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Abstract
Full Text
MATHEMATICS

V. P. MIKHAILOV

ON THE PRINCIPLE OF LIMITING AMPLI-
TUDE
(Presented by Academician I. G. Petrovskii, 12 VI 1964)

Let 𝑆 be a closed smooth star-shaped surface in three-dimensional space, and let
𝐷 be a domain of three-dimensional space containing infinity, whose boundary
is the surface 𝑆. Denote by 𝑢(𝑥, 𝑡), 𝑥 = (𝑥1, 𝑥2, 𝑥3), the solution in 𝐷 of the
wave equation

−𝜕2𝑢
𝜕𝑡2 + Δ𝑢 = 𝑓(𝑥)𝑒𝑖𝜔𝑡, (1)

satisfying the initial conditions

𝑢(𝑥, 𝑡)∣𝑡=0 = 𝜕𝑢(𝑥, 𝑡)
𝜕𝑡 ∣

𝑡=0
= 0 (2)

and one of the boundary conditions on 𝑆:

𝑢(𝑥, 𝑡)∣𝑆 = 0, (3)

𝜕𝑢(𝑥, 𝑡)
𝜕𝑛 ∣

𝑆
= 0, (4)

(𝜕𝑢(𝑥, 𝑡)
𝜕𝑛 + 𝜎(𝑥)𝑢) ∣

𝑆
= 0, (5)

where 𝑛 is the normal to the surface 𝑆 exterior with respect to 𝐷, and 𝜎(𝑥) > 0
is a smooth function on the boundary 𝑆. The function 𝑓(𝑥) in (1) is assumed
smooth and finite, with support in some domain Ω, which may be regarded as a
ball of sufficiently large radius. In addition, we shall assume the function 𝑓(𝑥)
to be equal to zero on 𝑆, together with its derivatives up to some order 𝑘. 𝜔 in
(1) is a certain real number.

It is known that the solutions of the problems (1), (2), (3); (1), (2), (4); (1), (2),
(5) exist and are unique.
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Let 𝜆 be some complex number. Denote by 𝑤(𝑥, 𝜆) the solution in the domain
𝐷 of the Helmholtz equation

Δ𝑤 − 𝜆2𝑤 = 𝑓(𝑥), (6)

satisfying one of the conditions

𝑤∣𝑆 = 0, (7)

𝜕𝑤
𝜕𝑛 ∣

𝑆
= 0, (8)

(𝜕𝑤
𝜕𝑛 + 𝜎(𝑥)𝑤) ∣

𝑆
= 0 (9)

on the boundary 𝑆, and the Sommerfeld radiation condition (1,2) at infinity

𝜕𝑤
𝜕𝑟 + 𝜆𝑤 = 𝑜 (𝑒−| Re 𝜆|𝑟

𝑟 ) . (10)

Lemma 1. For every complex 𝜆 ≠ 0 there exists a unique solution 𝑤(𝑥, 𝜆) of
any of the problems (6), (7), (10); (6), (8), (10); (6), (9), (10).

For the first and second boundary-value problems the proof of this lemma is
given in (1−3). As for the third boundary-value problem, the proof of uniqueness
of the solution is carried out by a method analogous to that in (1), while the
proof of existence will be outlined below.

The aim of this note is to prove the following theorem:

Theorem (Principle of limiting amplitude). There exist 𝛼 > 0 and 𝐶(𝛼) >
0 such that

∣𝑢(𝑥, 𝑡) − 𝑣(𝑥)𝑒𝑖𝜔𝑡∣ ≤ 𝐶(𝛼)𝑒−𝛼𝑡 (11)

for 𝑡 ⩾ 0, where 𝑢(𝑥, 𝑡) is the solution of one of the exterior boundary-value
problems for the wave equation (1), (2), (3); (1), (2), (4), or (1), (2), (5). The
function 𝑣(𝑥), called the limiting amplitude, is the solution, respectively, of the
problems (6), (7), (10); (6), (8), (10), or (6), (9), (10) for 𝜆 = 𝑖𝜔.

For the first boundary-value problem (1), (2), (3) this theorem was proved by
C. Morawetz, P. Lax, and R. Phillips in (4,5). The limiting-amplitude principle
for the first boundary-value problem was also studied in spaces of arbitrary
dimension in the papers (6,7); in these papers, under the same restrictions on
the boundary 𝑆 of the domain as in (4,5), inequality (11) is proved with the
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factor 𝑒−𝛼𝑡 replaced by 1/
√

𝑡. A number of papers have also been devoted
to the justification of the limiting-amplitude principle for the Cauchy problem,
i.e., for the case when there is no reflecting body: in paper (8) this problem
was first posed and solved for the wave equation; in papers (9,10) the question
is studied of the asymptotic behavior as 𝑡 → ∞ of the solution of the Cauchy
problem for equation (1), in which, in place of the operator Δ, there stands a
linear homogeneous elliptic operator 𝐿(𝜕/𝜕𝑥) with constant coefficients of order
2𝑚. Under certain restrictions on 𝐿(𝜕/𝜕𝑥) (its sign is assumed chosen so that
𝐿(𝑖𝜉) < 0 for real 𝜉, |𝜉| = 1) it is proved that lim𝑡→∞ 𝑢(𝑥, 𝑡)𝑒−𝑖𝜔𝑡 = 𝑣(𝑥), where
𝑣(𝑥) is the solution of the corresponding elliptic equation 𝐿(𝜕/𝜕𝑥)𝑣+𝜔2𝑣 = 𝑓(𝑥).
Here 𝑣(𝑥) turns out to be the same solution of this equation as the solution
singled out by means of the so-called “limiting absorption”principle. For the
equation Δ𝑢 − 𝑢𝑡𝑡 + 𝑎(𝑥)𝑢 = 𝑓(𝑥)𝑒𝑖𝜔𝑡 with smooth and finite 𝑎(𝑥), the question
of the limiting amplitude for the Cauchy problem was studied in (11).
In proving the theorem we shall, for definiteness, dwell on the boundary condi-
tion (5) of the third boundary-value problem. Applying the Laplace transform
with respect to 𝑡 to equation (1) and condition (5), and using the initial condi-
tions (2), we obtain

Δ𝑢̃(𝑥, 𝜆) − 𝜆2𝑢̃(𝑥, 𝜆) = 𝑓(𝑥)
𝜆 − 𝑖𝜔 , (12)

(𝜕𝑢̃(𝑥, 𝜆)
𝜕𝑛 + 𝜎(𝑥)𝑢̃(𝑥, 𝜆))

𝑆
= 0, (13)

where

𝑢̃(𝑥, 𝜆) = ∫
∞

0
𝑢(𝑥, 𝑡)𝑒−𝜆𝑡 𝑑𝑡,

and Re 𝜆 > 0. From the results of I. N. Vekua (1) it follows that 𝑢̃(𝑥, 𝜆) satisfies
the Sommerfeld radiation condition (10). From Lemma 1 it follows that

𝑢̃(𝑥, 𝜆) = 𝑤(𝑥, 𝜆)
𝜆 − 𝑖𝜔 , (14)

where 𝑤(𝑥, 𝜆) is the solution of problem (6), (9), (10).

Lemma 2. The function 𝑤(𝑥, 𝜆) is a meromorphic function of 𝜆, analytic for
Re 𝜆 > −2𝛼.

Lemma 3. There exists a number 𝐶(𝛼) > 0 such that, for | Re 𝜆| ⩽ 𝛼, | Im 𝜆| ⩾
1,
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|𝑤(𝑥, 𝜆)| ⩽ 𝐶(𝛼)
|𝜆| . (15)

With the help of these lemmas the proof of the theorem is completed as follows.
The function 𝑢(𝑥, 𝑡) is recovered from the function 𝑢̃(𝑥, 𝜆) by the Mellin formula

𝑢(𝑥, 𝑡) = 1
2𝜋𝑖 ∫

𝐿
𝑢̃(𝑥, 𝜆)𝑒𝜆𝑡 𝑑𝜆,

where 𝐿 is the straight line Re 𝜆 = 𝑎. By virtue of (14) and Lemmas 2 and 3
we have

𝑢(𝑥, 𝑡) = 𝑤(𝑥, 𝑖𝜔)𝑒𝑖𝜔𝑡 + 1
2𝜋𝑖 ∫

Re 𝜆=−𝛼
𝑒𝜆𝑡 𝑤(𝑥, 𝜆)

𝜆 − 𝑖𝜔 𝑑𝜆 = 𝑣(𝑥)𝑒𝑖𝜔𝑡 + 𝑧(𝑥, 𝑡),

since 𝑤(𝑥, 𝑖𝜔) = 𝑣(𝑥). By virtue of Lemma 3,

|𝑧(𝑥, 𝑡)| ≤ 𝐶(𝛼)𝑒−𝛼𝑡 ∫
Re 𝜆=−𝛼

|𝑑𝜆|
|𝜆| |𝜆 − 𝑖𝜔| = 𝐶1(𝛼)𝑒−𝛼𝑡,

which is what had to be established.

Let us dwell briefly on the proofs of the lemmas.

With the aid of Green’s formula and the radiation condition (10), we have

𝑤(𝑥, 𝜆) = ∭
𝐷∩Ω

𝑓(𝑦)𝑈(𝑥 − 𝑦, 𝜆) 𝑑𝑦− (16)

− ∬
𝑆

𝑤(𝑦, 𝜆) [𝜎(𝑦)𝑈(𝑥 − 𝑦, 𝜆) + 𝜕𝑈(𝑥 − 𝑦, 𝜆)
𝜕𝑛𝑦

] 𝑑𝑦 = 𝐹(𝑥, 𝜆) − 𝜃(𝑥, 𝜆),

where

𝑈(𝑥 − 𝑦, 𝜆) = 𝑒−𝜆|𝑥−𝑦|

4𝜋|𝑥 − 𝑦|

is the fundamental solution of the Helmholtz equation.

Passing in (16) to the limit as 𝑥 → 𝑋 ∈ 𝑆, we obtain, by the properties of the
double-layer potential, the Fredholm integral equation
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𝑤(𝑋, 𝜆) = 2𝐹(𝑋, 𝜆) − 2 ∬
𝑆

𝑤(𝑦, 𝜆) [𝜎(𝑦)𝑈(𝑋 − 𝑦, 𝜆) + 𝜕𝑈(𝑋 − 𝑦, 𝜆)
𝜕𝑛𝑦

] 𝑑𝑦

for the unknown function 𝑤(𝑋, 𝜆). It can be shown that this equation is always
solvable.

Below we shall need the following property of the function 𝐹(𝑥, 𝜆).
Lemma 4. If ∇𝑟𝑓(𝑥)∣𝑆 = 0, 𝑟 = 0, … , 𝑘, then for every 𝜇 > 0 there is a
𝐶1(𝜇) > 0 such that the entire function 𝐹(𝑥, 𝜆) of 𝜆 (see (16)) in the region
| Im 𝜆| ≥ 1, | Re 𝜆| ≤ 𝜇 satisfies the inequality

|𝐹 (𝑥, 𝜆)| + |∇𝑥𝐹(𝑥, 𝜆)| ≤ 𝐶1(𝜇)/|𝜆|𝑘.

Using Lemma 4, from (16) we obtain that the function 𝜃(𝑥, 𝜆), being a solution
of the homogeneous Helmholtz equation (6), satisfies condition (10) and the
boundary condition

(𝜕𝜃/𝜕𝑛 + 𝜎(𝑥)𝜃)|𝑆 = 𝜑(𝑥, 𝜆)∣𝑆, (17)

where 𝜑(𝑥, 𝜆) is a sufficiently smooth function in 𝑥 and an entire function in 𝜆,
satisfying, for | Im 𝜆| ≥ 1, | Re 𝜆| ≤ 𝛼, the inequality

|𝜑(𝑥, 𝜆)| ≤ 𝐶2(𝛼)/|𝜆|𝑘. (18)

For the function 𝜃(𝑥, 𝜆) the following basic lemma is valid.

Lemma 5. If 𝜃(𝑥, 𝜆) is a solution of equation (6) with 𝑓 ≡ 0, satisfies the
boundary condition (17) and condition (10), then for 𝑝 > 3 the inequality

‖𝜃(𝑥, 𝜆)‖𝐿𝑝(𝐷) ≤ 𝐶3(𝑝)‖𝜑(𝑥, 𝜆)‖𝐿𝑝(𝑆) (19)

holds, with a constant 𝐶3(𝑝) independent of 𝜆.

Taking into account that in the domain 𝐷, 𝜆2𝜃 = Δ𝜃, and also the known
embedding theorems and (16), we obtain

‖𝑤(𝑥, 𝜆)‖𝐿𝑝(𝑆) ≤ 𝐶4|𝜆|2‖𝜑(𝑥, 𝜆)‖𝐿𝑝(𝑆).

If now in Lemma 4 and inequality (18) we put 𝑘 = 4 and use equality (16) once
again, we obtain estimate (15) of Lemma 3. Since the function 𝑤(𝑥, 𝜆), 𝑥 ∈ 𝑆,
is meromorphic in 𝜆, as follows from Fredholm theory, the function 𝑤(𝑥, 𝜆) for
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𝑥 ∈ 𝐷 will also be meromorphic in 𝜆. Therefore Lemma 2 follows from Lemma
3.

Moscow State University
named after M. V. Lomonosov

Received
6 VI 1964
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