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Abstract
Full Text
MATHEMATICS
V. S. ROGOZHIN

ON SOME NEW INTEGRAL REPRESENTA-
TIONS OF ANALYTIC FUNCTIONS
(Presented by Academician P. Ya. Kochina on 8 October 1963)

New representations of analytic functions are established in the article in the
form of Cauchy-type integrals whose densities have a special form. The results
are used for constructing bases in certain classes of analytic functions.

In what follows, unless otherwise specified, Γ denotes a simple smooth closed
contour dividing the plane into two domains: the interior 𝐷+ and the exterior
𝐷−.

We introduce the following classes of functions:

1. 𝐻(Γ) is the class of functions of the points 𝑡 = 𝑥 + 𝑖𝑦 of the contour Γ
satisfying on 𝑡 the Hölder condition with some exponent 𝛼 (0 < 𝛼 ⩽ 1).

2. 𝐻(𝐷(±)) is the class of functions analytic in the domain 𝐷(±) and contin-
uous in its closure 𝐷(±), whose boundary values on Γ belong to the class
𝐻(Γ).

3. 𝐸𝑝(𝐷(±)) is the class of functions 𝑓(𝑧), analytic in the domain 𝐷(±), for
which the inequality

∫
𝛾𝑟

|𝑓(𝑧)|𝑝|𝑑𝑧| < 𝐶, 𝑝 > 1,

is satisfied, where 𝛾𝑟 is the image of the circle |𝑤| = 𝑟 under a conformal
mapping of the disk |𝑤| < 1 onto the domain 𝐷(±) (𝐶 depends on 𝑓(𝑧),
but does not depend on 𝑟).

4. 𝐴(𝐷(±)) is the class of functions analytic in the domain 𝐷(±).

Further, by 𝐺(𝜏) we denote a prescribed function of the points of the contour
Γ, belonging to the class 𝐻(Γ), 𝜘 = indΓ 𝐺(𝜏).
Theorem 1. If 𝑓+(𝑧) ∈ 𝐻(𝐷+) and 𝜘 ⩾ 0, then

𝑓+(𝑧) = 1
2𝜋𝑖 ∫

Γ

𝜑+(𝜏)
𝐺(𝜏)

𝑑𝜏
𝜏 − 𝑧 , (1)
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where 𝜑+(𝑧) ∈ 𝐻(𝐷+) and is determined by the equalities

𝜑+(𝑧) = 𝑋+(𝑧) [ 1
2𝜋𝑖 ∫

Γ

𝑓+(𝜏)
𝑋−(𝜏)

𝑑𝜏
𝜏 − 𝑧 + 𝑃𝜘−1(𝑧)] ,

𝑋±(𝑧) = exp{ 1
2𝜋𝑖 ∫

Γ

ln[𝐺(𝜏)𝜏−𝜘]
𝜏 − 𝑧 𝑑𝜏} ,

𝑃𝜘−1(𝑠) is a polynomial of degree 𝜘 − 1 with arbitrary coefficients. If, however,
𝜘 < 0, then the representation (1) will hold provided the conditions

1
2𝜋𝑖 ∫

Γ

𝑓+(𝜏)
𝑋−(𝜏) 𝜏𝑘−1 𝑑𝜏 = 0, 𝑘 = 1, 2, … , |𝜘|. (2)

are fulfilled.

The theorem remains valid if 𝑓+(𝑧) ∈ 𝐸𝑝(𝐷+), and Γ is a Lyapunov curve. In
this case 𝜑+(𝑧) ∈ 𝐸𝑝(𝐷+).
Proof. Let 𝜑−(𝑧) be the value of the integral in formula (1) for 𝑧 ∈ 𝐷−; then
from (1) there follows the relation 𝑓+(𝑡) − 𝜑−(𝑡) = 𝜑+(𝑡)/𝐺(𝑡), 𝑡 ∈ Γ, which
may be regarded as the boundary condition of the Riemann problem in the
class of functions satisfying the Hölder condition (1,2), or in the class 𝐿𝑝(Γ) (3),
depending on the class to which 𝑓+(𝑧) belongs, 𝐻(𝐷+), or 𝐸𝑝(𝐷+). Hence we
conclude that 𝜑+(𝑧) is indeed determined by formula (2) and belongs to the class
𝐻(𝐷+) if 𝑓+(𝑧) ∈ 𝐻(𝐷+). If, however, 𝑓+(𝑧) ∈ 𝐸𝑝(𝐷+), then 𝜑+(𝑡) ∈ 𝐿𝑝(Γ),
and the gluing theorems show that 𝜑+(𝑧) will also belong to the class 𝐸𝑝(𝐷)+.
The theorem is proved.

Let the function 𝛼(𝑡), 𝑡 ∈ Γ, map one-to-one and with preservation of the
direction of traversal the Lyapunov contour Γ onto some, generally speaking,
other Lyapunov contour Γ̃, bounding the domain 𝐷̃+, with 𝛼′(𝑡) ≠ 0 and 𝛼′(𝑡) ∈
𝐻(Γ).
Theorem 2. If 𝑓+(𝑧) ∈ 𝐻(𝐷+) (𝐸𝑝(𝐷+)) and 𝜘 ≥ 0, then

𝑓+(𝑧) = 1
2𝜋𝑖 ∫

Γ

𝜑+[𝛼(𝜏)]
𝐺(𝜏)

𝑑𝜏
𝜏 − 𝑧 , (3)

where 𝜑+(𝑧) ∈ 𝐻(𝐷̃+) (𝐸𝑝(𝐷̃+)). For 𝜘 = 0, 𝜑+(𝑧) is determined by 𝑓+(𝑧)
uniquely; if 𝜘 > 0, then 𝜑+(𝑧) contains linearly 𝜘 arbitrary complex constants.

Proof. The justification of the representation (3) reduces to the study of the
solvability of the problem of linear conjugation with shift

𝑓+(𝑡) − 𝜑−(𝑡) = 𝜑+[𝛼(𝑡)]
𝐺(𝑡) , 𝑡 ∈ Γ, 𝛼(𝑡) ∈ Γ̃, (4)
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studied in (4). In that work it is proved that problem (4) reduces to an analogous
problem in the case when the contour is the circle Γ0, and the unknown functions
are analytic inside and outside Γ0, respectively, while 𝛼(𝑡) maps Γ0 onto itself
and has the properties indicated above.

We then argue as in the proof of Theorem 1, using the results of (5,6).

Similarly one proves

Theorem 3. If Γ, Γ̃, and 𝛼(𝑡) satisfy the conditions of Theorem 2 and 𝑓−(𝑧) ∈
𝐻(𝐷−) (𝑓−(∞) = 0), then for 𝜘 ≥ 1

𝑓−(𝑧) = 1
2𝜋𝑖 ∫

Γ

𝜑+[𝛼(𝜏)]
𝐺(𝜏)

𝑑𝜏
𝜏 − 𝑧 , (5)

where 𝜑+(𝑧) ∈ 𝐻(𝐷̃+) (𝐸𝑝(𝐷̃+)). For 𝜘 = 1, 𝜑+(𝑧) is determined uniquely,
while for 𝜘 > 1 it depends linearly on 𝜘 − 1 arbitrary complex constants.

Let us now consider a function 𝐺(𝑧) analytic and different from zero in the
curvilinear annulus 𝐾 bounded by the closed Jordan curves Γ and Γ1 (Γ1 lies
inside Γ). Clearly, the index of the function 𝐺(𝑧) on any contour lying inside
𝐾 and enclosing Γ1 will be one and the same. Consequently, one may speak of
the index 𝜘 of the function 𝐺(𝑧) in the annulus 𝐾: 𝜘 = ind𝐾 𝐺(𝑧).
Theorem 4. If 𝑓+(𝑧) ∈ 𝐴(𝐷+), then for 𝜘 ≥ 0

𝑓+(𝑧) = 1
2𝜋𝑖 ∫

𝛾

𝜑+(𝜏)
𝐺(𝜏)

𝑑𝜏
𝜏 − 𝑧 , (6)

where 𝜑+(𝑧) ∈ 𝐴(𝐷+) and depends linearly on 𝜘 arbitrary real constants, 𝛾 is
an arbitrary rectifiable contour lying in the annulus 𝐾 and enclosing Γ1.

The proof of Theorem 4 follows immediately from the analysis of the relation
𝜑+(𝑡) = −𝐺(𝑡)𝜑−(𝑡) + 𝑓+(𝑡)𝐺(𝑡), 𝑡 ∈ 𝛾, equivalent to equality (6).*

* In Theorems 2 and 4 one could also have considered the case 𝜘 < 0, and in
Theorem 3 the case 𝜘 < 1, by analogy with Theorem 1.

Below we consider bases in the classes of functions 𝐻(𝐷(±)), 𝐸𝑝(𝐷(±)), 𝐴(𝐷(±)).
By a basis in the class 𝐻(𝐷(±)) (𝐸𝑝(𝐷(±)), 𝐴(𝐷(±))) we mean a system of func-
tions belonging to the corresponding class such that every function of the class
under consideration is uniquely expanded in the series

𝑓(𝑧) =
∞

∑
𝑘=1

𝑐𝑘𝑓𝑘(𝑧), (7)
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where, if the class 𝐴(𝐷(±)) (𝐻(𝐷(±))) is taken, the series (7) must converge
uniformly in the domain 𝐷(±) (the closed domain 𝐷(±)); if, however, the class
𝐸𝑝(𝐷(±)) is considered, then convergence of the series (7) on the contour Γ in
the norm of the space 𝐿𝑝(Γ) must hold.

With the aid of Theorems 1—4 the following propositions are easily proved.

Theorem 5. If {𝜑+
𝑘 (𝑧)} is a basis in 𝐻(𝐷+) (𝐸𝑝(𝐷+)), then:

a) the functions

𝑓+
𝑘 (𝑧) = 1

2𝜋𝑖 ∫
Γ

𝜑+
𝑘 (𝜏)

𝐺(𝜏)
𝑑𝜏

𝜏 − 𝑧

for 𝜘 = 0 also form a basis in 𝐻(𝐷+) (𝐸𝑝(𝐷+));
b) for 𝜘 > 0, any function from 𝐻(𝐷+) (𝐸𝑝(𝐷+)) can be expanded in the

series (7), but the expansion may fail to be unique;

c) for 𝜘 < 0, the functions 𝑓+
𝑘 (𝑧) form a basis among the functions of the

class under consideration that satisfy condition (2).

For brevity of exposition, in the theorems below we restrict ourselves to the
cases 𝜘 = 0 and 𝜘 = 1.
Theorem 6. If {𝜑+

𝑘 (𝜉)} is a basis in 𝐻(𝐷̃+) (𝐸𝑝(𝐷̃+)) and 𝜘 = 0, then the
functions

𝑓+
𝑘 (𝑧) = 1

2𝜋𝑖 ∫
Γ

𝜑+
𝑘 [𝛼(𝜏)]
𝐺(𝜏)

𝑑𝜏
𝜏 − 𝑧

also form a basis in 𝐻(𝐷̃+) (𝐸𝑝(𝐷̃+)).

Theorem 7. If {𝜑+
𝑘 (𝜉)} is a basis in 𝐻(𝐷̃+) (𝐸𝑝(𝐷̃+)) and 𝜘 = 1, then the

functions

𝑓−
𝑘 (𝑧) = 1

2𝜋𝑖 ∫
Γ

𝜑+
𝑘 [𝛼(𝜏)]
𝐺(𝜏)

𝑑𝜏
𝜏 − 𝑧

form a basis among the functions of the class 𝐻(𝐷−) (𝐸𝑝(𝐷−)) that vanish at
infinity.

Theorem 8. If {𝜑+
𝑘 (𝑧)} is a basis in the class 𝐴(𝐷+), then for 𝜘 = 0 the

functions

𝑓+
𝑘 (𝑧) = 1

2𝜋𝑖 ∫
𝛾

𝜑+
𝑘 (𝜏)

𝐺(𝜏)(𝜏 − 𝑧) 𝑑𝜏,
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where 𝛾 is any rectifiable curve lying inside the ring 𝐾, also form a basis in
𝐴(𝐷+).
We note that, in the proof of Theorems 5—7 in the part concerning the class
𝐻(𝐷+), the following proposition plays an essential role:

Lemma. If 𝜑+
𝑘 (𝑧) ∈ 𝐻(𝐷+), 𝑘 = 1, 2, …, 𝑎(𝑡) ∈ 𝐻(Γ), and lim

𝑘→∞
max |𝜑𝑘(𝑡)| = 0,

then lim
𝑘→∞

max |ℎ𝑘(𝑡)| = 0, where

ℎ𝑘(𝑡) = 1
𝜋𝑖 ∫

Γ

𝑎(𝜏)𝜑+
𝑘 (𝜏)

𝜏 − 𝑡 𝑑𝜏, 𝑡 ∈ Γ.

Below we formulate some corollaries of Theorems 5–7. Let Δ−(𝑧) be a given
function belonging to the class 𝐻(𝐷−) and different from zero in 𝐷−.

Corollary 1 (see Theorem 5). Let 𝑃𝑘(𝑧), 𝑘 = 1, 2, …, be a polynomial basis
in 𝐻(𝐷+). Then the functions 𝑄𝑘(𝑧)—the collection of the terms with nonneg-
ative powers of 𝑧 in the Laurent expansion of the functions Δ−(𝑧)𝑃𝑘(𝑧) in a
neighborhood of the point 𝑧 = ∞—will form a basis.

Let Φ0(𝑧) be the function mapping 𝐷− onto the exterior of the unit disk; Φ1(𝑧),
the function mapping 𝐷− onto 𝐷̃−; and Φ𝑘(𝑧) (Φ̃𝑘(𝑧)), the Faber polynomials
for the domain 𝐷+ (𝐷̃+).
Corollary 2 (see Theorem 6). Each of the systems of functions

(1)Ψ𝑘(𝑧) = 1
2𝜋𝑖 ∫

Γ

Φ𝑘
0(𝜏)

𝐺(𝜏)
𝑑𝜏

𝜏 − 𝑧 , (2)Ψ𝑘(𝑧) = 1
2𝜋𝑖 ∫

Γ

Φ̃𝑘[Φ1(𝜏)]
𝐺(𝜏)

𝑑𝜏
𝜏 − 𝑧

forms a basis in the class 𝐻(𝐷+) (𝐸𝑝(𝐷+), if Γ is a Lyapunov curve).

Corollary 3 (see Theorem 7). Each of the systems of functions

(1)−Ω𝑘(𝑧) = 1
2𝜋𝑖 ∫

Γ

Φ𝑘
0(𝜏)

𝐺(𝜏)
𝑑𝜏

𝜏 − 𝑧 , (2)−Ω𝑘(𝑧) = 1
2𝜋𝑖 ∫

Γ

Φ̃𝑘[Φ1(𝜏)]
𝐺(𝜏)

𝑑𝜏
𝜏 − 𝑧 ,

(3)−Ω𝑘(𝑧) = 1
2𝜋𝑖 ∫

Γ

Φ𝑘(𝜏)
𝐺(𝜏)

𝑑𝜏
𝜏 − 𝑧 (𝜒 = 1)

forms a basis among the functions of the class 𝐻(𝐷−) (𝐸𝑝(𝐷−), if Γ is a Lya-
punov curve) that vanish at infinity.
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