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Abstract

Full Text
MATHEMATICS
S. Ya. YAKUBOV

ON THE SOLVABILITY OF THE CAUCHY
PROBLEM FOR EVOLUTION EQUATIONS

(Presented by Academician I. G. Petrovskii, 24 I 1964)
The paper studies the equation

d™u(t) d" tu(t) B
g + Al(t)w + ...+ A, u(t) = f(t) (1)
with initial conditions
u?(0)=u; (i=0,..,n—1), (2)

where u(t) is the unknown function with values in a Banach space F; A,(t) are
operators acting in E.

The investigation of problem (1)—(2) is carried out by methods of the theory
of semigroups. By a solution of problem (1)—(2) we shall mean a function
u(t), (n — 1) times continuously differentiable on [0,T], n times continuously
differentiable on (0, T'], satisfying equation (1) for every ¢t € (0,T] and the initial
conditions (2), and possessing, in addition, the property that the functions
A,()d™u(t)/dt™ (i = 1,...,n) and A (t)d'u(t)/dt" (i = 1,...,n — 2) are
continuous on (0, 7.

1. Let us first consider the case of a first-order equation

du(t)
dt

= Au(t) + f(t) (3)

with the initial condition

u(0) = ug. (4)

Problem (3)—(4), when A generates a semigroup of class C,, was studied by
R. Phillips (). The case when A is a strongly positive operator, i.e. generates
a semigroup of class H(®,,®,), was considered by M. Z. Solomyak (3) and K.
Yosida (*). Problem (3)—(4) with a variable operator A(t) has been studied in
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detail in the works of T. Kato (), M. A. Krasnosel’ skii, S. G. Krein, and P. E.
Sobolevskii (®), P. E. Sobolevskii (7), and others. The case in which A(t), for
every t € [0,T1], is a generating operator of class C,, or (Cy), has been studied
in detail (1).

Lemma. Let A be the generating operator of some semigroup 7'(¢) of class
(0,A) [(1,A)]*. If f(t) is continuously differentiable (continuous) on [0, 00),
then

olt) = / T(t—7)f(r)dr

is continuous on [0,00). If, however, f(t) is twice continuously differentiable
(continuously differentiable), then g¢(t) is continuously differentiable and, for
t>0,

*In (1), a generating operator is called an infinitesimal generating operator.
Let us note that for semigroups of class C, this lemma was proved by R. Phillips
(%).

Theorem 1. Suppose that the following conditions are satisfied: 1) the closed
linear operator A is the infinitesimal generator of some semigroup 7'(¢) of class
(0,A4) [(1,A4)]; 2) f(t) is a twice continuously differentiable (continuously differ-
entiable) vector-function; 3) u, € D(A).

Then the solution of problem (3)—(4) exists and is given by the formula

u(t) =T (t)ug + /O Tt —71)f(1)dr, (5)

and the equality

= AT (t)ug + T(t) f(0) + / Tt—7)f (r)dr
0

holds.

If, moreover, u, € D(A?) and f(0) € D(A), then equation (3) is satisfied also
fort =0.
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Remark. If u, € E, then formula (5) will be called a generalized solution of
equation (3). The expediency of this definition follows from Theorem 1. We
replace the initial condition (4) by the condition

T
lim /\/ e Mu(t) dt = ug (6)
0

A—00

(the continuity of w(t) at zero in the Abel sense). It is easy to see that the
generalized solution of problem (3)—(6) is continuous on (0, T].

2. In the work of B. S. Mityagin (®) the equation

d™u(t) d™ u(t)
A —7
an T T g

o A (1) = f(1) (7)

with operators A, independent of ¢ (i = 1,...,n) was investigated. In the case
n = 2, problem (1)—(2) was investigated by P. E. Sobolevskii (®1) and A.
Balakrishnan (1!).

In the present article the method of reducing a higher-order equation to a system
is used (this method differs from the method developed in (8710)). For brevity
we shall illustrate the method for n = 2:

d?u(t)
dt?

du(t)
dt

+A(t) + B(t)u(t) = f(1), (®)

u(0) = uy, u’(0) = u;.

With the aid of the substitution v(t) = du(t)/dt and w(t) = A(0)u(t), problem
(8) is reduced to the Cauchy problem for a system of first-order evolutionary
equations

dw(t) _
— — A)u(t) =0,
dzc)lgft) + A(t)u(t) + B(t)A (0)w(t) = f(t), )

v(0) = u;.

In the topological product F x E, problem (9) can be written in the form

sovietrxiv.org/items/ru-196401.38168 Machine Translation


https://sovietrxiv.org/items/ru-196401.38168

where

0 —A(0))_ (0 —A®) 0o o
A = (B(t)Al(O) Alt) ) = (o Alt) >+(B(t)A1(O) o> = % (D)+2(0)-

In the topological product E x E the resolvent of the operator 2, (¢) is expressed
in terms of the resolvent of the operator A(¢):

RN, —21, (1)) = ( %A(())Afl(t) [% _R(A’_A(t))] ) . (10)
0 RO\ —A())

Formula (6) makes it possible to express any function of the operator 2, (t) in
terms of the same function of the operator A(t); namely, the formula

5 AA () [5— F(A®)
s = ¢ ooy,

is proved, where § is a certain number depending on the function f(z).

Applying perturbation theory for various classes of semigroups and Theorem 1,
we prove Theorem 2.

Theorem 2. Suppose the following conditions are satisfied: 1) the closed
linear operator —A; is the infinitesimal generator of a certain semigroup of class
(0, A) [(1,A)]; 2) the operators A; 4171 (i = 1,...,n) are bounded; 3) f(t) is a
twice continuously differentiable (continuously differentiable) vector function; 4)
u; € D(A) (i =0,...,n).

Then problem (1)—(2) has a solution, and moreover a unique one.

In the analogous theorem of B. S. Mityagin ((8), Theorem 4), under the assump-
tion that —A; is the infinitesimal generator of a semigroup of class C,, more is
required, namely, the possibility of the decomposition
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S ANT = A A= F)A—=Fy) - (A—F, ),
j=1

where F; (i = 1,...,n—1) are bounded operators, and their spectra are pairwise

disjoint.

Theorem 3. Suppose the following conditions are satisfied: 1) the operator

A, (t) (t € [0,T]) acts in E, has a domain of definition everywhere dense and
1

independent of t, and the estimate |[A;(t) + M|} < 151 holds (A > —1); 2)

the operator-functions A;(t)A71(0) (i = 1,...,n) are once strongly continuously
differentiable on [0,T]; 3) the vector function f(t) is continuously differentiable
on [0,T); 4)u, €D (i=0,...,n—1).

Then problem (1)—(2) has a solution, and moreover a unique one.

Applying the results of (7), one can formulate an analogous theorem when the
operator A, (t) is strongly positive. For n = 2, Theorem 2 was proved by P. E.
Sobolevskii (10) under twice continuous differentiability of the operator function

A, (1) A7H(0).

3. We turn to consideration of the nonlinear equation

d™u(t)
dtn

d™ tu(t)
dtnfl

+ A1 (1) o A (Du(t) = f(t u(t)). (11)
For n = 2, in the work (10) a local existence theorem was proved for the solution
of problem (11)—(2). The following theorem is the n-dimensional analogue of
this theorem. Denote by S, a certain ball of the space E with center at A(0)u,.

Theorem 4. Suppose conditions 1), 2), and 4) of Theorem 2 are satisfied.
Suppose the operator f(t, A=1(0)u) on [0,T] x S, has continuous partial deriva-
tives with respect to the aggregate of variables f](t, A=1(0)u), fi(t, A=1(0)u) (the
derivative is understood in the sense of Fréchet), satisfying in u a Lipschitz con-
dition (f/(t, A=1(0)u) with respect to the norm of the space of linear operators
over E).

Then there exists, and moreover is unique, a solution of problem (11)—(2) on
some interval [0,t,] C [0,T].

4. In some problems of mathematical physics one encounters the partial dif-
ferential equation 2

agu b 32 82 82

In 2, formal solutions are constructed for the Cauchy problem (for t = 0,
u = ug(x,y,2), du/Ot = uy(x,y,z)) and for one mixed problem (for t = 0,
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u=uy(x,y,2), Ou/dt = uy(z,y, 2); for z =0, Ou/dz = 0). Applying the results
of article '® and of the present article, one can obtain existence theorems for
equations more general than '2.
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