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THEORY OF ELASTICITY
A.N. GUZ

ON THE SOLUTION OF PROBLEMS FOR A
SHALLOW SPHERICAL SHELL IN THE CASE
OF MULTIPLY CONNECTED DOMAINS

(Presented by Academician A. Yu. Ishlinskii on 6 V 1964)

In the work (1), for the study of the stress state in a shallow spherical shell in
the case of multiply connected domains, a method of successive approximations
was proposed; moreover, the authors restricted themselves only to the first ap-
proximation, which made it possible to determine at what distance the holes
do not affect one another. Here a procedure is proposed for reducing problems
on the stress state of shallow spherical shells in the case of multiply connected
domains to infinite systems of algebraic equations.

§ 1. Consider the stress state of a shallow spherical shell which, in the plane,
occupies an (m+ 1)-connected domain S, bounded by the circle L, (Fig. 1). L,
are circles with centers to which the coordinate systems (z,y;) are attached;
the coordinate system (z,y) is attached to L.

The study of the stress state reduces to the solution of the equation

V2(V2 — in2)® = % (1)
under the boundary conditions
S0, = fia(0); (2)

t=1,2,3,4; 2z, =2+ zkzrkewk; k=0,1,....m; 2z =z z=re'?,

where ® = w+igy; D is the cylindrical stiffness; ¢ is the intensity of the normal
load; all coordinates are dimensionless, referred to ry, and are related by the
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relations z = z;, + l;; g = /12(1 —v2)/E2h%; » = ry{/12(1 — v2)/R2R2; £E:)
are the differential operators of the boundary conditions.

The solution of equation (1) will be written in the form of the sum

®, is a solution of the Laplace equation, ®, is a solution of the Helmholtz
equation, and ®; is a particular solution.

O, =iy ByIn(z—1)(Z—1) +¢(2) +¢(2); TmB, =0, (4)
i

where ¢(2) and v(z) are functions holomorphic in S, which, following (?), we
represent in the form

SR DI IO RN e TSI
k=1 p=1 p=0 k=1 p=1

Fig. 1

To determine the components of the stress and deformation states corresponding
to ®;, in the coordinate system (r,,0,), the relations obtained are:

1 VA _ v 2 m B z
$9—mﬂ:?pﬁﬁﬂflﬁiﬁ+g%z}—l%ﬁg T) =-T;
wlu = e grd Z g8 1= (2 —1)%2, g g
1-v " (2) + 9" (2)
1 _ 1 alt
G}, = ~D—7Rez, : ;G =—G
— 1 _ Ve "
Ot = 2@ 1 plVRe2? BTV, (6)
w 7‘07"“ H TOTH ZM

14v |[— —— . B Z, 1% Ty Z
Ll — @) — 0 (2) — 2 k| Ze_ToZw dati 028 ).
T CIEEE ?Ez—zk] 0% [l ute ey s sy

We represent the solution of the Helmholtz equation for the domain S in the
form
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Fig. 2

Figure 1: Fig. 2

e (g iy, ) ) cosp@k a, +1ib, —cos pl
®; = ZZ <a*,; + by, Hy (rkX i) sin pl, +Z ay, —|—zb* To(rx Z)sinpe’

(7)

p (TkXV i) = her TkXJrZ hei p TEXG (TX\/ 1) = ber X+ bel X

The components of the stress and deformation states corresponding to ®, and
@3, in the coordinate system (r,,0,), are calculated by the usual formulas
for the polar coordinate system (3). The displacements corresponding to @,
satisfy the single-valuedness conditions for displacements; assuming that these
conditions are also satisfied by the displacements corresponding to ®5, from
the single-valuedness conditions for displacements, taking (6) into account, we

obtain ay, + aj; = 0.
Fig. 2

Thus the components of the stress and deformation state are determined in
any coordinate system (ru, 6’”). Having calculated, from these components, the
quantities entering into the boundary conditions (2), we expand them in Fourier
series on the p-th contour. When computing integrals containing the function
®,, one should pass to the domain of the complex variable (4), where they are
computed rather easily by the residue theorem; and when computing integrals
containing the function ®,, one must use the addition theorem for cylindrical
functions (5). Equating to zero the coefficients of the harmonics on each of the
contours, we obtain an infinite system of algebraic equations containing 4(m+1)
rows of undetermined constants.

§ 2. As an example, let us write the infinite system of algebraic equations for
the problem of the stress state in a spherical shell around two equal circular
holes that are free in the sense of (6), of radius r,, the distance between whose
centers is equal to Iry, under uniform internal pressure of intensity q. We shall
assume the basic stress state to be momentless (6). The solution of this problem
reduces to the solution in the infinite domain S (Fig. 2) of the homogeneous
equation (1) (5 = 0) under deter-

conditions “at infinity” (°) and the following boundary conditions:

—poh; S 0

u‘r *1 Tu u’ruzl
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qR

= 1= —1,2. 8
o7 p=1, (8)

Po

By virtue of the force and geometric symmetry, ®, and ®, have the form

®, = (a,+ib,) [Hz()l)(ﬁx\/ —i) cos by + (—1)PHy" (ryxv/—i) cos pl, ] .

p=0

From the conditions of single-valuedness of the displacements, Rea; = 0. We
note that ®; and ®, in (9) satisfy the conditions “at infinity” (6). Let us write
out the infinite system for determining a,,b,, c,, and d, (ozp =c,+ z'dp):

¢y = 0; dy = 0; ¢, =0; Cl=0; C? =0, C}Lp =0; Cc? =0;

n np

D? = 0; D! =0; D3 =0; D} =0;

n np np

np-p np-p np-p np-p

Ala, + BLb, + Cle, + Dhd, + > (AL ,a, + Bl b, + Cloc, + Db d,)
p=0

R
= —Po;0n (0 +X%); (10)

t=1,2,3,4; n=01,...,00; 5k = 1, n=k, e = 1/2, n=0,
0; n#k, ]., n7’:0

Here the following notation has been introduced:

Al = her,, x — hei,, x; A2 = n(x hei,, x — hei, x);
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. 1—v
Ad = he1;x+n2 z

A3 = (1—v)her] x —v hei, x; (x her/, x — her,, X);

Bl = —hei,, x — her), x; B2 = n(x her,, x — her,, x);

V4 / 17 ./ .
B3 = —(1—v) hei,, x—v her,, x; B} = her,, y—n? XBV (x heiy, x — hei, x);

n

1—v 1—v
C3 =2 z n(n+1); Ct=-2 N n%(n+1);
1
DL o™ ED e o),

X2

Al =€, {[her,., Ix + (—1)"her,_, Ix](ber, x — bei,, x)
7[heip+'n, lX + (71)71 heip—n IX} (beln X =+ ber:n X)}v

A3, = ne,{[her,,, Ix + (=1)"her,_, Ix](x bei, x — bei, x)

np

+[hei,, ., Ix + (—1)" hei,_,, Ix](x ber), x — ber, x)};

A%y = 2ullben, b+ (1) her, ., Il =) ber x = v bei, x]

—[hei,, Ix + (=1)" hei,_,, Ix][(1 —v) bei, x + v ber,, x|};
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1—
Ay, = s"{[herﬁn IxX + (=1)"her,_,, Ix] [bei; X +n? X?’V (x ber], x — ber,, X)] +

1—v
3

+ [hei, ., Ix + (—=1)" hei,,_,, Ix] [ber; x —n? N (x bei,, x — bei,, X)} };

B,lw = — En{[hermn Ix + (=1)" her,_,, Ix](bei,, x + ber:; X)+
+ [heip+n Ix+(—-1)" hei, ,, Ix](ber, x — bei;fb X)}§
Bz, = nen{[hean Ix + (=1)"her,_,, Ix](x ber/, x — ber,, x)—

— [hei, ., Ix + (=1)" hei,_,, Ix](x bei/, x — bei,, X)};

B;SLP == En{[hermn Ix + (=1)"her, , Ix][(1—v) beiZ, X + v ber,, x]+
+ [heip+n Ix+(—1)" hei, ,, IX|[(1—v) ber:; X — v bei, X]};
B = h l 1)”h Il ber’ 21— bei’ bei
"P_E"{[ ey DX+ (—1)" her, ., X][ ery, X = = (xbel, x — elnx)]—
. . . 1—v
— [hei, ., Ix + (=1)" hei,_,, Ix] {be1;x+n2 N (Xberéx—bernx)}};
l—v, o, (ntp—1) l—v (n+p—1)
Cc3 =2 [ : ct =9 [p—n )
" X (n—2)l(p —1)! " E T )iy
pn T e
D! = —2l (ntp—1) : D? :2l—p—nM.
! x> (n=2)l(p—1)! v (n—2)l(p—1)!

In system (10), for n = 0 the second equation (¢ = 2) drops out, while the
first and fourth (¢ = 1,4) coincide; for n = 1 the first and second equations
(t = 1,2) also coincide. Under these conditions, system (10) gives the solution
of the stated problem.

Restricting ourselves to a finite number of equations in system (10), we obtain
an approximate solution in any approximation.

In the case of the plane problem, systems of equations for several approximations
were obtained by a similar method in (7). It turned out that the discrepancy
in the first approximation, as compared with the practically exact solution, is
small even when the distance between the holes is equal to half the radius of a
hole.
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