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Abstract
Full Text

G. K. LEBED’
ON A THEOREM OF S. N. BERNSTEIN
(Presented by Academician A. N. Kolmogorov on 8 III 1964)

In 1954 S. N. Bernstein (1) proved the following theorem:

Let

𝑃𝑛(𝜃) =
𝑛

∑
𝑘=0

(𝑎𝑘 cos 𝑘𝜃 + 𝑏𝑘 sin 𝑘𝜃)

be a real trigonometric polynomial of order ⩽ 𝑛, and let |𝑃𝑛(𝜃)| ⩽ 𝑀 . Then
the polynomial

𝑓𝛼(𝜃) =
𝑛

∑
𝑘=0

[𝜆𝑛−𝑘𝐴𝑘(𝜃, 𝛼) + 𝜇𝑛−𝑘𝐵𝑘(𝜃, 𝛼)],

where

𝐴𝑘(𝜃, 𝛼) = 𝑎𝑘 cos(𝑘𝜃 + 𝛼) + 𝑏𝑘 sin(𝑘𝜃 + 𝛼),

𝐵𝑘(𝜃, 𝛼) = −𝑎𝑘 sin(𝑘𝜃 + 𝛼) + 𝑏𝑘 cos(𝑘𝜃 + 𝛼), 𝑏0 = 𝜇0 = 𝜇𝑛 = 0

and 𝛼 is a real number, cannot, for any real value of 𝜃, exceed (but may attain)
in absolute value the quantity 𝜆0𝑀 , if

𝜆0 + 𝜆𝑛 cos 𝑛𝜃𝜈 + 2
𝑛−1
∑
𝑘=0

(𝜆𝑘 cos 𝑘𝜃𝜈 − 𝜇𝑘 sin 𝑘𝜃𝜈) ⩾ 0

for

𝜃𝜈 = 𝛼 + 𝜈𝜋
𝑛 , 𝜈 = 0, 1, … , 2𝑛 − 1.

In the proof of this theorem methods of best approximations are used.

In the proposed note, for the polynomials 𝑃𝑛(𝜃) and
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𝑄𝑚(𝜃) = 𝜆0 + 𝜆𝑚 cos 𝑚𝜃 − 𝜇𝑚 sin 𝑚𝜃 + 2
𝑛−1
∑
𝑘=1

(𝜆𝑘 cos 𝑘𝜃 − 𝜇𝑘 sin 𝑘𝜃)

one inequality is established (see (2)), from which, in particular, the theorem of
S. N. Bernstein formulated above and some other results follow.

The proof of inequality (2) is based on the following two lemmas.

Lemma 1. For any real values 𝑢, 𝛼 and integers 𝑘,

𝑆1 =
2
𝑠 𝑁−1
∑
𝜈=0

cos 𝑘(𝑡𝜈 − 𝑢) =
⎧{
⎨{⎩

2
𝑠𝑁 cos 𝑘𝑁𝑢 − 𝛼

𝑁 , if 𝑘 = 2
𝑠𝑁𝑗,

0, if 𝑘 ≠ 2
𝑠𝑁𝑗 (𝑗 = 0, ±1, …);

𝑆2 =
2
𝑠 𝑁−1
∑
𝜈=0

sin 𝑘(𝑡𝜈 − 𝑢) =
⎧{
⎨{⎩

−2
𝑠𝑁 sin 𝑘𝑁𝑢 − 𝛼

𝑁 , if 𝑘 = 2
𝑠𝑁𝑗,

0, if 𝑘 ≠ 2
𝑠𝑁𝑗 (𝑗 = 0, ±1, …),

where 𝑡𝜈 = (𝛼 + 𝜈𝑠𝜋)/𝑁 ; 𝑁 and 2/𝑆 are natural numbers.

Lemma 2. For any real value of 𝜃 the equality

𝐹𝛼(𝜃) = 𝑠
2𝑁

2
𝑠 𝑁−1
∑
𝜈=0

𝑃𝑛(𝜃 + 𝑡𝜈) 𝑄𝑚(𝑡𝜈) cos 𝜈(𝑠𝑟𝜋), (1)

holds, where

𝐹𝛼(𝜃) = 1
𝜋 ∫

2𝜋

0
𝑃𝑛(𝜃 + 𝑢) 𝑄𝑚(𝑢) cos 𝑟(𝑁𝑢 − 𝛼)

𝑗0

∑
𝑗=0

′ cos 2
𝑠 𝑗(𝑁𝑢 − 𝛼) 𝑑𝑢,

𝑟 and 𝑗0 are nonnegative integers satisfying the inequality 𝑛+𝑚+𝑟𝑁 ≤ 2
𝑠 𝑁(1+

𝑗0) (the prime denotes that the first term of the sum is equal to 1/2).

The assertion of Lemma 1 follows directly from the identity

𝑆1 + 𝑖𝑆2 =
⎧{
⎨{⎩

2
𝑠𝑁𝑒−𝑖𝑘 𝑁𝑢−𝛼

𝑁 , if 𝑘 = 2
𝑠𝑁𝑗,

0, if 𝑘 ≠ 2
𝑠𝑁𝑗 (𝑗 = 0, ±1, …).
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Lemma 2 follows from the integral representation

𝑃𝑛(𝜃 + 𝑡) 𝑄𝑚(𝑡) cos 𝑟(𝑁𝑡 − 𝛼) =

= 1
𝜋 ∫

2𝜋

0
𝑃𝑛(𝜃+𝑢) 𝑄𝑚(𝑢) cos 𝑟(𝑁𝑢−𝛼)

𝑞
∑
𝑘=0

′ cos 𝑘(𝑡−𝑢) 𝑑𝑢 (𝑞 ≥ 𝑛+𝑚+𝑟𝑁)

and Lemma 1.

Applying now Minkowski’s inequality to the right-hand side of equality (1), we
obtain the basic inequality

‖𝐹𝛼(𝜃)‖𝐿𝑝
≤ 𝑠

2𝑁 ‖𝑃𝑛(𝜃)‖𝐿𝑝

2
𝑠 𝑁−1
∑
𝜈=0

|𝑄𝑚(𝑡𝜈) cos 𝜈(𝑠𝑟𝜋)|, 1 ≤ 𝑝 ≤ ∞. (2)

In the case where 𝑄𝑚(𝑡𝜈) ≥ 0, 𝜈 = 0, 1, … , 2
𝑠 𝑁 − 1, and 𝑚 < 2

𝑠 𝑁 ,

2
𝑠 𝑁−1
∑
𝜈=0

|𝑄𝑚(𝑡𝜈) cos 𝜈(𝑠𝑟𝜋)| ≤ 2
𝑠𝑁𝜆0,

and inequality (2) assumes the simpler form

‖𝐹𝛼(𝜃)‖𝐿𝑝
≤ 𝜆0‖𝑃𝑛(𝜃)‖𝐿𝑝

, 1 ≤ 𝑝 ≤ ∞. (3)

We shall show that, when 𝑟𝑠 is an integer and 𝑟𝑁 ≤ 𝑛, equality in (3) is attained
for the polynomial 𝑃(𝜃) = 𝑐 cos 𝑟(𝑁𝜃 − 𝛼), where 𝑐 is an arbitrary constant.

Indeed, since

𝐹𝛼(𝜃) = 𝑠
2𝑁 𝑐

2
𝑠 𝑁−1
∑
𝜈=0

𝑄𝑚(𝑡𝜈) cos 𝑟[𝑁(𝜃 + 𝑡𝜈) − 𝛼] cos 𝜈(𝑟𝑠𝜋) =

= 𝑠
2𝑁 𝑐 cos 𝑟(𝑁𝜃 − 𝛼)

2
𝑠 𝑁−1
∑
𝜈=0

𝑄𝑚(𝑡𝜈) cos2 𝜈(𝑟𝑠𝜋) = 𝜆0𝑃(𝜃),

then

‖𝐹𝛼(𝜃)‖𝐿𝑝
= 𝜆0‖𝑃 (𝜃)‖𝐿𝑝

,
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as was required.

Thus, one may formulate the following theorem:

If, for a given real 𝛼, a trigonometric polynomial 𝑄𝑚(𝜃) of order 𝑚 < 2
𝑠𝑁

satisfies the condition

𝑄𝑚(𝜃𝜈) ⩾ 0 (𝜈 = 0, 1, … , 2
𝑠𝑁 − 1) ,

then, for an arbitrary trigonometric polynomial 𝑃𝑛(𝜃), the inequality

‖𝐹𝛼(𝜃)‖𝐿𝑝
⩽ 𝜆0‖𝑃𝑛(𝜃)‖𝐿𝑝

, 1 ⩽ 𝑝 ⩽ ∞,

holds, with equality, when 𝑟𝑠 is an integer and 𝑟𝑁 ⩽ 𝑛, attained for the poly-
nomial

𝑃(𝜃) = 𝑐 cos 𝑟(𝑁𝜃 − 𝛼).

In particular, if 𝑟 = 𝑠 = 1, 𝑚 = 𝑁 = 𝑛, then

𝐹𝛼(𝜃) = 1
𝜋 ∫

2𝜋

0
𝑃𝑛(𝜃 + 𝑢)𝑄𝑛(𝑢) cos(𝑛𝑢 − 𝛼) 𝑑𝑢 = 𝑓𝛼(𝜃),

and therefore

‖𝑓𝛼(𝜃)‖𝐿𝑝
⩽ 𝜆0‖𝑃𝑛(𝜃)‖𝐿𝑝

, 1 ⩽ 𝑝 ⩽ ∞.

Hence, for 𝑝 = ∞ and 𝜇𝑛 = 0, we obtain S. N. Bernstein’s theorem, and for

𝑄𝑚(𝜃) = ⎛⎜⎜⎜
⎝

sin 𝑛 − 𝑙
2 𝜃

sin 𝜃
2

⎞⎟⎟⎟
⎠

2

= 𝑛 − 𝑙 + 2
𝑛−𝑙−1
∑
𝑘=1

(𝑛 − 𝑙 − 𝑘) cos 𝑘𝜃, 𝑛 > 𝑙,

the inequality

∥
𝑛

∑
𝑘=𝑙+1

(𝑘 − 𝑙)𝐴𝑘(𝜃, 𝛼)∥
𝐿𝑝

⩽ (𝑛 − 𝑙)‖𝑃𝑛‖𝐿𝑝
, 1 ⩽ 𝑝 ⩽ ∞, (4)

which generalizes the well-known result of A. Zygmund (2)

sovietrxiv.org/items/ru-196401.35592 Machine Translation

https://sovietrxiv.org/items/ru-196401.35592


‖𝑃 ′
𝑛‖𝐿𝑝

⩽ 𝑛‖𝑃𝑛‖𝐿𝑝
. (5)

Replacing 𝑃𝑛(𝜃) in (4) by

𝑃 𝑛(𝜃) =
𝑛

∑
𝑘=1

(𝑎𝑘 sin 𝑘𝜃 − 𝑏𝑘 cos 𝑘𝜃),

we obtain one more inequality

∥
𝑛

∑
𝑘=𝑙+1

(𝑘 − 𝑙)𝐵𝑘(𝜃, 𝛼)∥
𝐿𝑝

= (𝑛 − 𝑙)‖𝑃 𝑛‖𝐿𝑝
;

in particular, for 𝑙 = 0 and 𝛼 = 0 we have

‖𝑃 ′
𝑛‖𝐿𝑝

⩽ 𝑛‖𝑃 𝑛‖𝐿𝑝
.

Let now

Φ𝑛 =
𝑛

∑
𝑘=0

𝜌𝑘𝐴𝑘(𝜃, 𝛼)

be a harmonic polynomial of order 𝑛. Put

𝜏𝑙(𝜃) =
𝑛

∑
𝑘=1

𝑘!
(𝑘 − 𝑙)!𝜌

𝑘𝐴𝑘(𝜃, 𝛼) = 𝜌𝑙 𝜕𝑙Φ𝑛
𝜕𝜌𝑙 .

According to (4), we have:

‖𝜏1‖𝐿𝑝
⩽ 𝑛‖Φ𝑛‖𝐿𝑝

,

‖𝜏2‖𝐿𝑝
⩽ (𝑛 − 1)‖𝜏1‖𝐿𝑝

,

‖𝜏𝑙‖𝐿𝑝
⩽ (𝑛 − 𝑙 + 1)‖𝜏𝑙−1‖𝐿𝑝

.

It follows from this that

∫
2𝜋

0
∣𝜌𝑙 𝜕𝑙Φ𝑛

𝜕𝜌𝑙 ∣
𝑝

𝑑𝜃 ≤ [ 𝑛!
(𝑛 − 𝑙)!]

𝑝
∫

2𝜋

0
|Φ𝑛|𝑝𝑑𝜃. (6)
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Next, since Φ𝑛 is a trigonometric polynomial of order 𝑛 in 𝜃, in view of (5) and
(6),

∫
2𝜋

0
∣𝜌𝑙 𝜕𝑙+𝑘Φ𝑛

𝜕𝜌𝑙𝜕𝜃𝑘 ∣
𝑝

𝑑𝜃 ≤ 𝑛𝑘𝑝 [ 𝑛!
(𝑛 − 𝑙)!]

𝑝
∫

2𝜋

0
|Φ𝑛|𝑝𝑑𝜃.

Hence, for any nonnegative function 𝜔(𝜌) integrable on the interval [𝑎, 𝑏], we
obtain the inequality

(∫
𝑏

𝑎
∫

2𝜋

0
𝜔(𝜌) ∣𝜌𝑙 𝜕𝑙+𝑘Φ𝑛

𝜕𝜌𝑙𝜕𝜃𝑘 ∣
𝑝

𝑑𝜌 𝑑𝜃)
1/𝑝

≤ 𝑛𝑘 𝑛!
(𝑛 − 𝑙)! (∫

𝑏

𝑎
∫

2𝜋

0
𝜔(𝜌)|Φ𝑛|𝑝 𝑑𝜌 𝑑𝜃)

1/𝑝

,

(7)

1 ≤ 𝑝 ≤ ∞,

where equality is attained for Φ𝑛 = 𝜌𝑛𝐴𝑛(𝜃, 𝛼).
Inequality (7) strengthens a result of Ya. S. Bugrov (3) for harmonic polynomi-
als.
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University
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