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Abstract
Full Text

MATHEMATICS

A. F. SHADROV

SPACES OF FUNCTIONS ANALYTIC IN MULTIPLE
HARTOGS DOMAINS

(Presented by Academician M. A. Lavrent ev on 4 IV 196/)

In the present note, certain properties of multiple power series (1) are extended
to multiple Hartogs series; with their aid an isomorphism is established for
spaces of functions analytic in bounded multiple Hartogs domains. Then on
these spaces a linear operator L(f) is constructed, analogous to a linear func-
tional on ng (?). The operator is applied to questions of basicity and com-
pleteness.

1. Let C™ be the space of n complex variables 2y, ..., z,,. A covering domain D
over the space C™ having the property that, together with each point z, =
(zgo), s 2510)), it also contains all points z = (24, ..., z,,) with coordinates

rn

(0)

0 0
2 = (2 (0) (0)

i0 — (.0 i0 . — —
—ay)eFay, ..., 2y = (Zm =)0+ 05 Zpi1 = Zpi1s s 2y = 20 s

where 0 < 6 < 27, will be called an m-fold Hartogs domain with planes of
symmetry z; = ay, ..., 2,, = @,,. In the case m = 1 the domain D is called ((3,

»“m

p. 109) a Hartogs domain. In the case of two variables a Hartogs domain is also
called a semicircular domain ((4, p. 98; (°, p. 228).

If, together with each point 2, of the multiple Hartogs domain D, it also contains
all points of the closed polycylinder

0 . 0 0
{lz;—a,] < |z§->—aj\, J=1..,m; 2, :zfn)ﬂ,..., zn:zg)},

then the domain D is called complete.

To simplify notation we introduce the designations:

W= (21,1 2m), 2= Zpmy1sr2p), k= (k... k), |kl=k+-+Ek,,

wh =2z, (w—a)k = (2 —ay)
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Analogously to the case of a function of two variables ((*, p. 100), it is established
that the domain of convergence of the m-fold Hartogs series

w2 =3 Fulo) (w—a)t W
k=0

is a complete m-fold Hartogs domain with planes of symmetry z; = aq, ..., 2, =
Q-

In what follows we shall place the origin of coordinates in the planes of symmetry
of the Hartogs domain D, i.e., consider a complete m-fold Hartogs domain D
with planes of symmetry z; =0, ..., z,,, = 0, which is the domain of convergence
of the m-fold Hartogs series

Fw2) =3 fu(z)ub. (2)

The coordinates of all points of the domain D are determined by the inequal-
ities |z;| < Ry(2),...,|%m| < R,,(2), where R,(2),...,R,,(z) are nonnegative
functions defined in the projection Hp of the domain D onto the space of the
variables z. Therefore the complete multiple Hartogs domain D with planes of
symmetry z; =0,..., 2, = 0 will be denoted as follows:

D{ |Zj| < RJ<Z)7 j: ].,...,m; A HD}.

The functions fj,(z) are regular in the domain H, and satisfy the condition

Fm o Tm () R () R (2) < 1.

2=z |k|—oo

2. Analogously to (1), let us introduce into consideration the sequence

d,(D) = sup |wF|, k.=0,1,...; 7=1,...,m.
(w,z)eD

Theorem 1. If the function f(w,z) is reqular in the closed domain D and

then

max(w,z)eﬁ ‘f(wV Z)|
dy (D)

[fe(2) < 3)
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The theorem is proved analogously to Theorem 3.8 from (°), p. 62.

Theorem 2. If the series (2) converges in the bounded complete multiple
Hartogs domain D, then for every subdomain D, of it, Dy C D, the series

Zsuplfk ) di(Dy) (4)

CONveErges.

Proof. Consider the domain D {(w,z) : (%¥,z) € D}, where 0 < r < oo.
Choose numbers r; and 74, 0 < 7, < ry < 1, so that D, C D, cD, CD.

Since dy (D, ) = rﬂk"dk(D), dy(D,,) = rwdk(D), we have

Zbupmg ) di(Dy) < Zsuplfk ) di(D,) <

0o dk(Drl) B oo - Hk"i oo (n+]71)' r J
<MY D >‘M§(rz> =M ) () <00

T2

where M = maxp, | f(w, 2)].

Corollary. If the series (2) converges in the bounded complete multiple Hartogs
domain D, then in every subdomain Dy of it, Dy C D, the series

S fu()dn(Dy)
k=0

converges uniformly.

Theorem 3. For convergence of the series (2) in the bounded complete multiple
Hartogs domain

D{|z| < Ry(2), -, |2m| < R, (2); 2€ Hp }

it is necessary and sufficient that the series

Z sup |fx(2)| dy(D)w ()

k—0 ?€Hp

converge in the domain DV{|z,| < 1,...,|z,,| < 1; 2 € Hp }.
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Proof. Consider the domain D,, 0 < r < 1. Suppose that the series (5)
converges in the domain DV, This means that, for every r < 1, the series

> sup | fi(2)| dy, (D) rl¥
k=0 D-

converges, or the series

ZSUP | fi(2)] di (D).
k=0 D-
converges. But

[fi(2)wk] < Sup |fe(2) dy, (D),

T

and therefore the series (2) converges in the domain D, for every r < 1, and
consequently it also converges in the domain D.

The converse assertion follows from Theorem 2.
Analogously to Theorem 3 one proves

Theorem 4. For the convergence of the series (2) in the domain D it is
necessary and sufficient that the series

converge in the domain D).

3. Consider the space A(D) of functions analytic in the complete multiple
Hartogs domain D, with the topology determined by uniform convergence of
the functions f(w,z) € A(D) in each domain Dy, D, € D.

Introduce the countably normed space B(D) of sequences of functions a =
{fi(2)} with the system of norms

lal, = sup (=) dp(D)r™, 0 <r<1.
k,oz HD

Next consider the space A(D) of functions analytic in the closed domain D, and

the countably normed space B(D) of sequences of functions a = {f,(2)} such
that, for some r > 1, depending, generally speaking, on the sequence,
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lall, = Z SUP | fi(2)] di (D) rIFl < oo

The topologies of A(D) and B(D) are defined analogously to (1).

Theorem 5. If D is a bounded complete multiple Hartogs domain, then the
spaces A(D) and B(D), and also A(D) and B(D), are isomorphic.

Proof. Theorems 3 and 4 put each function f(w, z) € A(D) into correspondence
with a sequence of functions {f,(z)}, and conversely. This correspondence is
continuous in both directions with respect to the topologies of the spaces A(D)
and B(D), since for any numbers r and ry, 0 < r < r; < 1, the inequalities

< Ikl —
I%aXIf(w,Z)IfZSHPIf;@ z)| di,(D Zsup\fk )| di(D) 7 lall,.,

- =0 D

TH I SN
lal, < Z sl 2) = (rga;fdf(w,zn) > () |

k=0 1

are valid.
The isomorphism of the spaces A(D) and B(D) is proved analogously.
Theorem 6. If D{|z;| < R;(2), j = 1,....,m; z € Hp} and Dy{|z;] <

R;l)(z), j=1,..,m; z € Hp } are arbitrary bounded complete multiple Har-

togs domains having the same projections Hp = Hp, , then the spaces A(D) and
A(Dy) are isomorphic. The spaces A(D) and A(D;) are also isomorphic.
Proof. By Theorem 3, B(D) is isomorphic to B(D"). Hence, from Theorem
5, it follows that A(D) is isomorphic to A(D™). Similarly, A(D,) is isomorphic
to A(DW). Consequently, A(D) and A(D,) are isomorphic.

The spaces A(D) and A(D;) are considered analogously.

Remark. If the domain D is univalent, then the space A(D) is isomorphic to
the space A(E;), where E {|z] < 1,...,]z,,] < 1}, which follows as a special
case also from Theorem 2 (5).

4. Theorem 7. In order that an operator L(f), defined on A(D) and taking
values in A(Hp), be linear and continuous, it is necessary

and it is sufficient that

i 18’“f()z, (©)

k
P ow
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where

GFr ko,

k
Tm §/]l,] =1< Tim §/a,(D) <k:!:k:1!---k:m!, o _ )
—00

- k k
|k|—c0 k| owk DN - B

Consider the function

o !
plw) = Z kk+1‘
k=0
It is analytic in the domain {|z;| > I, j=1,...,m}, and moreover p(w) = 0 if,

for some j, 1 < j <m, z; = co. With the aid of this function the operator L(f)
can be represented in the form

1
L) = G / e / w2t

where [ <7; < R;(2), j=1,...,m.

Theorem 8. In order that the system

{fz(w, 2 = ifk,xz)wk} )
k=0

be a basis in A(D), it is necessary and sufficient that the system

{u(2) = L(fi(w, 2))} (®)

be a basis in A(Hp).

Theorem 9. In order that the system (7) be complete in A(D), it is necessary
and sufficient that the system (8) be complete in A(Hp).

With the aid of Theorems 8 and 9, theorems analogous to Theorems 4—11,
established in [7] for the case m = 1, are proved; moreover, the conditions of
these theorems can now be formulated as necessary and sufficient.
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