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A. M. IL’ IN

ON ONE CLASS OF ULTRAPARABOLIC
EQUATIONS

(Presented by Academician I. G. Petrovskii, 17 VI 1964)

If in a second-order partial differential equation the matrix of the coefficients of
the second derivatives is nonnegative definite, and its rank is less than N — 1,
where N is the number of independent variables, then it is natural to call this
equation ultraparabolic. Interest in such equations arose quite long ago. It
suffices to point out that such an equation describes the process of Brownian
motion in phase space (1) Boundary-value problems for ultraparabolic, or, as
they are also called, elliptic-parabolic equations were studied in the works (*2).

It is known that solutions of a parabolic equation possess a number of properties
closely connected with one another:

1. If a solution assumes its maximum value inside the domain of definition,
then there exists a subdomain where the solution is equal to this maximum
value (the strengthened maximum principle).

2. If the coefficients of the equation are sufficiently smooth, then the solution
and all its derivatives up to a sufficiently high order can be estimated in
any domain in terms of the maximum of the modulus of the solution in a
somewhat larger domain (interior a priori estimates).

3. There exists a fundamental solution of the Cauchy problem, which has a
singularity only at one point on the initial plane and is a smooth positive
function for the remaining values of the arguments.

Let us consider the ultraparabolic equation
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where x = (21, Zg, ..., T,,); ¥ = (Y1, Y2, > Yp), and the matrix [a,,] is positive

definite. It is easy to see that the properties listed above do not, generally
speaking, hold for solutions of equation (1). If, for example, the coefficients

a;;,a;,a do not depend on z, and b; do not depend on y, then equation (1) is
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easily reduced to an ordinary parabolic equation, and its fundamental solution
has a J-type singularity along the characteristic of the first-order equation

Ou & ou

A similar situation in a considerably more general form is investigated in the
work (4).

Here we shall examine the case when the rank of the matrix [|0b; /Jy;]| is equal to
m. It follows from the results of (°) that in this case property 1 holds. We shall

show that, under additional restrictions, such an equation has a fundamental
solution and that a priori estimates are valid.

Theorem 1. Suppose that in equation (1) m <mn,
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in the domain H{—o0 < z; < 00; —o0 < y; < 00; 0 <t < T} for all real &;,
where iy, pp and T are constants. Let the coefficients a,;, a;, a, their derivatives
up to the second order inclusive, and the derivatives of the coefficients b; up to
the fourth order inclusive be bounded in the domain H.

Then in the domain H there exists a unique fundamental solution
G(x,y,t,&,m,7) of equation (1), possessing for ¢ > 7 continuous deriva-
tives entering into equation (1). The Cauchy problem for equation (1) with
initial condition

u(xvva) = ()O(x’y) (2)

has the unique bounded solution

u(z,y,t) = //G(x,y,tvan, T)p(§,n) d€ dn, (3)

if p(x,y) is bounded and continuous.

For the proof, we shall simplify equation (1) by making the change of variables
t'=t; x} =x;; y, = b;(x,y,t). We shall consider only the case m = n; the case
m < n is treated analogously. Thus the problem is reduced to the construction
of the fundamental solution of the equation
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(4)
where the coefficients a;;, a;, and a are bounded in the domain H, together with
derivatives up to the second order inclusive.

Denote by Wg(P, Q) the fundamental solution of equation (4), if in it one sets
a;; = a;;(S), where the point S({,0,0) is fixed, and a; = a = 0; here P is the
point (z,y,t), @ is (§,n,7). This solution is easily obtained by applying the
Fourier transform:

m(t—T1 4(t — 1) (t—1)3 2

Ws(P,Q) = (2(\/5)2> detA~exp{—(A(y_n)’y_n)— 3 (A (x—f—&-w(t—r)),x—f-&-g

where the matrix A is inverse to the matrix |la,;;(5).

Following Levi, we shall seek the fundamental solution for equation (4) in the
form

G(P,Q)=WQ(P7Q>+/ // Wy(P,8)®(S,Q) dé do db. (5)

Denote the integral appearing on the right-hand side of this equality by I(P, Q).

Assuming that
oI t oW(P.S)
= OWs(P,5) &
dy; /T /// y, (S,Q)d¢do db,

3y28yj / /// 622231;5 ®(S, Q) d€ do db; (6)
3 = 0.0 /// IS a5, Q) de o b,
gi [///W@(S,Q) d¢ do df, (7)

and substituting expression (5) into equation (4), we obtain for the function
®(P, Q) the integral equation
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B(P,Q) = K(P,Q) + / / / K(P,S)®(S, Q) dé do do, (8)
where

The solution of equation (8) can be obtained by the method of successive ap-
proximations. In this case the function ®(P, Q) satisfies the inequality

(P, Q)| < M((t—71)2+ M) Z (s, P,Q), 9)

where

_ 1 ly—nl? p y+n
Z(ﬂ’P’Q)(t—T)Q”eXp{” —r Rl

and M and p are constants. With the aid of this estimate and the integral
equation (8), one can show that, for the constructed function ®(P,Q), the
equalities (6), (7) hold. Thus the existence of a fundamental solution is proved,
which, according to (5) and (9), satisfies the inequalities

G(P, Q)| < My Z(pug, P, Q{1+(t—1)eMM}y << MyZ(ps, P, Q){1+(t—7)eM M}
(10)

Formula (3) gives the solution of the Cauchy problem (4), (2), and this solution
grows no faster than eM¥l. Tt is easy to prove uniqueness of the solution of the
Cauchy problem in the class of functions growing no faster than exp{M(|z|? +
ly|?)}. This is achieved in the usual way, by introducing the auxiliary function
exp{a(|z|? + |y|?)eP* + vt} with a suitable choice of the constants a, 3,~. Thus
it is proved that the solution of problem (4), (2) is bounded and |u(z,y,t)| <
sup |¢(z,y)|. From the maximum principle there also follows the positivity of
the function G(P, Q) for t > 7.

The greatest difficulty in the proof of Theorem 1 is the need to verify the validity
of equality (7). The natural estimate

‘WS“D S e M 2, P, 5)

oz, ‘ ~ (t—T1)32
does not allow one to prove uniform convergence of the integral (7). Nor does

the usually applied extraction of the principal part of the integrand help. Re-
lation (7) can be obtained only by studying integrals of several first terms of
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the expansion of the integrand functions. This same circumstance is the prin-
cipal obstacle to the proof of Theorem 1 under the natural assumptions: all
coeflicients belong to the class C,,, and b; € C .

The constructed fundamental solution makes it possible to obtain interior a
priori estimates for the solution of equation (1).

Let © be a domain in the space (z1,...,Z,,, Y1, ,Y,); let D be the cylinder
Q x (7,T), and let Ds be the subdomain of the cylinder D separated from its
base and lateral boundary by more than 6.

Theorem 2. Suppose that the coefficients of equation (1) satisfy the conditions
of Theorem 1, and that the function u(x,y,t) is a continuous solution of equa-
tion (1) in D, having continuous second derivatives in D. Then the derivative
functions of u(x,y,t) entering equation (1) are bounded in the cylinder Ds by a
constant depending only on the coefficients of the equation,

max |u(z, y, t)|
D

and 9.
As above, instead of equation (1) one may consider equation (4)

For the proof, first of all we note that the function

o(P) = / t [[er.s)15)dcdoas+ [ cp.@yote.m deay

is a solution of the Cauchy problem for the inhomogeneous equation Lv =
—f(x,y,t) with condition (2), if the function f(x,y,t) is bounded in D together
with its first derivatives. Moreover, the functions %—?(P, Q) and %(P, Q) are
bounded and continuous everywhere for |P — Q| > §; > 0.

Let w(x,y,t) be a smooth function equal to one in D/, and to zero outside
Ds 4. If u(z,y,1) is a solution of equation (4), then

L(wu) = wlu + ulw + 2 Z — — —auw

Here ¢ and 1); are smooth functions that are nonzero only in D/, \ Dj/,. Con-
sequently, in the domain Dj

w(P) = wu(P) = — / // G(P,S) lu(S)w(S) +iwi(5)agf) d¢ do df

i=1 i
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—G(P,S)(S) + z": 3(G(Péi)wi(5)) )

=1

(S)dédods. (1)

-

From this follows the estimate for du/dy; in the domain Ds. Taking this esti-
mate into account for the domain D/, and applying representation (11) once
again, we obtain the assertion of the theorem.

In conclusion, let us note that the fundamental solution of equation (1) is the
transition probability density of the Markov diffusion process associated with
this equation. The existence and continuity of such a density were proved (also
for a more general process) earlier (°,7). Here it has been established that this
density is a classical solution of equation (1).
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