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Abstract
Full Text

Yu. I. Petunin
DUAL BANACH SPACES CONTAINING SUBSPACES
OF CHARACTERISTIC ZERO
(Presented by Academician A. I. Mal’tsev on 2 IX 1963)

Let us consider a Banach space 𝐸 and its dual space 𝐸′. Denote by 𝑀 ′ a vector
subspace of the space 𝐸′, everywhere dense in the weak topology 𝜎(𝐸′, 𝐸), and
by ‖𝑥‖∗ the norm of an element 𝑥 ∈ 𝐸 generated by the functionals from the
subspace 𝑀 ′:

‖𝑥‖∗ = sup
𝑥′≠0, 𝑥′∈𝑀′

|⟨𝑥, 𝑥′⟩|
‖𝑥′‖ . (1)

The subspace 𝑀 ′ is called a subspace with zero characteristic if the norm
‖𝑥‖∗ is not equivalent to the original norm ‖𝑥‖, defined in the space 𝐸 (see (2)).
In (5) it was shown that, in the case of a reflexive space 𝐸, the norm (1) always
coincides with the original norm ‖𝑥‖, so that the question of the existence of
subspaces 𝑀 ′ with zero characteristic is naturally posed only for nonreflexive
Banach spaces.

Theorem 1. If a Banach space 𝐸 is isomorphic to the Cartesian product
𝐸 × 𝐹 , where 𝐹 is some nonreflexive Banach space, then the dual space 𝐸′

contains a subspace 𝑀 ′, everywhere dense in the weak topology 𝜎(𝐸′, 𝐸), whose
characteristic is zero.

Lemma 1. Let 𝐸 be a Banach space containing a separable subspace 𝐸1 such
that in the dual space 𝐸′

1 there exists a subspace of characteristic zero, everywhere
dense in the topology 𝜎(𝐸′

1, 𝐸1). Then the dual space 𝐸′ also contains a subspace
of characteristic zero, everywhere dense in the topology 𝜎(𝐸′, 𝐸).
Lemma 2. The lower bound of two separate locally convex topologies 𝔗 and
𝔗1, given on the vector space 𝐸, in the set of all topologies compatible with the
structure of the vector space 𝐸, is a locally convex topology.

Proof. Let 𝑇1 be the lower bound of the topologies 𝔗 and 𝔗1 in the set of all
locally convex topologies, and let 𝑇 be the lower bound of 𝔗 and 𝔗1 in the set
of all topologies compatible with the structure of the vector space 𝐸.

Denote by 𝔅 a fundamental system of neighborhoods of zero of the topology
𝑇1, whose existence is asserted in (1) (see Proposition 5, p. 27). Consider an
arbitrary neighborhood 𝑉 ∈ 𝔅, and let 𝑊 be a neighborhood of zero from 𝔅
such that 𝑊 + 𝑊 ⊂ 𝑉 . The neighborhood 𝑊 contains convex neighborhoods
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of zero 𝒰 and 𝒰1 in the topologies 𝔗 and 𝔗1, respectively, since the topology
𝑇1 is weaker than the topologies 𝔗 and 𝔗1. It is easy to see that the convex
hull 𝐾 of the set 𝒰 ∪ 𝒰1 ⊂ 𝑊 belongs to the set 𝑊 + 𝑊 . Indeed, if 𝑧 ∈ 𝐾,
then 𝑧 = 𝑡𝑥 + (1 − 𝑡)𝑥1 (0 ≤ 𝑡 ≤ 1), where 𝑥 ∈ 𝒰, 𝑥1 ∈ 𝒰1; but 𝑡𝑥 ∈ 𝒰 ⊂ 𝑊 ,
(1 − 𝑡)𝑥1 ∈ 𝒰1 ⊂ 𝑊 , since 𝒰 and 𝒰1 are convex sets, so that 𝑡𝑥 + (1 − 𝑡)𝑥1 ∈
𝑊 + 𝑊 , and the inclusion 𝐾 ⊂ 𝑊 + 𝑊 is proved.

It remains to note that the sets 𝐾 form a fundamental system of neighborhoods
of zero of the topology 𝑇 , when 𝒰 and 𝒰1 run through fundamental systems of
neighborhoods of zero in the topologies 𝔗 and 𝔗1. Lemma 2 is proved.

Proof of Theorem 1. It follows from the hypotheses of the theorem that in
the Banach space 𝐸 one can select a sequence of nonreflexive closed subspaces
𝐹1, 𝐹2, … , 𝐹𝑛, …, possessing the following properties:

1. 𝐹𝑖 ∩ 𝐹𝑗 = 𝜃, if 𝑖 ≠ 𝑗.
2. For every natural 𝑛 the direct sum 𝐸𝑛 = 𝐹1 + 𝐹2 + … + 𝐹𝑛 is closed in

the space 𝐸.

Without loss of generality we may assume that each of the subspaces
𝐹1, 𝐹2, … , 𝐹𝑛, … is separable. From the results of paper (5) it follows that on
the subspace 𝐹𝑛 one can define a new normed topology 𝑇(𝑛), weaker than the
original topology of the space 𝐹𝑛, in such a way that the closure of the unit
ball 𝑆(𝑛)

1 of the space 𝐹𝑛 in the topology 𝑇(𝑛) contains elements 𝑥 whose norms
‖𝑥‖ exceed the number 𝑛.

Consider on the subspace 𝐸𝑛 = 𝐹1 + 𝐹2 + … + 𝐹𝑛 the direct sum 𝑃𝑛 of the
topologies 𝑇(1), 𝑇(2), … , 𝑇(𝑛), and denote by 𝐸 the union of all subspaces 𝐸𝑛. It
is easy to see that, for every 𝑛, the topology induced on 𝐸𝑛 by the topology
𝑃𝑛+1 coincides with the topology 𝑃𝑛. We may therefore define on the vector
space 𝐸 the strict inductive limit 𝒯 of the normed topologies 𝑃𝑛.

We shall further denote by 𝒯1 the topology induced on 𝐸 by the original topol-
ogy of the space 𝐸, and by 𝑇1 the lower bound of the topologies 𝒯 and 𝒯1 in the
set of all locally convex topologies. It is not hard to note that 𝑇1 is a separated
locally convex topology on the space 𝐸.

If 𝒰 and 𝒰1 are two neighborhoods from the fundamental system of neighbor-
hoods of zero in the topologies 𝒯 and 𝒯1, then the convex hull 𝐾 of the set
𝒰∪𝒰1 will form a fundamental system of neighborhoods of zero of the topology
𝑇1, as 𝒰 and 𝒰1 range over the set of all neighborhoods from the fundamental
system of neighborhoods of zero of the topologies 𝒯 and 𝒯1.

The topology 𝑇1 is the upper bound for the set of all locally convex topologies
that are weaker than the topology 𝒯1 of the space 𝐸 and induce on each of the
subspaces 𝐸𝑛 the topology 𝑃𝑛.

The closure of the unit ball 𝑆 = 𝐸∩𝑆, where 𝑆 is the unit ball of the space 𝐸, in
the topology 𝑇1 is an unbounded set in the norm of the space 𝐸. If we prove that
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the completion of the vector space 𝐸, endowed with the topology 𝑇1, contains
the closure 𝐸1 of the subspace 𝐸 in the Banach space 𝐸, then it will follow that
in the conjugate space 𝐸′

1 there exists an everywhere dense, in the topology
𝜎(𝐸′

1, 𝐸1), subspace of characteristic zero. For this purpose consider the lower
bound 𝑇 of the topologies 𝒯 and 𝒯1 in the set of all topologies compatible with
the structure of the vector space 𝐸, and show that the completion 𝐸, endowed
with the topology 𝑇 , contains 𝐸1.

The latter condition is equivalent to the following assertion: every sequence (𝑥𝑛)
fundamental in the norm 𝒯1 and converging to zero in the topology 𝑇 tends
to zero in the topology 𝒯1. It is easy to see that every net (𝑧𝑛) converging to
zero in the topology 𝑇 has the form 𝑧𝑛 = 𝑥𝑛 + 𝑦𝑛, where 𝑥𝑛 and 𝑦𝑛 are nets
converging to zero in the topologies 𝒯 and 𝒯1, respectively. If the sequence (𝑥𝑛)
converges to zero in the topology 𝒯, then it belongs to one of the subspaces 𝐸𝑛.
To prove this, note that each of the subspaces 𝐸𝑛 is closed in 𝐸𝑛+1 (in the
topology 𝑃𝑛+1); therefore 𝐸𝑛 is also closed in the topology 𝒯 (see (1), Remark
2, p. 88). The sequence (𝑥𝑛) is a bounded set in the topology 𝒯, since (𝑥𝑛)
is a fundamental sequence. By the known theorem on bounded sets in a strict
inductive limit (see (1), Proposition 6, p. 151), we may assert that the sequence
(𝑥𝑛) is contained in one of the subspaces 𝐸𝑛.

The space 𝐸𝑛, endowed with the induced topology 𝒯1, is ⋯

Banach space; therefore the sequence (𝑥𝑛) converges to zero in the norm 𝒯1.
Hence it follows that the sequence 𝑧𝑛 = 𝑥𝑛 + 𝑦𝑛 converges to zero in the topol-
ogy 𝒯1, so that the completion of the space 𝐸, endowed with the topology 𝑇 ,
contains the Banach space 𝐸1.

From Lemma 2 it follows that the topologies 𝑇 and 𝑇1 are equivalent. Thus,
on the space 𝐸1 there is defined a separable locally convex topology 𝑇1, weaker
than the original topology of the space 𝐸1, and the closure of the unit ball 𝑆1 of
the space 𝐸1 in the topology 𝑇1 is unbounded in the norm of 𝐸1. Consequently,
𝐸1 has an everywhere dense, in the weak topology, subspace of characteristic
zero, and therefore (Lemma 1) the conjugate space 𝐸′ contains an analogous
subspace. The theorem is proved.

Corollary 1. If a nonreflexive Banach space 𝐸 is isomorphic to its Cartesian
square 𝐸 × 𝐸, then the conjugate space 𝐸′ contains an everywhere dense, in the
topology 𝜎(𝐸′, 𝐸), subspace of characteristic zero.

With the aid of Theorem 1, Lemma 1, and Theorem 2 from the paper of R.
James (3), it is not difficult to prove

Corollary 2. Let 𝐸 be a Banach space that contains a nonreflexive subspace
𝐸1 with an unconditional basis. Then in the conjugate space 𝐸′ there exists an
everywhere dense, in the topology 𝜎(𝐸′, 𝐸), subspace 𝑀 ′ whose characteristic is
equal to zero.
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The results presented make it possible to establish the existence of subspaces
with zero characteristic, everywhere dense in the topology 𝜎(𝐸′, 𝐸), in the con-
jugate spaces of the Banach spaces 𝑐0, 𝑐, 𝑙1, 𝑚, 𝐶(0, 1), 𝐿1(0, 1), 𝑀(0, 1), 𝐶𝛼
(Hölder space), etc.

A Banach space 𝐸 is called quasi-reflexive if the quotient space 𝐸″/𝐸 is finite-
dimensional (4). It is easy to see that, for a quasi-reflexive Banach space, the
conditions of Theorem 1 are not satisfied.

Theorem 2. Every subspace 𝑀 ′ of the conjugate space 𝐸′ of a quasi-reflexive
Banach space, everywhere dense in the weak topology 𝜎(𝐸′, 𝐸), has characteristic
𝑟𝑀′ different from zero.

Definition 1. We shall say that a Banach space 𝐸 has the 𝑅-property if it
contains an infinite-dimensional reflexive subspace.

Theorem 3 (criterion of quasi-reflexivity of a separable Banach space). Let 𝐸
be a separable Banach space. In order that 𝐸 be quasi-reflexive, it is necessary
and sufficient that the conjugate space have the 𝑅-property and that the second
conjugate space 𝐸″ contain no subspaces with zero characteristic, everywhere
dense in the topology 𝜎(𝐸″, 𝐸′).
The question of the existence of subspaces 𝑀 ′ ⊂ 𝐸′, everywhere dense in the
weak topology 𝜎(𝐸′, 𝐸) and with zero characteristic in an arbitrary non-quasi-
reflexive Banach space, remains open.

The author expresses gratitude to S. G. Krein for his attention and valuable
advice.
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