on the
cubulation K,,, satisfy uniformly in ¢ € [0, T] and v with |v| < R, the consistency
condition of order [ + « with the operator £, if for every function satisfying the
boundary conditions and having derivatives of order 2m + [ belonging to the
Holder space C*(G), one has

1€ (t, v)ug — £t v)ugl e < KR uglgemsia.

Theorem 5. Let the coefficients of the expression £ depend sufficiently smoothly
on x and satisfy, in the aggregate of the variables t € [0, T] and v with |v| < Ry,
a Hélder condition uniformly in x, with exponents v and 1, respectively. Let
the operators £, (t,v) satisfy the consistency condition of order | + « and the
stability condition
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for ¢ > s/(l + «), for all t € [0,T] and v with |v|] < R,. Let the function
ug(x) € Wy™(G) (p = q); let uy, Luq satisfy the boundary conditions.

If

s+ (I+a)p

>
p om

and A,t=O(h#), where B> max (S, M) ,
ay a(vy —m)

s+ (+ap
2mp

then the solutions of the finite-difference problem

U(tr+17 xs) — D(tr, xs)
At

n

+ £, (t,, 2, v5) vt xg) =0,

sy Yrs s

U(O7xs) - uO(Is)

converge uniformly in t and x to the solution of equation (10) satisfying the
boundary conditions and the initial condition

u(0, ) = ugy(x).
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