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MATHEMATICS
P. V. NIKOLAEV

ON THE REPRESENTATION OF EQUA-
TIONS BY NOMOGRAMS OF THE SECOND
KIND

(Presented by Academician A. N. Kolmogorov on 27 III 1964)
Let

ty = f(t1,ta) (1)

be a real equation with functions f(¢,,t,) sufficiently smooth in some domain
G, and with the functions

of of

= ——  — 2
aty, Oty (2)
and the Saint-Robert function
W 0%ln M 3)
Ot Oty

Consider the question of representing equation (1) by a net nomogram with a
rectilinear scale t5. As is known, this leads to the search for a Massau equation

| fir (£:); fia(ts); fiS(ti> |=0 (i=1,2,3), (4)

which becomes an identity by virtue of (1).

We shall find formulas that determine, solely by means of quadratures, the
functions f;;, of the anamorphosis (4). We shall show the uniqueness (up to
collineation) of the representations (4) under consideration. We shall also indi-
cate effective conditions for the nomographability (in the sense indicated above)
of equation (1).

Similar questions related to the problem of general anamorphosis were consid-
ered after Gronwall (1) by many authors (27¢), etc.; analogous questions con-
nected with the rectification of webs were considered in web geometry (7) by
Bol, Libére, and others. Among the many important results obtained in these
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works there are no effective conditions and methods for obtaining the indicated
representation (4); likewise, in the works pertaining to this subject (%,°), the
uniqueness problem posed by Gronwall and partially solved in the present paper
is not solved.

Without diminishing generality, we shall obviously assume that in equation (4)

fis=1 fus=1 [fp=1 fi3=0.

We indicate a preliminary condition for nomographability.

Theorem 1. Equation (1) is nomographable in the sense indicated above if and
only if, for the given function M (2), there exists a solution with respect to f;
of the Gronwall differential equation

[fél(le_f22) _fé2<f11 _f21)] ; {fil(fl? _f22) _f£2(f11 _f21>] = M? (5)

where f}, = df;,/dt;. Moreover, among the solutions of equation (5) there
necessarily exists a solution satisfying the following initial conditions:

for ty =tyq, ty =ty fi=1 for=0, fo =1, fo=0 (k=1,2),

where t; =t,,, ty =ty is any point of the domain G.

If equation (1) is nomographable, then, solving (4) with respect to f3;, we have

J31 = (fi1 = fa1) = (fi2 = fa2), (7)

and, computing the function M (2), we arrive at equation (5). If, conversely,
for the given function M (2) there exists a solution of equation (5), then the
equation

oty

0
ot [f2/1(f12 _f22) _f52<f11 _f21)] + 87? [fl/l(f12 _f22) _f]/_2(f11 _f21>] = 0.
1 2

(®)

It is not hard to see that its solution will be

ty = @[(fi1 — for) : (fi2 — f22)] 9)

or (7), if one sets fy; = ® 1. Since (7) is representable in the form (4), the
sufficiency of the condition has been proved.
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If now equation (5) is solvable and

‘fil(ti); fiat2); ﬁ3(tz)‘ =0 (4"

is some nomogram in the plane zy, then it is possible to construct a collineation,
automorphic with respect to 5 = 0:

T =ap T+ ayy +az, Y= a7 + Ay + Az, |ay] #0, (10)

which transforms (4”) into (4) with condition (6). It is easy to determine all a;,
and to find that the condition |a;,| = 0 cannot occur for points from G. This
proves the second part of the theorem.

Corollary. If equation (1) is nomographable, then M (2) is representable in
fractional-polynomial form (5) (i.e., as a ratio of two polynomial functions),
where the dimension of the numerator and denominator does not exceed 3 (1°).

If the scale t; (or t,) is rectilinear, then M (or 1/M) is a function of dimension
two. The solution of the problem in this case is known ().

For brevity, introduce the following notation:

Q= M°W; (11)
e
- {jﬁ_{w (ﬁ)” (13)
S = Zf\jfé +§+A;M—AM;—A§; (14)

R:Qayéf%+cmfcg+w (&)2 (15)

everywhere W/, = 02u/0t,;0t,.

Theorem 2. A solution of equation (5) (if it exists) satisfying the initial
conditions (6) is determined uniquely up to quadratures by means of the equation

S
Sf{2*Mf§2+R(f11*f22>:0- (16)
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Equation (5), obviously, is equivalent to the system of equations

Ofik
ot,

K2

where, as follows from equation (5),

Z/u:i fin = fa +912(f11—f21)

Y — Y 9
M |72 T2 — fo, Ji2 = fao

(18)

and (5{ is the Kronecker symbol.

If system (17) is completed to canonical form, containing on the left the deriva-
tives of all unknown functions appearing on the right ('), with the aid of the
condi-

conditions 9y, /0ty = 0, 0%y, /Ot,0t; = 0, 0%y,,/0t;0t, = 0, which determine
these derivatives, then it will turn out that from the system obtained one can
single out a subsystem containing only the unknown functions f,, f5, and their
derivatives up to and including the second order, namely, the subsystem

i _ ¢ io — 5

= 045Y;2> Zi2
8tj H 815] gl

(i7j= 172)7 (19)

where 2,5 and z,, are expressed, respectively, as

B i B M1 1 (3 1 )7
212 = Y12 M2 f12 oo Y12 — 4M2922

A C Q Yraleo 1
Y2273 + (f12 = fa2) (Mg Mg) Fro — fon 2M (20)
Zog = —Y19 A4 + 1 A M2 + yl? ﬁ,% Yo
> 12 22 M M Jio— faa 4 4 fio—for
Y12Yao M
(fyg — fa)C + 2¥2 2T 21
(f12 f22) f12 _ f22 2 ( )

System (19) is not completely integrable. From 9%y,,/0t,0t, = 0 and
0%y, /0t,0t; = 0 we find that their linear combination gives equation (16).

Now, using the initial conditions (6), all the f;, can be obtained uniquely by
quadratures. Thus, from equation (16) we have

50/3112 + Ro/fm =0, (22)
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where u®" = u(t,,ty;), whence f,, is found. Knowing f,,, from (16) we obtain

fag. Putting ¢, = t5; in (5) and using (22), we find

RY 1

Y11 + Wfll = MO/7 (23)

which determines f;;, and, finally, f,; is found from equation (5), in which all
the remaining functions f;, are already known.

Corollary. All nomograms with a rectilinear scale t4 (if they exist) of equation
(1) are projective.

The projectivity of nomograms of the second kind with a rectilinear scale t; of
equation (1) was proved by S. V. Smirnov (12).

Remark. The formulas expressing successively the functions f;;, will be

ty RO/
fio =exp |— Wdh ) (24)
t11
2 RM 2 T RM 2 RM
Joo = exp | — g dty / {Tfm + Mffz] exp 5 dty | diy;
oy 231 231
(25)

t1 po’ g ty po’
fi1=exp |— — dty —— exp —dty | dt; +1|;  (26)
! S0 L MO b, SO

tyy 11 1
2
/ P,
t

t2
for = exp l/ Pdt,
t 21

21

123
/ P foy + My exp
t

21

dts, (27)

where P = (f35 — M fi,) : (f12 — fa2)-

The equations of the scale ¢4 are easily found from the scales ¢, ¢, from equation
(1). As for the conditions for nomographability of (1), they could be obtained
in the following way.

Theorem 1 shows that equation (5), and consequently also system (19), admits
a continuous 6-parameter group of transformations of the form (10). From the
uniqueness of the representations (Theorem 2) it follows that this group is max-
imal. Therefore the integrability conditions of system (19), in the case of its
compatibility, complete it to a completely integrable system containing 6 un-
known functions (11). Since the system is compatible only for nomographable
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equations, these conditions give, in addition, the conditions for nomographabil-
ity of equation (1) in the form of differential relations with M. However, after
(24)—(27) these conditions can also be expressed as follows:

Theorem 3. Fquation (1) is nomographable with a rectilinear scale ts if and
only if the functions fyy and fo, defined by formulas (25) and (27), for the
found functions fi5 (24) and fi; (26), depend only on the variable t,.

From what has been set forth, for the geometry of two-dimensional webs (7) we
have:

1) If a web with equation (1) and with curvature different from zero is topo-
logically equivalent to a rectilinear web with a pencil of straight lines 5,
then the topological transformation that straightens the web in this way
is unique up to collineations.

2. Formulas (24)—(27) determine only by quadratures the equations of the
families of the rectilinear web (if it exists).

3. Theorem 3 indicates an effective condition for such straightening of a web.
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