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Abstract

Full Text
Yu. P. KRIVENKOV

SUFFICIENCY OF THE MAXIMUM PRIN-
CIPLE FOR A LINEAR PROBLEM OF DY-
NAMIC PROGRAMMING

(Presented by Academician L. S. Pontryagin on 23 I 1964)

One of the branches of dynamic programming, namely the “bottleneck problem”
(12), reduces to problems for which the maximum principle of L. S. Pontryagin
(3%) is valid. In the case under consideration, this principle must be applied in
the presence of the following complicating circumstances: a) the control region
is not constant, b) the domain of variation of the phase coordinates has a fixed
boundary.

Taking into account that in (**) only necessary conditions for optimality were

studied, while in (%) a sufficient condition was proved without taking into ac-
count the circumstances indicated above, in the present paper we formulate and
prove sufficient conditions for optimality for the cases noted.

1. Statement of the problem. Consider the system:

dz/dt = f(x,u), (1)

in which f(z,u) = Az + Bu+ Ay, z(t) = (21,24, ..., %,) is the vector of phase

coordinates; u(t) = (uq, ..., u,.) is the control vector; A, B, and A, are matrices
and a vector of the corresponding orders.

As the class of admissible controls U we take the class of piecewise-continuous
vector functions u(t), defined on the interval T, < t < T, whose values be-
long to the r-dimensional closed convex polyhedron U(z), determined by the
inequalities:

S(z,u) <0, (2)

O(u) <0, (3)

in which S(x,u) = (s1,...,8,) = Pu—Qz — R; O(u) = (0y,...,0,) = Mu+ N,
where P, Q, M, R, N are matrices and vectors of the corresponding orders.
Moreover, the values of the vectors z(t) and u(t) are related by equation (1) on
the whole interval 7, < ¢t <T. The domain of variation of the phase coordinates,
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i.e., of the coordinates of the vector x, determined by the system of inequalities
(2), will be denoted by X (u).

From the condition that the vector function x(t) at the moment 7}, lies on the
linear manifold L, i.e.

x =z +Aej + ..+ A e, (4)

and at the moment 7" lies on the linear manifold L, i.e.

$:x2+)\%e%+...+)\izei2, (5)

where e} and e? are systems of linearly independent vectors (0 < i < k; <
n; 0 < j < ky, <n), we shall seek an admissible control u(¢) such that the
functional

T
1= /T (F(t), u(t)) dt (6)

0

(F(t) is a given r-dimensional vector function defined on [T}, T]) assumes its
maximum value.

2. Some auxiliary constructions. Add to the vector function x(¢) the
coordinate x(t), defined by the equation: dxzy/dt = —(F(t),u(t)) = fy(u,t),
and consider the system

dz/dt = f(z,u,1), (7)

in which Z(t) = (T, Ty - s Tp), f(x,u,t) = (fo, f1s s fn) = /Ia_c+Bu+/IO, and
A, B, A, are the new values of A, B, A, extended in the corresponding manner.

Introduce a certain nonzero continuous piecewise-smooth vector function ¢ (t) =
(Yo, Y1, -, ,,), defined on the interval [T}, T], with the aid of which we form
the expression

where the continuous piecewise-smooth, on the interval [T, T], r-dimensional
vector function o(t) is defined by the expression ¢(t) = B*)(t), in which B* is
the matrix transposed to B.

In what follows we shall call an n-dimensional vector x admissible if there exists
for it an r-dimensional vector u € U(x).
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The theory of linear programming (see ©) gives that, for any admissible vector
2%, each value of the vector function 9 (¢) at some time ¢t € [T,,T] determines
such a value for the vector u = w,,, subject to conditions (2) and (3), at which

the quantity Z?zl ¥, f; attains a maximum.

Moreover, the maximum EZ; Y, f; is attained at a vertex of the polyhedron

U(x0).

The latter means that p; + ¢; of the expressions S, , ..., Sip and O, ,...,0;
1

Jq1”

where p; + ¢; > 7, become equalities for the value u = u,,.

If the rows of the matrices P and M are denoted by S; and Oj (0<i<p, 0<

j < qq), then it can be shown that the expression 2?21 ¥, f; = const +(p, u)
attains its maximum value at w,, only in the case when there exist nonnegative
numbers s;, and 0,5 (= 1,2,...,p;; B=1,2,...,¢q) such that the equality

P 91
@(t> = Z siaSia + Z OJ,BOJﬂ (9)
a=1 p=1

holds.

From this equality, taking into account the nonnegativity of s;, and 0,4, it is
easy to conclude that

e(t)(u—u,,) <0, (10)

where u (u # u,,) is an arbitrary point of the polyhedron U(x?).

If, in turn, the rows of the matrix @) are denoted by gf, and with the aid of the
coefficients s,, (@ = 1,2,...,p;) an n-dimensional vector w;(t) is formed with
coordinates:

2 Q% Qi 851'04 8Sia asia
w;(t) = Z:lsm —S;,, where S} =|— . i— Bz, ;...;—axn , (1)

which, as is not difficult to see, belongs to the cone formed by the inward normals
to the hyperplanes bounding the region X (u,,) in a neighborhood of °, then, in
view of the nonnegativity of s;,, we obtain, for all admissible values x € X(u,,),
the inequality

w(t)(z —2%) > 0. (12)

Form the system:
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dbg o dv;  OH <~ 9S,  0H -

and consider the boundary conditions for #(¢) in the form of transversality
conditions

((Ty),ef) =0 foralli=1,2,... ki,

14
(W(T),e2) =0 foralli=1,2,.., k, (14)

supplemented by the condition on the coordinate 1,(t) in the form
Po(Tp) = —1. (15)

3. Theorem. If, for the optimal problem under consideration, there exists a
nonzero, continuous, piecewise-smooth vector-function ¥(t), defined on [Tp, T,
satisfying conditions (14), (15) and system (18), in which the coefficients s,
(a=1,2,...,p;) are determined for any t € [Ty, T| by expression (9), composed
for the value u,(t) corresponding to the mazimum of the functional Z?Zl (o
at each instant t € [Ty, T], then the resulting control u = wu,,(t) is optimal on
[Ty, T among all admissible controls of the problem under consideration.

Proof. We divide the entire set of admissible phase vectors x into two types.
To the second type we assign any admissible vector = such that every vector u
corresponding to z turns some group of rows O,(u) of the matrix of inequalities

O(u) from (3) into equalities: M;u+ N, = 0. In this case there must exist a row
Pu — Q,x — R, of the matrix S(z,u), in which the expression P,u is constant
for any u corresponding to xz. To the first type we assign all other admissible
vectors . We assign any domain of variation of the phase coordinates X (u) to
the first type if it is entirely represented by vectors of the first type. Otherwise
we assign the domain to the second type.

In problems where the domain of variation of the phase coordinates belongs to
the first type, only one of the complicating circumstances listed above is possible,
namely the nonconstancy of the control domain U(x), whereas in domains of
the second type, in addition, the domain of variation of the phase coordinates
has a fixed boundary.

We shall first prove the theorem for the case in which the domain of possible
values of the phase coordinates belongs to the first type.

Fulfillment of the conditions of the theorem means that the entire interval [T}, T']
is divided into m > 1 intervals in such a way that to each interval there corre-
sponds one fully determined set of rows of the matrices of inequalities (2) and
(3), which become equalities for the values u,,(¢) and the corresponding values
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of the phase vector z,,(t) obtained from system (1) under conditions (4) and
(5)-
In other words, to each interval there corresponds some working vertex of the

polyhedron, composed of a certain set of hyperplanes, and its own set of non-
negative numbers s;, and 0,5 (a =1,2,...,p;; B=1,2,...,q).

Let the division points of the interval [T,),T] be t; = Ty, ty,tg, ...ty = T.
With the help of the function 1(t) existing by the condition of the theorem, an
arbitrary admissible control w(t), and the corresponding value x(t), compose

the expression:

ZAJL S H ()

which, according to relations (7) and (8), is identically equal to zero,
ie. I(Z,v,u) = 0. The latter will also be true for the control u,,(t), which, as is
not difficult to show, will also be admissible, and for the value z,,(t) obtained
with its help.

We vary the control w,,(t). To this end, take an arbitrary admissible control
u(t) such that the corresponding value z(t) not only satisfies system (1), but
also satisfies the boundary conditions (3) and (4).

Denoting u(t) = u,,(t) + ou, £(t) = z,,(t) + 6 and considering the difference
A = I(z,, +0x,¢,u,, + éu) — I(Z,,, ¥, u,,), which, by the condition introduced
above, is identically equal to zero, we obtain

A= Z {/ ( (5;10) dt—/ttk [((t), A67) + (12, 60)] dt} 0.

k-1

Integrating the first term by parts and taking into account conditions (11), (14),

and (15), we shall have
t t
/<ﬁrmmw+/<amwwﬁ,
t t

k-1 k-1

T m
5/T (F(t),u(t) dt =Y {

0 k=1

whence, taking into account inequalities (10) and (12), we obtain that, indeed,
the functional (6) attains its maximum for the control u = w,,(t), i.e. the theo-
rem in this case is proved.

In the case where the domain of possible values for the phase coordinates belongs
to the second type, we make a partition of the time interval [Tj,7T] similar
to the preceding one. It is obvious from the meaning of the partition that
the endpoints of any intervals on which, in at least one row, the condition
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P,u = const holds coincide with the endpoints of the partition intervals ¢t = ¢,
(k =0,1,2,...,m). Then on these intervals those rows S;(z,u) of the matrix
S(x,u) in which P;u = const will have the form

C;,— R, — Q,x(t) = 0. (16)

This form of restriction on the vector function of the control may be replaced by
another form, preserving its content. Indeed, if in row ¢ on the interval [t,_q,¢],
where t € [t,_;,t], P,u = C; = const holds, then at the point ¢; > ¢, where
t, € [tp_1,ts), generally speaking, there will hold

C,— R, —Q;z(t,) <0. (17)

Subtracting equality (16) from inequality (17) and dividing by ¢, —t > 0, we
obtain

t—t

whence, passing to the limit, we shall have

da:<0.

_QZE_

Taking into account system (1), we obtain the inequality

S:*('T7u) = _sz(x’u) <0,

which ensures the fulfillment of equality (16) on this interval and has a form
that permits, after replacing each equality of type (16) in the rows of the matrix
S(x,u) by the corresponding inequalities S;*(z,u), the problem to be reduced
to the preceding case. The theorem is proved.
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