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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1964. Volume 155, No. 5

MATHEMATICS
Ya. M. ZHILEIKIN

ON AN APPROXIMATE SOLUTION OF THE
DIRICHLET PROBLEM FOR THE LAPLACE
EQUATION
(Presented by Academician P. S. Novikov on 23 XII 1963)

In the unit 𝑠-dimensional cube 𝐺𝑠 (0 ⩽ 𝑥𝑖 ⩽ 1, 𝑖 = 1, 2, … , 𝑠) with boundary Γ,
the Dirichlet problem for the Laplace equation is considered

Δ𝑢 = 0, 𝑢|Γ = 𝜑(𝜎), (1)

where the function 𝜑(𝜎) = 𝜑(𝑥1, … , 𝑥𝑠)|Γ is continuous on Γ.

The aim of the present work is an approximate solution of problem (1). It is
known that at an arbitrary interior point 𝑃 the solution of problem (1) can be
represented in the form

𝑢(𝑃) = − ∫
Γ

𝜑(𝜎) 𝜕
𝜕𝑣𝜎

𝐾(𝑃 , 𝜎) 𝑑𝜎, (2)

where 𝜕
𝜕𝑣𝜎

𝐾(𝑃 , 𝜎) is the derivative of the Green’s function along the normal
to Γ. To obtain the solution of the Dirichlet problem for the Laplace equation,
we shall approximately compute the integral (2). The main difficulty here will
consist in obtaining a convenient formula for the Green’s function.

Introduce the following notation: 𝑓(𝑥1, … , 𝑥𝑠) ∈ 𝐻𝛼
𝑠 (𝛼 > 1 an integer), if the

derivative 𝜕𝛼𝑠𝑓(𝑥1, … , 𝑥𝑠)/𝜕𝑥𝛼
1 ⋯ 𝜕𝑥𝛼

𝑠 is continuous in 𝐺𝑠; 𝑓(𝑥1, … , 𝑥𝑠) ∈ 𝐸𝛼
𝑠 (𝑐)

(𝛼 > 1), if

𝑓(𝑥1, … , 𝑥𝑠) =
∞

∑
𝑚1,…,𝑚𝑠=−∞

𝐶(𝑚1, … , 𝑚𝑠)𝑒2𝜋𝑖(𝑚1𝑥1+⋯+𝑚𝑠𝑥𝑠),

sovietrxiv.org/items/ru-196401.33599 Machine Translation

https://sovietrxiv.org/items/ru-196401.33599


|𝐶(𝑚1, … , 𝑚𝑠)| ⩽ 𝐶
𝑚𝛼

1 ⋯ 𝑚𝛼
𝑠

,

where 𝑚𝜈 = max(1, |𝑚𝜈|).
Define the function 𝜏(𝑥) by the equality

𝜏(𝑥) = (2𝛼 − 1)𝐶𝛼−1
2(𝛼−1) (𝑥𝛼

𝛼 − 𝐶1
𝛼−1

𝛼 + 1𝑥𝛼+1 + ⋯ ± 𝐶𝛼−1
𝛼−1

2𝛼 − 1𝑥2𝛼−1)

and denote by 𝜑𝜈(𝑥1, … , 𝑥𝜈−1, 𝑥𝜈+1, … , 𝑥𝑠) the difference

𝜑(𝑥1, … , 𝑥𝜈−1, 0, 𝑥𝜈+1, … , 𝑥𝑠) − 𝜑(𝑥1, … , 𝑥𝜈−1, 1, 𝑥𝜈+1, … , 𝑥𝑠)

and by 𝑅 the error of the approximate solution of problem (1).

Let 𝑄(𝜉1, … , 𝜉𝑠) be any point of 𝐺𝑠; 𝑃(𝑥1, … , 𝑥𝑠) an arbitrary interior point.
Let

min
1⩽𝑖⩽𝑠

min(𝑥𝑖, 1 − 𝑥𝑖) ⩾ 𝛿 > 0.

Introduce the function 𝐹 [𝑛](𝑃 , 𝑄)

𝐹 [𝑛](𝑃 , 𝑄) =

=
⎧{
⎨{⎩

1
𝜔𝑠(𝑠 − 2) [𝑟 2−𝑠

𝑃𝑄 − 𝜌 2−𝑠 − 𝛽1 (𝑟 2
𝑃𝑄 − 𝜌2) − ⋯ − 𝛽𝑛 (𝑟 2𝑛

𝑃𝑄 − 𝜌2𝑛)] , 𝑟𝑃𝑄 ⩽ 𝜌,

0, 𝑟𝑃𝑄 ⩾ 𝜌.

where 𝜔𝑠 = 2𝜋𝑠/2

Γ(𝑠/2) ; 𝜌 ⩽ 𝛿; the constants 𝛽1, 𝛽2, … , 𝛽𝑛 are chosen from the
condition of continuity, for 𝑟𝑃𝑄 = 𝜌, of derivatives up to order 𝑛 of the function
𝐹 [𝑛](𝑃𝑄).
Lemma. Let 𝐽𝜈(𝑥) be the Bessel function of order 𝜈; 𝜆1 ⩽ 𝜆2 ⩽ ⋯ ⩽ 𝜆𝑛 ⩽ ⋯
the eigenvalues of the Laplace operator for the first boundary-value problem in
𝐺𝑠; 𝑢1(𝑥), 𝑢2(𝑥), … , 𝑢𝑛(𝑥), … the corresponding eigenfunctions. Then, for 𝑠 ⩾ 3
and 𝑛 > 𝑠/2 − 3

2 , for the Green function 𝐾(𝑃 , 𝑄) the equality

𝐾(𝑃 , 𝑄) = 𝐹 [𝑛](𝑃 , 𝑄) + 𝐶(𝑛, 𝑠)
∞

∑
𝑖=1

𝑢𝑖(𝑃 )𝑢𝑖(𝑄)𝐽𝑠/2+𝑛−1(𝜌√𝜆𝑖)
𝜆 𝑠/4+𝑛/2+1/2

𝑖
, (3)
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holds, where

𝐶(𝑛, 𝑠) = 2𝑠/2+𝑛−1Γ(𝑛 + 1/2)
𝜌 𝑠/2+𝑛−1 .

The proof of the lemma follows from expanding 𝐹 [𝑛](𝑃 , 𝑄) in a Fourier series
in the eigenfunctions of the Laplace operator (see (1)) and comparing the series
obtained with the Fourier series of the Green function. We note that, putting

𝐹 [𝑛](𝑃 , 𝑄) =
⎧{
⎨{⎩

1
2𝜋 [ln 1

𝑟𝑃𝑄
− ln 1

𝜌 − 𝛽1 (𝑟2
𝑃𝑄 − 𝜌2) − ⋯ − 𝛽𝑛 (𝑟2𝑛

𝑃𝑄 − 𝜌2𝑛)] , 𝑟𝑃𝑄 ⩽ 𝜌,

0, 𝑟𝑃𝑄 ⩾ 𝜌,

we shall have the lemma for the case 𝑠 = 2.

Let 𝑎1, 𝑎2, … , 𝑎𝑠−1 be (𝑠 − 1)-dimensional optimal coefficients modulo 𝑁 (see
(2), p. 96). Define the parameters 𝑛1 and 𝜇 by the relations

1
𝑎2𝑠 (𝑛1 + 𝑎𝑠 − 𝑠/2 + 1)2 ln(𝑠 + 2𝑛1 − 2) = ln 𝑁,

𝑁𝛼𝜇−𝑛1/2+𝑠/4−1/2 = 𝑛1. (4)

Theorem. If 𝜑(𝜎) ∈ 𝐻𝛼
𝑠−1 on each (𝑠 − 1)-dimensional unit cube constituting

Γ, then, for any 𝜀 > 0, for the solution of problem (1) at an arbitrary interior
point 𝑃 the equality

𝑢(𝑃 ) = 𝐵(𝑛, 𝑠)
𝑁

𝑁
∑
𝑘=1

𝑠
∑
𝜈=1

∑
𝑚𝑖⩾1

1⩽(𝑚2
1+⋯+𝑚2

𝑠)⩽𝜇

𝑚𝜈𝐽𝑠/2+𝑛−1[𝜌𝜋 (𝑚2
1 + ⋯ + 𝑚2

𝑠)1/2] ∏𝑠
𝑖=1 sin 𝜋𝑚𝑖𝑥𝑖

(𝑚2
1 + ⋯ + 𝑚2𝑠)𝑠/4+𝑛/2+1/2

× 𝜑𝜈[𝜏({𝑘𝑎1
𝑁 }) , … , 𝜏({𝑘𝑎𝜈−1

𝑁 }) , 𝜏({𝑘𝑎𝜈
𝑁 }) , … , 𝜏({𝑘𝑎𝑠−1

𝑁 })] ×
𝑠−1
∏
𝑖=1

𝜏 ′({𝑎𝑖𝑘
𝑁 })

×
𝑠′

∏
𝑙=𝜈+1

𝜈−1
∏
𝑗=1

sin 𝜋𝑚𝑗𝜏({𝑎𝑗𝑘
𝑁 }) sin 𝜋𝑚𝑙𝜏({𝑎𝑙−1𝑘

𝑁 }) + 𝑂( 1
𝑁𝛼−𝜀 ) ,

(5)

where

𝐵(𝑛, 𝑠) = −2𝑠𝐶(𝑛, 𝑠)
𝜋𝑠/2+𝑛 , 𝑛 = [𝑛1].
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Proof. Starting from formulas (2) and (3), for 𝑛 > 𝑠/2 − 1
2 we have:

𝑢(𝑃) = −𝐶(𝑛, 𝑠) ∫
Γ

∞
∑
𝑖=1

𝑢𝑖(𝑃 )𝜑(𝜎) 𝜕
𝜕𝜈𝜎

𝑢𝑖(𝜎)

𝜆 𝑠/4+𝑛/2+1/2
𝑖

𝐽𝑠/2+𝑛−1(𝜌√𝜆𝑖) 𝑑𝜎. (6)

The eigenvalues and eigenfunctions of the Laplace operator for the first
boundary-value problem in 𝐺𝑠 are:

𝜆𝑖 = 𝜆𝑚1,…,𝑚𝑠
= 𝜋2(𝑚2

1 + ⋯ + 𝑚2
𝑠);

𝑢𝑖(𝑥1, … , 𝑥𝑠) = 𝑢𝑚1,…,𝑚𝑠
(𝑥1, … , 𝑥𝑠) = 2𝑠/2

𝑠
∏
𝑖=1

sin 𝜋𝑚𝑖𝑥𝑖.

Substituting these formulas into (6) and restricting ourselves to a finite number
of terms of the series, and taking into account that ∣𝐽𝑠/2+𝑛−1 (𝜌√𝜆𝑖)∣ ≤ 1, we
obtain:

𝑢(𝑃) = 𝐵(𝑛, 𝑠) ∫
1

0
⋯ ∫

1

0⏟⏟⏟⏟⏟
𝑠−1

𝑠
∑
𝜈=1

∑
𝑚𝑖≥1

1≤(𝑚2
1+⋯+𝑚2

𝑠)≤𝜇

𝑚𝜈𝐽𝑠/2+𝑛−1 [𝜌𝜋(𝑚2
1 + ⋯ + 𝑚2

𝑠)1/2]
(𝑚2

1 + ⋯ + 𝑚2𝑠)𝑛/2+𝑠/4+1/2

×
𝑠

∏
𝑖=1

sin 𝜋𝑚𝑖𝑥𝑖 ⋅ 𝜑𝜈(𝜉1, … , 𝜉𝜈−1, 𝜉𝜈+1, … , 𝜉𝑠)
𝑠

∏
𝑖=1
𝑖≠𝜈

sin 𝜋𝑚𝑖𝜉𝑖 𝑑𝜉𝑖

+ 𝑂 ( 𝐵(𝑛𝑠)√𝜈 𝜇𝑛/2+1/4 ) .
(7)

In formula (7) we make the change of variables 𝜉𝑖 = 𝜏(𝜉′
𝑖) (𝑖 = 1, 2, … , 𝑠, 𝑖 ≠ 𝜈).

It is easy to show that the integrand in the right-hand side of (7) will belong to
the class 𝐸𝛼

𝑠−1[𝐵(𝑛, 𝑠)]. The error of computing the integral of this function by
the method of optimal coefficients is equal to:

𝑂 (𝐵(𝑛, 𝑠) ln𝛾 𝑁
𝑁𝛼 ) ,

where 𝛾 depends on 𝛼 and 𝑠.

Thus, for the error of the approximate solution of problem (1) the estimate

𝑅 = 𝑂 ( 𝐵(𝑛, 𝑠)√𝜈 𝜇𝑛/2+1/4 ) + 𝑂 (𝐵(𝑛, 𝑠) ln𝛾 𝑁
𝑁𝛼 )
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is valid.

From the estimate

∑
𝑚𝑖≥1

1≤𝑚2
1+⋯+𝑚2

𝑠≤𝜇

1 = 𝑂(𝜇𝑠/2)

and from the definition of the parameters 𝑛1 and 𝜇 in (4), for 𝑛 = [𝑛1] it follows
that

∑
𝑚𝑖≥1

1≤𝑚2
1+⋯+𝑚2

𝑠≤𝜇

1 = 𝑂 (𝑁𝛾1/
√

ln 𝑁) = 𝑂(𝑁𝜀),

𝑅 = 𝑂 ((ln 𝑁)𝛾2
√

ln 𝑁

𝜌
√

ln 𝑁𝑁𝛼 ) + 𝑂 ((ln 𝑁)𝛾3
√

ln 𝑁

𝜌
√

ln 𝑁𝑁𝛼 ) = 𝑂 ( 1
𝑁𝛼−𝜀1

) ,

where 𝛾1, 𝛾2, 𝛾3 depend only on 𝛼 and 𝑠; 𝜀, 𝜀1 are arbitrarily small positive
numbers. The theorem is proved.

Remark 1. Differentiating equality (2), we obtain a derivative of any order of
the solution of problem (1). Since the point 𝑃 is an interior point, the right-
hand side of (2) may be differentiated under the integral sign. It follows from
the proof of the theorem that on the classes 𝐻𝛼

𝑠−1 a derivative of any order of
the solution of the Dirichlet problem for the Laplace equation at an arbitrary
interior point can be computed by the method of optimal coefficients with error

𝑂 ( 1
𝑁𝛼−𝜀 ) ,

where 𝜀 is an arbitrarily small positive number.

Remark 2. An analogous theorem holds for computing the solution of problem
(1) by the method of uniform grids on the classes 𝐷𝛼

𝑠−1 (see (2), p. 31). The
question of the minimal order of the number of elementary operations required
for solving problem (1) was considered by N. S. Bakhvalov (3). From the results
of (3) it follows that, on the classes 𝐷𝛼

𝑠−1 and 𝐻𝛼
𝑠−1, the error estimate for

computing the solution of the Dirichlet problem for the Laplace equation in
formula (5) does not admit any substantial improvement.

Moscow State University
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