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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1964. Volume 158, No. 6

MATHEMATICS
T. I. ZELENYAK

ON A MIXED PROBLEM FOR AN EQUA-
TION NOT SOLVED WITH RESPECT TO
THE HIGHEST TIME DERIVATIVE
(Presented by Academician S. L. Sobolev on V 4, 1964)

Consider the equation

𝜕2

𝜕𝑡2 (𝜕2𝑢
𝜕𝑥2 + 𝜕2𝑢

𝜕𝑦2 ) + 2 𝜕
𝜕𝑡

𝜕2𝑢
𝜕𝑥 𝜕𝑦 + 𝜕2𝑢

𝜕𝑦2 = 0 (1)

and the conditions

𝑢∣𝑡=0 = 𝑢0(𝑥, 𝑦), 𝜕𝑢
𝜕𝑡 ∣

𝑡=0
= 𝑢1(𝑥, 𝑦), (2)

𝑢∣Γ = 0, (3)

where Γ is a smooth contour bounding a closed, simply connected domain Ω in
the 𝑥, 𝑦-plane.

If 𝑢0, 𝑢1 belong to 𝐶2 and vanish on the boundary Γ, then the solution of
problem (1), (2), (3) exists for all 𝑡, (𝑥, 𝑦) ∈ Ω, is analytic in 𝑡, and is twice
continuously differentiable with respect to 𝑥, 𝑦 in Ω. This assertion is easily
proved by determining 𝑢𝑖 from (1), (2), where

𝑢 = ∑ 𝑢𝑖(𝑥, 𝑦)𝑡𝑖, (4)

with

𝑢𝑖∣Γ = 0.

We shall call a number 𝜆 an eigenvalue of the equation
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𝐿𝜆𝑢 = 𝜆2Δ𝑢 + 2𝜆 𝜕2𝑢
𝜕𝑥 𝜕𝑦 + 𝜕2𝑢

𝜕𝑦2 = 0, (5)

if there exists a function 𝑢 ∈
0

𝑊 1
2(Ω) such that

∫
Ω

𝑢 𝐿𝜆𝜓 𝑑Ω = 0 (6)

for all infinitely differentiable functions 𝜓 that are finite in Ω. The eigenvalues
of equation (5), when a complete system of eigenfunctions exists, characterize
the behavior as 𝑡 → ∞ of solutions of the mixed problem.

Mixed problems for equations of the form

𝜕2

𝜕𝑡2 𝐴𝑢 + 𝑀𝑢 = 0,

where 𝐴 is an elliptic operator of the second order and 𝑀 is a differential
operator of the same order, were considered in works (1−6). The study of the
behavior as 𝑡 → ∞ of the solutions of these problems leads to the study of
a certain bounded self-adjoint operator in a Hilbert space, whose spectrum
coincides with those values of 𝜆 for which the operator (𝜆𝐴+𝑀)𝑢 is hyperbolic.

For this operator, in some cases it is possible to construct a system of general-
ized eigenfunctions (2), invariant subspaces in which it is easy to give a simple
representation of the operator and to investigate

the asymptotics of the corresponding solutions of the mixed problem (5,6 ). In
the case of equation (5) the spectrum coincides with the complex values of 𝜆 for
which this equation is elliptic, i.e., the characteristic polynomial has complex
and distinct roots. The Dirichlet problem in this case turns out to be non-
Fredholm. Equations of this type, in the case where Ω is an ellipse, were studied
by N. E. Tovmasyan. He gave criteria for the existence of nontrivial solutions
of the homogeneous Dirichlet problem and a representation for such solutions.
To construct a complete system of eigenfunctions of equation (5), it is more
convenient for us to construct systems of solutions of this equation that vanish
on the boundary of the circle and are polynomials in 𝑥 and 𝑦. By analogous
reasoning one can easily obtain the eigenfunctions of the equation

𝜆2𝑀1𝑢 + 𝜆𝑀2𝑢 + 𝑀3𝑢 = 0, (5’)

if 𝑀1, 𝑀2, 𝑀3 are linear differential operators of the second order with constant
coefficients, containing only second derivatives with respect to 𝑥 and 𝑦, and Ω
is an ellipse arbitrarily situated in the plane (this case is easily reduced to the
case of a circle), and moreover the type of equation (5′) plays no role.
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The general solution of equation (5) for any 𝜆 has the form

𝑢 = 𝜑(𝑥 + 𝜇1𝑦) + 𝜓(𝑥 + 𝜇2𝑦), (7)

where 𝜇1, 𝜇2 are the roots of the equation

𝜆2(1 + 𝜇2) + 2𝜆𝜇 + 𝜇2 = 0. (8)

Thus,

𝑢 = 𝜑 (𝑥 − 𝜆 − 𝑖𝜆2

1 + 𝜆2 𝑦) + 𝜓 (𝑥 − 𝜆 + 𝑖𝜆2

1 + 𝜆2 𝑦) .

Putting 𝑧 = 𝑥 + 𝑖𝑦, ̄𝑧 = 𝑥 − 𝑖𝑦, we have

𝑢 = 𝜑1 (𝑧 + 1 − 𝜆𝑖
1 + 𝜆𝑖 + 2𝜆2 ̄𝑧) + 𝜓1 (𝑧 + 1 − 𝜆𝑖 + 2𝜆2

1 + 𝜆2 ̄𝑧) . (9)

Let

𝜆 = 1
2𝑖 (1

𝜏 − 1) ;

then

𝑢 = 𝜑1(𝑧 + 𝜏 ̄𝑧) + 𝜓1 (𝑧 + (2 − 1
𝜏 ) ̄𝑧) . (10)

Let Ω be the circle 𝑧 ̄𝑧 = 1. We shall construct functions of the form (10) that
vanish for 𝑧 ̄𝑧 = 1, i.e., eigenfunctions of equation (5). To this end we prove that
there exists a polynomial 𝑃𝑛 of degree 𝑛 − 2, depending only on 𝑧 + 𝜏 ̄𝑧, such
that

𝑃𝑛(𝑧 + 𝜏 ̄𝑧)∣𝑧 ̄𝑧=1 = {(𝑧 + 𝜏 ̄𝑧)𝑛 − 𝑧𝑛 − 𝜏𝑛 ̄𝑧𝑛}𝑧 ̄𝑧=1. (11)

It is obvious that 𝑃1 ≡ 0, 𝑃2 ≡ 2𝜏 . Suppose that there exist polynomials
𝑃1, 𝑃2, … , 𝑃𝑛 possessing the indicated properties. Then

(𝑧 + 𝜏 ̄𝑧)𝑛+1 − 𝑧𝑛+1 − 𝜏𝑛+1 ̄𝑧 𝑛+1∣𝑧 ̄𝑧=1
= {(𝑧 + 𝜏 ̄𝑧)[(𝑧 + 𝜏 ̄𝑧)𝑛 − (𝑧𝑛 + 𝜏𝑛 ̄𝑧𝑛)] + 𝜏(𝑧𝑛−1 + 𝜏𝑛−1 ̄𝑧 𝑛−1)}𝑧 ̄𝑧=1
= {(𝑧 + 𝜏 ̄𝑧)𝑃𝑛 + 𝜏(𝑧 + 𝜏 ̄𝑧)𝑛−1 − 𝜏𝑃𝑛−1}𝑧 ̄𝑧=1.

Putting
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𝑃𝑛+1 = (𝑧 + 𝜏 ̄𝑧)𝑃𝑛 + 𝜏(𝑧 + 𝜏 ̄𝑧)𝑛−1 − 𝜏𝑃𝑛−1, (12)

we obtain recurrence formulas for determining 𝑃𝑛. Consider the polynomials

𝑄𝑛(𝑧 + 𝜏 ̄𝑧) = (𝑧 + 𝜏 ̄𝑧)𝑛 − 𝑃𝑛(𝑧 + 𝜏 ̄𝑧) (13)

and the functions

𝑢𝑘
𝑛 = 𝑄𝑛(𝑧 + 𝜏 ̄𝑧) − 𝑄𝑛(𝑧 + 𝜏𝑒−2𝜋𝑖𝑘/𝑛 ̄𝑧). (14)

Obviously, 𝑢𝑘
𝑛∣𝑧 ̄𝑧=1 = 0, and if 𝜏 = 𝜏𝑘

𝑛, where

𝜏𝑘
𝑛 = (2 − 1

𝜏𝑘𝑛
) 𝑒2𝜋𝑖𝑘/𝑛, (15)

then 𝑢𝑘
𝑛 also satisfy equation (5) for 𝜆 = 𝜆𝑘

𝑛 = 1
2𝑖 ( 1

𝜏𝑘𝑛
− 1), i.e., 𝑢𝑘

𝑛 are eigen-

functions of equation (5) corresponding to 𝜆𝑘
𝑛. For each 𝑛, equation (15) has

2(𝑛 − 1) distinct roots, and to them correspond 2(𝑛 − 1) distinct eigenvalues for
𝑘 = 1, 2, … , 𝑛 − 1. We shall prove that, by a linear combination with complex
coefficients of the vectors (𝑢𝑘

𝑛, 𝜆𝑘
𝑛𝑢𝑘

𝑛), one can approximate, in the metric of the
complex space

∘
𝑊 ′

2(Ω) ×
∘

𝑊 ′
2(Ω), any pair of functions (𝑢, 𝑣) belonging to this

space. Indeed, there exist 𝑛(𝑛 − 1)/2 linearly independent monomials of the
form (𝑧 ̄𝑧 − 1)𝑧𝑙 ̄𝑧𝑘, where 𝑙 + 𝑘 ≤ 𝑛 − 2.

Let 𝑀𝑛 be the closed linear span of the vectors ((𝑧 ̄𝑧 − 1)𝑧𝑙 ̄𝑧𝑘, (𝑧 ̄𝑧 − 1)𝑧𝑚 ̄𝑧𝑗),
where 𝑙 + 𝑘 ≤ 𝑛 − 2, 𝑚 + 𝑗 ≤ 𝑛 − 2, and let 𝐻𝑛 be the linear span of the vectors
(𝑢𝑘

𝜌, 𝜆𝑘
𝜌𝑢𝑘

𝜌) for 𝜌 ≤ 𝑛. Since 𝑢𝑘
𝜌 are polynomials of degree 𝜌, in order to prove

completeness it suffices to prove that the dimensions of the spaces 𝑀𝑛 and 𝐻𝑛
coincide. The latter assertion is obvious if the vectors (𝑢𝑘

𝜌, 𝜆𝑘
𝜌𝑢𝑘

𝜌) are linearly
independent. Suppose this is not so. Then there exists a system of numbers 𝐶𝑘

𝜌
such that

∑ 𝐶𝑘
𝜌 𝑢𝑘

𝜌 = ∑ 𝜆𝑘
𝜌𝐶𝑘

𝜌 𝑢𝑘
𝜌 = 0,

and the solution of the mixed problem for equation (1), constructed from zero
initial data,

𝑢 = ∑ 𝐶𝑘
𝜌 𝑢𝑘

𝜌𝑒𝜆𝜌
𝑘𝑡.

By virtue of the uniqueness of the solution of the indicated problem, 𝑢 = 0.
Hence it follows that 𝐶𝑘

𝜌 = 0, since the 𝑢𝑘
𝜌 corresponding to different 𝜆𝑘

𝜌 are
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linearly independent; and if 𝑢𝑘
𝜌1

, 𝑢𝑘
𝜌2

correspond to one and the same 𝜆𝑘
𝜌1

, then
the degrees of these polynomials are different.

It is easy to see that if, for some 𝜆, there exists a solution of equation (5)
vanishing on Γ, then it has the form (7), and for any function Ψ1

𝑢 = Ψ1(𝜑(𝑥 + 𝜇1𝑦)) − Ψ1(−𝜓(𝑥 + 𝜇2𝑦)) (16)

satisfies the same equation and the zero boundary conditions.

Obviously, there are infinitely many linearly independent functions of the form
(16). Thus, either the solution of the Dirichlet problem for equation (5) is
unique, or there exist infinitely many linearly independent solutions. We note
that the eigenvalues obtained by us are situated everywhere densely on the curve
|4𝜆2 +1| = 1 in the complex 𝜆-plane. Equation (5) for 𝜆 = 0 is parabolic; for all
other values of 𝜆 lying on this curve, the roots of the characteristic polynomial
are complex and distinct.

Institute of Mathematics
Siberian Branch of the Academy of Sciences of the USSR

Received
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