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Abstract
Full Text
MATHEMATICS

V. I. MATSAEV

SEVERAL THEOREMS ON THE COMPLETE-
NESS OF ROOT SUBSPACES OF COM-
PLETELY CONTINUOUS OPERATORS
(Presented by Academician I. G. Petrovskii on 19 XI 1963)

In this note, applying the method of estimating the resolvents of linear operators
set forth in (1), we obtain theorems on the completeness of root subspaces for
certain classes of completely continuous operators. In doing so we use both the
estimates given in (1) and other, more special ones, which are proved by the
same method.

By 𝔖∞ we shall denote the class of all completely continuous operators acting
in a separable Hilbert space ℌ. For each such operator 𝐴 one introduces the
sequence {𝑠𝑛(𝐴)}∞

1 of its 𝑠-numbers, defined as the eigenvalues of the operator
(𝐴∗𝐴)1/2, numbered in decreasing order with multiplicities taken into account,
and the function 𝜈(𝑡, 𝐴) (𝑡 > 0), giving the number of numbers 𝑠𝑛(𝐴) greater
than 1/𝑡. By 𝔖𝑝 (𝑝 > 0) is denoted the class of operators 𝐴 (𝐴 ∈ 𝔖∞) for
which ∞

∑
𝑘=1

𝑠𝑝
𝑘(𝐴) < ∞,

and by 𝔖𝜔 the class of operators 𝐴 (𝐴 ∈ 𝔖∞) for which
∞

∑
𝑘=1

(2𝑘 − 1)−1𝑠𝑘(𝐴) < ∞.

1. With the aid of Theorem 1 from (1) it is easily proved that

Theorem 1. Let the resolvent of the operator 𝐴 (𝐴 ∈ 𝔖∞) admit, for | arg𝜆 −
𝜋| < 𝜋 − 𝜋/2𝜌1 (𝜌1 ≥ 𝜌 > 1/2), the estimate

∥(𝐼 − 𝜆𝐴)−1∥ ≤ 𝐶 sec 𝜋 − 𝜑
2 − 𝜌−1

1
, 𝜆 = 𝑟𝑒𝑖𝜑, 0 ≤ 𝜑 < 2𝜋,

and, in addition, let the condition

lim
𝑟→∞

1
𝑟𝜌 ∫

𝑟

0

𝜈(𝑡, 𝐴)
𝑡 𝑑𝑡 = 0

be satisfied.
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Then the system of root subspaces of the operator 𝐴 is complete in ℌ. In the
same assumptions, the expansions in the principal vectors of the operator 𝐴 are
summable by Abel’s method of order 𝛼 (𝜌1 > 𝛼 ≥ 𝜌) (for the definition see (2)).
This assertion is a generalization of a theorem of V. B. Lidskii (2).
The following theorem, in a somewhat weaker form, was conjectured by M. G.
Krein. It generalizes the theorems of V. B. Lidskii (3,4), M. G. Krein (5), and
B. Ya. Levin (6).
Theorem 2. Let the operator 𝐴 = 𝐺 + 𝑖𝐻 (𝐺 = 1

2 (𝐴 + 𝐴∗)) be completely
continuous. If 𝐻 ≥ 0, 𝑠𝑛(𝐺−) = 𝑜(𝑛−1), 𝑠𝑛(𝐻) = 𝑜(𝑛−1/2) (instead of the last
equality one may require 𝑠𝑛(𝐺+) = 𝑜(𝑛−1/2)), where 𝐺+ and 𝐺− are defined
with the aid of the decomposition 𝐺 = 𝐺+ + 𝐺− of the operator 𝐺 into the
difference of two nonnegative mutually orthogonal operators, then the system of
root subspaces of the operator 𝐴 is complete in ℌ.

We give briefly the proof of Theorem 2. Assuming the contrary, we shall find
two normalized vectors 𝑓 and 𝑔 such that the function 𝜑(𝜆) = ((𝐼 − 𝜆𝐴)−1𝑓, 𝑔)
is entire, but is not identically equal to a constant. Putting in Theorem 3 from
(1) 𝑇 = 𝐺+, 𝐹 = −𝐺− + 𝑖𝐻, we have

ln |𝜑(𝜆)| = 𝑜 ( 𝑟2

sin4 𝜑/2
) for 0 < 𝜑 < 2𝜋; 𝑟

sin2 𝜑/2
→ ∞. (1)

By means of the device used by us in (7), it is easy to verify that from (1) there
follows the equality ln |𝜑(𝜆)| = 𝑜(𝑟2) (𝑟 → ∞).
Let us apply once more Theorem 3 from (1) with 𝑇 = 𝐺+ + 𝑖𝐻 and 𝐹 = −𝐺−

in the angle 0 < 𝜑 < 3/2𝜋, and obtain a new estimate for 𝜑(𝜆):

ln |𝜑(𝜆)| = 𝑜 ( 𝑟
sin1/2

2/3𝜑
) when 𝑟

sin1/2
2/3𝜑

→ ∞. (2)

Estimate (2) can be used with the help of the following, easily proved, modifi-
cation of the Phragmén–Lindelöf principle:

Lemma. Let 𝐷 be a curvilinear angle described by the inequalities

|𝜆| > 1, |𝜑| < 𝛾 + 1
𝑟𝛼 , 0 < 𝛾 < 2𝜋, 0 < 𝛼 < 1.

Let a function 𝑓(𝜆), holomorphic in 𝐷 and continuous in 𝐷, be given in 𝐷. If
on the boundary of 𝐷 the inequality |𝑓(𝜆)| ≤ 1 holds and, moreover, everywhere
in 𝐷 ln |𝑓(𝜆)| = 𝑜(𝑟𝜋/2𝛾) as 𝑟 → ∞, then the inequality |𝑓(𝜆)| ≤ 1 is valid
everywhere in 𝐷.

sovietrxiv.org/items/ru-196401.35718 Machine Translation

https://sovietrxiv.org/items/ru-196401.35718


Applying the formulated lemma in the curvilinear angle −𝑟−1/2 − 𝜋/2 < 𝜑 <
𝑟−1/2, and then the Phragmén–Lindelöf principle in the angle −𝜋/2−𝜀 < 𝜑 < 𝜀,
we see that ln |𝜑(𝜆)| = 𝑜(𝑟). From the nonnegativity of the imaginary compo-
nent ̂𝐴 there follows the estimate |𝜑(𝜆)| ≤ 𝐶 cosec𝜑 for Im𝜆 > 0. Finally, using
the Phragmén–Lindelöf principle in the half-plane Im𝜆 < 1, we find that 𝜑(𝜆)
is identically equal to a constant, and arrive at a contradiction. The second
variant of Theorem 2 is proved analogously.

As is not hard to see, by the arguments carried out here one can also prove
other theorems of this kind. We note that with such a method of proving
completeness the need to use theorems on the dependence of the spectra of the
Volterra components of the operator (8−11) disappears.

2. The known theorem of M. V. Keldysh (12) for the case of a linear pencil of
operators (𝑛 = 1) is equivalent to the assertion on the completeness of the
root subspaces of the operator 𝐴 = 𝐻(𝐼+𝑆), where 𝐻 = 𝐻∗ ∈ 𝔖𝑝 for some
𝑝, 𝑆 ∈ 𝔖∞, and the operator 𝐴 is annihilated only at zero. The following
generalizations of this assertion can also be formulated as propositions
on the completeness of the eigenvectors and associated vectors of a linear
operator pencil.

Theorem 3. Let the operators 𝐻 and 𝑆 be completely continuous, 𝐻 self-
adjoint, and let the operator 𝐴 = 𝐻(𝐼 + 𝐻𝛼𝑆) be annihilated only at zero. If
the condition

lim
𝑛→∞

𝑛
∑
𝑗=1

(2𝑗 − 1)−1𝑠𝑗(𝑆)

𝑠−𝛼𝑛 (𝐻) = 0, (3)

is fulfilled, then the system of root subspaces of the operator 𝐴 for 𝛼 > 0 is
complete in ℌ. The assertion of the theorem will also be valid for 𝛼 = 0, if the
denominator in (3) is replaced by ln 1

𝑠𝑛(𝐻) .

Theorem 3 is proved with the help of Ahlfors’theorem on distortion under a
conformal mapping (13) and an estimate for the resolvent of the operator 𝐴 in
terms of the 𝑠-numbers of the operator 𝑆.
Let us note two “extreme”cases of Theorem 3. Since the numerator in (3) is
always 𝑜(ln𝑛), the assertion of the theorem will remain valid if (3) is replaced
by the following condition:

lim
𝑛→∞

ln𝑛
𝑠−𝛼𝑛 (𝐻) < ∞ for 𝛼 > 0,

lim
𝑛→∞

ln𝑛
ln( 1

𝑠𝑛(𝐻))
< ∞ for 𝛼 = 0. (4)
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This consequence of Theorem 3 for 𝛼 = 0* is a direct generalization of a theorem
of M. V. Keldysh, for the condition 𝐻 ∈ 𝔖𝑝 for some 𝑝 is equivalent to the second
of conditions (4), in which lim is replaced by lim.

From Theorem 3 there also follows** Theorem 3 of (14), according to which
condition (3) may be replaced by the condition 𝐻 ∈ 𝔖𝜔. From Theorem 3, in
turn, it follows that if 𝐻 ∈ 𝔖𝜔, and the operator 𝐺 (𝐺 = 𝐺∗) has a purely
discrete spectrum (this means that the only limit point of its spectrum lies at
infinity), then the operator 𝐴 = 𝐺+𝑖𝐻 has a complete system of root subspaces.

It is curious that the last assertion can be reversed, namely: if the operator 𝐻
(𝐻 = 𝐻∗ ∈ 𝔖∞) does not belong to 𝔖𝜔, then there exists a self-adjoint operator
𝐺 with purely discrete spectrum such that the operator 𝐴 = 𝐺 + 𝑖𝐻 has empty
spectrum.

For the formulation of Theorem 4 it will be convenient for us to introduce one
more notation. If the operator 𝑇 belongs to the class 𝔖𝜔, then we define for it
the sequence {𝑡𝑛(𝑇 )}∞

1 by the equality

𝑡𝑛(𝑇 ) =
∞

∑
𝑘=𝑛

(2𝑘 − 1)−1𝑠𝑘(𝑇 ).

Theorem 4. Let the operators 𝐻 and 𝑆 be completely continuous, let 𝐻 be
self-adjoint, and let the operator 𝐴 = 𝐻(𝐼 + 𝐻𝛼𝑆) (𝛼 ≥ 0) be annihilated only
at zero. Let 𝐻𝛼+1𝑆 ∈ 𝔖𝜔. Finally, suppose that the condition

lim
𝑛→∞

𝑛
∑
𝑘=1

(2𝑘 − 1)−1𝑠𝑘(𝐻𝛼+1𝑆)

𝑡−𝛼𝑛 (𝐻𝛼+1𝑆) = 0 (5)

is satisfied for 𝛼 > 0, and, for 𝛼 = 0, the condition obtained from (5) by
replacing the denominator by

ln 1
𝑡𝑛(𝐻𝛼+1𝑆) .

Then the system of root subspaces of the operator 𝐴 is complete in ℌ.

This theorem is proved with the aid of Warschawski’s asymptotics (15) for a
function realizing a conformal mapping of a curvilinear half-strip, and Theorem
3 of (1). It can also be proved with the aid of Theorem 6 of (10), but the first
method (although more complicated) seems to us stronger.

From Theorem 4 one obtains corollaries analogous to the corollaries from The-
orem 3. In particular, from it there follows a proposition, first proved by I. Ts.
Gokhberg and M. G. Krein, according to which the system of root
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* This consequence was obtained from Theorem 1 of (1) by Yu. A. Palant and
the author before Theorem 3 was proved.

** It is necessary to note that in the formulation of Theorem 3 in (14) the author
omitted the requirement that the operator 𝐴 be annihilated only at zero.

subspaces of the operator 𝐴 = 𝐻(𝐼 +𝑆) is complete, if 𝐻 = 𝐻∗ ∈ 𝔖∞, 𝑆 ∈ 𝔖∞
and 𝐻𝑆 ∈ 𝔖𝑝 for some 𝑝, and the operator 𝐴 vanishes only at zero.

Physical-Technical Institute of Low Temperatures
Academy of Sciences of the Ukrainian SSR

Received
16 XI 1963

References Cited
1 V. I. Matsaev, DAN, 154, No. 5 (1964).
2 V. B. Lidskii, Tr. Moskovsk. matem. obshch., 11, 3 (1962).
3 V. B. Lidskii, Tr. Moskovsk. matem. obshch., 8, 83 (1959).
4 V. B. Lidskii, DAN, 125, No. 3 (1959).
5 M. G. Krein, UMN, 14, 3 (87), 145 (1959).
6 B. Ya. Levin, Collected Papers of the Kharkov Institute of Civil Engineering,
Rail Transport Division, named after S. M. Kirov, 35, 5 (1959).
7 V. I. Matsaev, DAN, 132, No. 2, 283 (1960).
8 L. A. Sakhnovich, Izv. vyssh. uchebn. zaved., ser. Mathematics, No. 4, 141
(1959).
9 M. G. Krein, DAN, 130, No. 2 (1960).
10 V. I. Matsaev, DAN, 139, No. 4, 810 (1961).
11 I. Ts. Gokhberg, M. G. Krein, DAN, 139, No. 4, 751 (1961).
12 M. V. Keldysh, DAN, 77, 11 (1951).
13 R. Nevanlinna, Univalent Analytic Functions, 1941.
14 V. I. Matsaev, DAN, 139, No. 3, 548 (1961).
15 S. E. Warshawski, Trans. Am. Math. Soc., 51, 280 (1942); Collected
Translations. Mathematics, 2, 4, 67 (1958).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196401.35718 Machine Translation

https://sovietrxiv.org/items/ru-196401.35718

	Abstract
	Full Text
	SEVERAL THEOREMS ON THE COMPLETENESS OF ROOT SUBSPACES OF COMPLETELY CONTINUOUS OPERATORS
	References Cited


