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In the present article a theorem is proved on the existence of a solution of the
Hilbert—Poincaré problem for the Tricomi equation.

§ 1. Consider a domain A, in the half-plane y > 0, bounded by a curve v having
differentiable curvature, resting on the points A(0,0) and B(1,0), and by the
segment of the straight line y = 0 enclosed between them. In the half-plane
y < 0 consider a domain A_, bounded by the same segment of the axis y = 0
and by two characteristics issuing from the points A and B. Denote by A the
sum of the domains A, and A_ (A=A, +A_).

Consider the boundary-value problem P for the equation
YUy, + Uy, = 0. (E)
Equation (E) in the half-plane y > 0 is reduced to the canonical form

1
U£§+U7m+%un =0 (E+)

by means of the substitution £ = x, n = §y3/2. In the half-plane y < 0, equation
(E) is reduced to the form

1
Uen ~ G — g e T U) =0 (EL)

by the substitution £ = z — %(—y)3/2 and n =z + %(—y)?’/Q.

The boundary conditions of problem P are as follows:

ou  Ou
On the curve v (y > 0) 0z + b% + cu = f(t). (1,1)
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On the characteristic £ =0 u=1(n). (1,2)

The derivatives are taken respectively with respect to arc length and to the
normal to the curve 7, considered in the plane (£,7), where 0 < ¢t < L. In
the course of the investigation we assume that the curve v ends near the points
A(t = L) and B(t = 0) in arbitrarily small arcs of the “normal curve” ({—1)2+
n? = i. This assumption, without restricting generality, considerably simplifies
the investigation.

We shall seek regular solutions. By such a solution we shall mean a function:
1) continuous in the closed domain A; 2) having in A, second derivatives and
satisfying equation (E); 3) having in A_ continuous partial derivatives with
respect to « and y (or with respect to & and 7) and representable by means of
Darboux’ s formula

_ram) o (m—9*Rdt (4/3)*/°r(2/3
‘o F2(1/6)/§ T )(n*t)"’/"’(t*f)“”/ﬁ_ 2I2(5/6)

n
L [ som—nre—g-ean
3
(1,3)
4) satisfying on AB (y = 0) the gluing conditions:

ylgj{lou(x’ y) = ylirzlou(x, y) = iw), ylgﬂou B ylgzlo uy = V().

It follows from item 3) that w in A_ satisfies equation (E), if it has second
derivatives. If it does not have them, then w is a generalized solution of (E).

Let us note that the question of the existence of a generalized solution in a
broader sense is more trivial.

The problem under consideration, after using the results of K. I. Babenko (1),
reduces to a problem with zero data on the characteristic and with condition
(1,1) on +, in which the right-hand side is the sum of the initial function and
terms connected with a certain auxiliary solution of the Tricomi problem. In
what follows we shall consider precisely this problem, retaining the notation of
condition (1,1).

The method of investigation proposed below is general and is suitable for any
equation of mixed type. It consists in the following: suppose that we have solved
the Tricomi problem, i.e. have found in A a solution of equation (E) satisfying
the conditions: U|,_, = 0 and U|, = ¢(s). Then, by means of the solution u,
we shall try to satisfy the conditions of problem P. For this it is necessary to
choose ¢(s) in such a way that condition (1,1) be fulfilled; we obtain a singular
equation for ¢’, and problem P is reduced to the study of this equation. In
the course of the investigation considerable difficulties arise, connected with
obtaining estimates for the kernel of the singular equation.
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This method makes it possible to obtain information about the solvability con-
ditions of problem P, to establish the class of solutions, etc.

§ 2. Let us pass to the investigation of problem P. In solving the Tricomi problem
in A, the desired solution is usually represented in the form

wey) == [ WGl 0o - [ewGia @)

where the derivative with respect to the conormal is
0/0v = ycos(nz) 0/ + cos(ny) 9/dy,

and G is the Green’ s function of the following problem: to find a solution of
equation (E) in A, satisfying the conditions

ou
— =v(x <<l
By, , =@ )

and
ul, = ¢(s).

§ 3. Denote the second term of formula (2,1) by u,

1
oG
Uy = —/O @(S)E ds (3,1)

and find Ou, /0t and Ou,/On. Calculation of the normal derivative of u, (&, n)
shows that on the contour 7 it can be represented in the form

(Bu) -] ’ |t )| o, (32)

where

t—t,
t+1t,

H(t,t)) = o(@) + o(m“’ ) . (3.3)

The principal difficulty in this investigation consists in obtaining the following
estimate. Since u,|., = ¢(t,), it follows that (Qu,/0t;) = ¢’(t;). Denote

wen) = — /0 G(€,1,€0,0) w(Ey) dEy (3.4)
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and investigate the derivatives of this function. w is an operator from v, which
in turn can be expressed through ¢. Therefore, first, from the gluing condition

we shall find a relation between ¢ and v and only after this shall we return to
finding and estimating the derivatives of the function w.

§ 4. In A_ the solution of problem P is given by the Riemann—Hadamard
formula (equivalent to Darboux’ s formula). In our case, when ¥(n) = 0, this
formula (for y = 0) gives

u(z,0) = k/o v(u)(z —u)"3 du.

On the other hand, in A the solution is given by formula (2, 1) and on the line
y = 0 takes the form

1 L
u(z,0) /0 v(u)G(z,0,u,0) du/0 w(u)A(u, z,0) du.

Applying the gluing condition on the line of degeneration (y = 0), substituting
the value of G(z,0,u,0), and applying, to the equation obtained, the Tricomi
operator

d [* —2/3
..d
7 /0 (y —x) z,

we obtain a singular integral equation, which is then regularized.

The equation obtained in this way, as was shown by Tricomi (?), is solvable for
any right-hand side, and this solution is represented in the form

L
1/(1')/0 @ (1) P (x,t) dt. (4,1)

Here

|®(z,u)|] < c(1—2a) 314 2%(L —u)~2/379), where 0 < 6 < 1/3. (4,2)

§ 5. Let us now return to formula (3,4). Since on the contour G(z,y,z,,0) =0,
the derivative (Qw/0t;)_ = 0. Therefore it is necessary to find only dw/dn on
the contour (which we shall denote by (Jw/dn)_).

sovietrxiv.org/items/ru-196401.31940 Machine Translation


https://sovietrxiv.org/items/ru-196401.31940

1

611) ! 8 ’
(87)7 - _/() V(xl)%G(xay7x170) d'rl - /() ' (t)(bl(tatl) dta (571)
where the estimate

@4 (t, )] < e[ 3 (t) + (L — )73 0 (t,)* /7]

holds for small L —¢,, and an analogous one for small ¢;. Using the results of
§§ 3 and 5, one can write the boundary condition on  in the following form:

L L
oty () + 2 [ ay [ K@= ). 62

Suppose that the coefficient b(t;) vanishes at the ends of the interval of integra-
tion, more precisely:

|b(t1>| < Ct%a (573)

where 0 < o < 1 near the point B(1,0), and

b(ty)] < C(L —t)" (5,4)

near the point A(0,0). By virtue of these assumptions and the estimates ob-
tained for the various parts of the kernel K (¢,t,), for small ¢; we shall have

t—t,

L — t)~2/3-040+071/3, 5.5
s + (L —t) 1 (5,5)

C 2
|K(t,t1>| < t%j +Ct? ln

For small L — ¢, it is necessary in (5,5) to replace t; by L —¢;.
For § > 0, K(t,t;) will be a kernel with a weak singularity.

§ 6. Let us consider the question of regularizing equation (5.2). Applying the
well-known theory of singular integral equations, we arrive at the conclusion
that equation (5.2) can be regularized and reduced to the equation

L
wﬁﬁ+£fwwﬂ¢®ﬁ=hm% (6.1)

or, putting (L — t)~'/3t~1/3¢’(t) = h(t), to the equation

L
Mm+£‘m@hﬁ®ﬁ=b%) (6.2)
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Here the kernel H, will satisfy the inequality

L L
/ / |Hy(t,t))[? dt dt, < oo,
0 Jo

which follows directly from estimate (5.5) of the kernel K (,t,). The right-hand
side of (6.2) will be square-integrable. Thus, Fredholm theory is applicable to
(6.2).

If the index x of equation (5.2) satisfies the condition x > 0, then no additional
restrictions are required for obtaining equation (6.1) (see (®)), and the question
reduces to the solvability of equation (6.1).

Assuming that x = 0 and that the solution is unique, we obtain that equation
(6.1) has a solution if f(t) is a continuous function.

The function ¢(t) is determined up to an additive constant, but since ¢(L) = 0,
the constant is determined uniquely. Thus the theorem has been proved.

Theorem. If for 0 < t < L the function b(t) satisfies conditions (5.3), (5.4),
a(t) and b(t) satisfy Holder conditions, x = 0, and the homogeneous problem has

a unique solution, then there exists a solution of problem P for every continuous
right-hand side f(t).
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